Length of arc — area of surface of revolution

Question 1: June 2006 Q2
A curve has parametric equations

1
y=t—=13, y=1t?
(a) Show that
dx 2 dy 2 2.2
— ] +[= = (141 (3 marks
)+ (%) —a+n (3 marks)

(b) The arc of the curve between r = 1 and ¢ = 2 is rotated through 2r radians about the

X-axis.

Show that S, the surface area generated, is given by § = km, where k is a rational
number to be found. (5 marks)

Question 2: Jan 2006 Q7
(a) Use the definitions

sinh@ = %(ee —e ) and coshfl = %(e‘9 +e %)

to show that:

(1) 2sinhfcoshfl = sinh 20, (2 marks)
1) cos + 81 = Cos . 3 marks)
i h? 0 + sinh? 0 h20 (3 mark.
(b) A curve is given parametrically by
x = cosh®f, y=sinh’6
(i) Show that
dx\2 dy\2
(@) + (%) :%s'mhz 20 cosh 20 (6 marks)

(i) Show that the length of the arc of the curve from the point where ! = 0 to the
point where 6 = 1 is

{(cosh 2)% — 1] (6 marks)

b | —

Question 3: June 2007 Q7
A curve has equation y = 4./x.

(a) Show that the length of arc s of the curve between the points where x =0 and x = 1 is

given by

1 .

x+4

§ = J T dx (4 marks)
0 X

(b) (1) Use the substitution x = 4sinh? 0 to show that

J x+4 dv = jS cosh? 0 do (5 marks)

X

(i1) Hence show that

s=4sinh~' 05+ V5 (6 marks)



Question 4: Jan 2007 Q4

(a) Given that y = secht, show that:

(1) % = —sech ¢ tanh ¢; (3 marks)
d 2
(11) (d_-:) = sech®r — sech*z. (2 marks)

(b) The diagram shows a sketch of part of the curve given parametrically by

x =1t — tanht v =secht
VA
K
P(x, y)
0 x

The curve meets the y-axis at the point K, and P(x, y) is a general point on the curve.
The arc length KP is denoted by s. Show that:

dx\?  [dy\*
(1) (d_:) — (d_);) = tanh? t: (4 marks)
(1) s =Incosht; (3 marks)
(1)) y=-e™". (2 marks)

(¢) The arc KP is rotated through 21 radians about the x-axis. Show that the surface area
generated is

2n(l —e™) (4 marks)

Question 5: June 2008 Q5
1

5(e® +¢7) to show that cosh2x — 2 cosh’x — 1.

(2 marks)

(a) Use the definition coshx =

(b) (i) The arc of the curve vy = coshx between x =0 and x = Ina is rotated through
27 radians about the x-axis. Show that S, the surface area generated. is given by

Ina 5
S = 21‘|:J cosh” x dx (3 marks)
0

(i) Hence show that

at — 1
S=mn (ln a+ 5 ) (5 marks)



Question 6: Jan 2008 Q7

. X
(a) Given that y = In lanhi, where x>0, show that

c.
=

-

= cosech x

=

(6 marks)

(b) A curve has equation y = In lanh%, where x>0. The length of the arc of the curve

between the points where x = 1 and x = 2 is denoted by s.

(i) Show that

B

s = J‘b cothxdx
1

(i) Hence show that s = In(2cosh 1).
Question 7: June 2009 Q7

The diagram shows a curve which starts from the point 4 with coordinates (0,

is such that, at every point P on the curve,

dv
a2
where s 1s the length of the arc AP.
Y a
B P(x, y)
A0, 2) }b——
@) "
(a) (i) Show that
ds 7
a = E 4 + §-
(it) Hence show that
X
s =2 thi

(111) Hence find the cartesian equation of the curve.

(b) Show that

2 2
ye-=44 s

(2 marks)

(4 marks)

). The curve

(3 marks)

(4 marks)

(3 marks)

(2 marks)



Question 8: Jan 2009 Q7
(a) Show that

d 1 -1

— ((:Osh_1 —) = (3 marks)
- X .

(b) A curve has equation

1
v=vV1—x2 —cosh™ ' = (0<x<1)
x

Show that:

(=N
-
—
|
=
[

(1) L _ 7 ; (4 marks)

=
=

(i1) the length of the arc of the curve from the point where x =}1 to the point where

X =% is In3. (5 marks)

Question 9: June 2010 Q5
(a) Using the identities

sinh ¢

and sechr—
cosh ¢ cosht

cosh?t —sinh%t = 1 . tanht =

show that:

(i) tanh?s+sech?r=1; (2 marks)
Lood 2
(ii) a(lunh ) = sech” ¢ (3 marks)
d
(iii) a(sech t) = —sech ttanh ¢. (3 marks)

(b) A curve C is given parametrically by

x =secht, y =4 —tanht

(i) Show that the arc length, s, of C between the points where =0 and ¢t = l1113 is

2
given by
%hﬂ
5= J sechzdr (4 marks)
0
(i) Using the substitution u = ¢, find the exact value of s. (6 marks)
Question 10: Jan 2010 Q4
A curve C is given parametrically by the equations
x=tcosh2r,  y=2sinhr
(a) Express
(dx 2+ (dy .
dr de
in terms of coshi. (6 marks)

(b) The arc of C from ¢t =0 to = 1 is rotated through 27 radians about the x-axis.

(i) Show that §, the area of the curved surface generated, is given by

1
S — 8r J sinh ¢ cosh” 7 dt (2 marks)
0

(i1) Find the exact value of §. (2 marks)



Length of arc — area of surface of revolution

Question 1: June 2006 Q2

dx dx \? ) , 2
a)(dtj +(Ej :(1—t2) +(2t) :1_2t7— +t4+4t2:1+2t2+t4=(1+t2)

b) From the formulabook : S = 27z_[12 y\/(%j [39 dt

s=2zf \/(d’t‘j (%j dt =27 12 x (L+ )l

S= 2;rjt +t4dt—2ﬂ[;t3+ét5} =2r (8 32—1—1j 526
1

Question 2: Jan 2006 Q7

a)i) Sinhg =%(e9 _e) and Coshd =%(e9 1o )

2 Sinhg Coshd = Zx%(e‘g —e")x%(eg +e7) :%(e” +e’—e’-e™)

= %(e” —-e%)=Sinh(20)

= 2 H 20 1 4 -0 ’ 1 0 -0 ’ _ 1 26 0 -260 1 20 0 -260
ii) Cosh?6 + Sinh 9_(E(e —e )] +(—(e +e )J _Z(e —2¢°+e )+Z(e +2e° +e?)
i(2e29+2e2‘9) 1 e +e2)=cosh(20)
b)x =Cosh’9 , y=Sinh’g
2
i)(d—xj +(dyj = (3sinhoCosh?6) +(3CosheSinh?g)
do do
=9Sinh’dCosh*@ +9Cosh?*#Sinh*6

2
=9Sinh’9Cosh’d(Cosh’0 + Sinh’6)) = 9(%Sinh29j (Cosh26)

2 2
[%j +(ﬂj _ 9 sinhz20cosh20
do) \do) "4

ii)s = OV (Y Y g j 2 sinh?26Cosh26 d@
o\lde) "\ de
S-= j:gSinhZ@x/COShZQ do=- ESinhZH\/CoshZH do

30 =
:_j 2Sinh26 x Cosh2 26 dé.
40

1

f n+1

This is an integral of the formJ' f'xfh= 1
n+

3f2 2 T 1f. 2 ; 1 2
S :Z{ngoshZZQ} :E(CoshZZ—Coshzoj S =E((CoshZ)2 —l)

0



Question 3: June 2007 Q7
y=4x
dy

2
a)s:jl 1+| — | dx from the formulae booklet
0 dx

dy_, L_i (ﬂj 3 4
dx X

st?d—fF

b)i) x = 4Sinh*@ dH X _ 4x2xCosh@x Sinhg
dx =8Cosh@ Sinhéd o

when X = lslnhe—lsoe Sinh™0.5 and when x=0,Sinh@d=0

s= /“ dx= [0 4S04 gosnasinhg do
4Sinh°@

s 4Cosh” ‘9 «8CoshoSinhodo = [ =20 gcosng sinho do
4Sinh’0 Sinhé@

Sinh™ 05 2
s= j 8Cosh?0d@
0

b)ii) Cosh26 = 2Cosh?6 —1 so Cosh®6 =%+%Cosh26’

silmntos 1 1 sinh~10.5
sos:j0 8(—+§Cosh26’)d0:jo 4+ 4Cosh260d 6

S= [4¢9+ 2Sinh20
Sinh26 = 2Sinh@Cos@ = 2 x Sinh& x «/1+ Sinh?6

]Slnh 05

= 4Sinh™0.5+ 2Sinh(2Sinh0.5)

with @ =Sinh™0.5 we have Sinh(2Sinh™0.5) = Zx% /1+% =§
J5

s = 4Sinh™0.5+ 2Sinh(2Sinh0.5) = 4Sinh 0.5 + 27 =4Sinh0.5++/5



Question 4: Jan 2007 Q4

a Secht_

)y = ht

. dy Secht . 1 dy f
i)—=- if y=—then —=-—
) ax = Coshet (ify = then G =72
ﬂ = Secht ! =-SechtxTanht

dx Cosht Cosht

ii)(%] = (-SechtxTanht)? = Sech’t x Tanh’t
X

Using [Tanh’t =1 Sech]

(gyj = Sech’t(1— Sech’t) = Sech’t — Sech*t
X

b)x=t-Tanht and y=Secht
., dx 2 dx \’ 2 4
i)—=1-Sech®t and | — | =1-2Secht+ Sech"t
dt dt

(%) [dyj =1-2Sech’t + Sech’t + Sech’t — Sech*t
dt dt

=1-Sech? =Tanh%

ii)s= J' ( j ( }dt—.[Tanh(t)dt [In(Cosht)]-In(Cosht)

iii)e°® =Cosht o) e’szL:Secht:y
Cosht

c)S, _Zzzj ( ] (?’) dt_27r_|' SechtxTanht dt

S =27 jt Sinht 4 _ oz jslnhtxc:osh tdt—27z[ —Cosh™ tt]
0 Cosh?t

S, =27 (-Secht+1)=2z(1+e™) because Secht=e"* (Qb)iii))



Question 5: June 2008 Q5

l X —X
a)coshx=§(e +e™)
cosh? x :%(eX re) =%(e2x +e"+2)

cosh? x =1><1(e2X +e‘2x)+1
2 2 2

cosh? x :lcosh 2x+1
2 2

cosh2x =2cosh? x—1

2
b)i)S =2r Inay 1+ dy dx=27 Inacoshx><\/1+sech2xdx
0 dx 0

S= 27zj'olnacosh X x cosh xdx = 27 '[Olnacoshz X dx

Ina
ii)S = Zﬂ_[;na%cosh 2x+%dx = Zﬂ{%sinh 2x+%x}

0
:Zn(lsinh(ZIna)Jrllna—O)
4 2
S=rx 1sinh(lnaz)JrIna =7 l><1(e'”f"2—e"“az)ﬂna
2 2 2

1, 1 a‘-1
S=r|=|a"——= |+Ina|=7 —+Ina
4 a 4a




Question 6: Jan 2008 Q7
a)y= In(Tanhgj x>0

1 X
= h?Z X
ﬂ_z(sec Zj_lx 1 ><COShZ_ 1 B 1 ) 1
& tanh® 2 cosh®® sinhX  2coshXsinhX  sinh(2xX) SInhX
2 2 2 2 2 2
ﬂ = Cosech x
X

2
b)i)SzL2 1+[j—ij dx=Lz\/1+Cosech2x dx

H 2 2
1+ Cosech?x =1+ — L — = Sm_h )§+1: CPShZX = Coth®x
Sinh“x Sinh“x Sinh“x

2
S =I Coth x dx
1

.. 2 2 Cosh x . 2 ) .
ii)s =j1 Coth xolx:j1 S dx=[In(Sinhx) ] =In(sinh2) - In(sinh1)

(Sinhzj
s=In| —
Sinhl

Using Sinh2x = 2sinh x cosh x, we have
sinh 2 =2sinh1coshl
s:In(M) s=In(2cosh1)

sinh1



Question 7: June 2009 Q7

a)i)gz\/l{%j :\/1+(§] 1,4+s 1\/4+s
1

i+ d_1
Jars? dx 2
1 1
ds=| =dx
¥

sinh™ (%) :%x+c

When x=0,s=0 soc=0

Ezsinhl s:ZSinhi
2 2 2

|||) :—s smh—
2 2

y=2003h§+k

A(0, 2) belongs to the curve so
2=2cosh0+k k=0

X
=2cosh—
y 2

b) y2 :4cosh2§: 4(1+sinh2§)

.. . X
from a)ii) we know that S|nh§=§
2
2 S
=4(1+—
y =4 4)
y? =4+5¢°
Question 8: Jan 2009 Q7
2
a)i(cosh — :——>< ! x\/)T
dx 1 —x2 I
(x x2
X
x2\/1 x?
d ( o 1] 1
cosh
dx xy1-x?
b)y:\/l—xz—cosh’lé (0<x<1)
dy 1 1 1 —X

D

—x—2XX

1
+ = +
VI-x2 xf1-x2 J1-x2  xy/1-%
dy  1-x* _V1-%
dx X\/l X X

ii)s= j 1+ dx J‘\/de j\/7

s= j—dx [|nx]§: Gj In(4j In(3)




Question 9: June 2010 Q5
sinh?t 1 sinh’t+1 cosh’t

i) tanh®t +sech’t = —+ —= = —=
cosh“t cosh-t cosh“t cosh“t

d (sinht u u'v—uv', coshtxcosht-sinhtxsinht
||)—(tanht) dt[cosht V):( V2 )= cosh?t
cosh t —sinh? t 1 _sech’t
cosh?t ~ cosh?t

dt\ cosht wu 2 cosh?t cosht cosht

|||)—t(sech) d( ! :lj:(_u_j:_smht :_smhtx 1 =-sechttanht
u
b)x =secht and y=4-tanht

i)% =—sechtxtanht and y_ —sech’t
dt dx

2 2
(%j + (d_yj —sech? x tanh?t +sech*t = sech’t (tanh2 t +sec hzt) —sech’t

dt dx
Lin
—J' A [dxj ( y) dt—J'lesechtdt
dt dx 0
iiu=¢ d—uzet:u d—u:dt
dt u

whent=0,u=1

t:%InS:In\@, u:\/§

L NE 3
S:J'Zly’s,echtdtzj'3 27dx=j3 2 du
0 L oe e L 1
u+-=
u
NG
s= " 22 du = [Ztan u] —2tant/3-2tan'1
1 oy241
s—oxZ 9 K_2% X _T
3 4 3 2 6

Question 10: Jan 2010 Q4

x:%costh and y=2sinht
a)%:sinth and ﬂzZCOSht
dt dt

2 2
[%) +[%) = (sinh? 2t + 4cosh?t) = cosh? 2t —1+ 4 cosh’ t

Using the identity cosht = 2cosh®t —1, we have

2 2
(3_1() +(?j_)tlj - (2cosh2 t —1)2 —1+4cosh’t =4cosh*t —4cosh’t+1—1+4cosh’t = 4cosh”t

2 2
(%j +(QJ =4 cosh*t
dt dt

b)i)S = 27z'.|. \/(dxj (dyj dt_erI 25|nhtx(Zcosh2t)dt_87r.[ sinhtxcosh?tdt

dt

ii)S = Sn[lcosh:*t} =8—7[(cosh31—1)
3 3

0



