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Key dates

Further pure 3 exam: 10" June 2013 am

Term dates:

Term 1: Monday 3 September 2012 - Wednesday = Term 4: Monday 18 February 2013 - Friday 22
24 October 2012 (38 teaching days) March 2013 (25 teaching days)

Term 2: Monday 5 November 2012 - Friday 21 Term 5: Monday 8 April 2013 - Friday 24 May

December 2012 (35 teaching days) 2013 (34 teaching days)
Term 3: Monday 7 January 2013 - Friday 8 Term 6: Monday 3 June 2013 - Wednesday 24
February 2013 (25 teaching days) July 2013 (38 teaching days)
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Scheme of Assessment Mathematics
Advanced Subsidiary (AS)
Advanced Level (AS + A2)

The Scheme of Assessment has a modular structure. The A Level award comprises four
compulsory Core units, one optional Applied unit from the AS scheme of assessment, and one
optional Applied unit either from the AS scheme of assessment or from the A2 scheme of
assessment.

For the written papers, each candidate will require a copy of the AQA Booklet of formulae and
statistical tables issued for this specification.

All the units count for 331/3% of the total AS marks
162/3% of the total A level marks
Written Paper
1hour 30 minutes
75 marks

Grading System

The AS qualifications will be graded on a five-point scale: A, B, C, D and E. The full A level
qualifications will be graded on a six-point scale: A*, A, B, C, D and E.

To be awarded an A* in Further Mathematics, candidates will need to achieve grade A on the full A
level qualification and 90% of the maximum uniform mark on the aggregate of the best three of the
A2 units which contributed towards Further Mathematics. For all qualifications, candidates who fail
to reach the minimum standard for grade E will be recorded as U (unclassified) and will not receive
a qualification certificate.

Further pure 3 subject content

Series and limits
Differential equations
Polar coordinates
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Further pure 3 specifications

Candidates will be expected to be familiar with the knowledge, skills and understanding implicit in the modules Core
1, Core 2, Core 3, Core 4 and Further Pure 1.
Candidates may use relevant formulae included in the formulae booklet without proof.

Series and limits

Maclaurin series

Expansions of e*, In(1+ x), cos x Use of the range of values of x for which these expansions are valid, as
and sin x, and (1+ x)” given in the formulae booklet, is expected to determine the range of
for rational values of n. values for which expansions of related functions are valid;

A+Xx6 2
e.qg Inc—/—=2=; (1- 2x)2e".
g 81 b( )

Knowledge and use, for k > 0, of
lim x*e™* as x tends to infinity and
lim x* In x as x tends to zero.

Improper integrals. E.g. Qexlnxdx ’ (‘Sxe'*dx.

Candidates will be expected to show the limiting processes used

Use of series expansion to find X _ . -~ —
limits Eolim®t  mSnE) o Xe L N2¥x- V2
. x®0 X x®0 X x®0 cOs(2X)- 1  x®0 X

Differential equations

The concept of a differential The relationship of order to the number of arbitrary constants in the
equation and its order. general solution will be expected.

Boundary values and initial
conditions, general solutions and
particular solutions.

Differential Equations. First Order

Analytical solution of first order To include use of an integrating factor and solution by
linear differential equations of the | complementary function and particular integral.

form j—y+ Py =Q where P and Q
X

are functions of x .

Numerical method

Numerical methods for the
solution of differential equations

of the form % =f(x,y).

X

Euler’s formula and extensions to | Formulae to be used will be stated explicitly in questions, but
second order methods for this first | candidates should be familiar with standard notation such as used
order differential equation. inEulersformula y,,, =y, +hf(x.,v,),

the formula y,,, =y, ,+2hf(x.,y,),
and the formula y,,, =y, +%(k1 +k,)
where k, =hf(x,,y,) and k, =hf(x. +h,y, +k,)
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Differential equations .Second Order

Solution of differential equations

2
of the form ad—¥+bﬂ+cy =0,
dx dx
where a,b and care integers, by
using an auxiliary equation whose

roots may be real or complex.

Including repeated roots.

Solution of equations of the form
d’y . dy
+b—=+cy = f (x) where a,
dx*  dx y=1
b and c are integers by finding the
complementary function and a
particular integral.

a

Finding particular integrals will be restricted to cases where f(x)is of the
form e, cos(kx) , sin(kx) or a polynomial of degree at most 4, or a linear
combination of any of the above.

Solution of differential equations

2
of the form: d 2/+ Pﬂ+Qy =R
dx dx

where P, Q, and R are functions of
X. A substitution will always be
given which reduces the
differential equation to a form
which can be directly solved using
the other analytical methods in
this specification or by separating
variables.

Level of difficulty as indicated by:-
2

. d L
(a) Given x* -2y =X  use the substitution x = &'

XZ
2

to show that d Zy- Y. 2y =¢'
dt dt

Hence find y in terms of t
Hence find y in terms of x

d? d
0 @ )Y W =0 usethe substitution u =22
dx dx dx
to show that ﬂ = > and hence that u = > where Ais an
dx 1- X 1-x

arbitrary constant.
Hence find y in terms of x.

Polar Coordinates

Relationship between polar and
Cartesian coordinates.

The convention r > 0 will be used. The sketching of curves given by
equations of the form r = (8 ) may be required. Knowledge of the

formula tan f = r(;—q is not required.
r

Use of the formula area

\bl
:QEerq'
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The formulae booklet

Mensuration

- ~ p |
Surface area of sphere = 4w
Area of curved surface of cone = mr X slant height

Arithmetic series
up=a+(n-1)d

5’n=%n(a+f} =%n[l’a+(n—1}d]

Geometric series

THSE
5 a(l—r"
no e

1—7

,’JTW:% for |r|=':l

Summations

"
Y= %n[n +1)

r=1

H
) P = %n(rr +1)(2n+1)

r=1
no \ o
N . 2
2 ¥ =g [u+l]
r=1
Trigonometry — the Cosine rule
2 2 2
a - =b"+ ¢ — 2bc cos A

Binomial Series

|‘/ G {
(a+b)"=a" +[’;] a™ b +[

i !
‘i.TllEI‘E( ]= o = E

r ’ _r!(n—r_)!

n]a”'zbz+___+[n]a"'rbr+___+b” (neN)

§) 7

n—1 (n—1). . (n—r+1
(1+x)" =1+Mf+mn7j}x2 PO 31 o WY (f<LneR)
VA o

Logarithms and exponentials

ax = Exlna

Complex numbers
{r(cosf +1smn@)}" =r"(cosnf +1smnd)
e’ =cos@ +isind

IRk

The roots of z" =1 are given by z=¢ " .for k=0,1,2,... n-1
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Maclaurin’s series

2 r
oy 3 ¥ X oy J(_ {f:l B
f(x)=10)+x£1{0)+ 2 t10)+ ...+ " |l | 1) B S
2 r
e' =exp(x)=1+x+ 321 e +x—1+ ... forallx
A Fl
2 3 1 L
bafl 4+ 2= = et ‘T+ (-1<x=<1)
= 5P £
sinx=x——+——_..+(-1)) ———+... forallx
3 A (2r+1)!
>l i 5"
cosx=1-—+——_. +(-1)) ——+_.. forallx
214 (2r)!
Hyperbolic functions
cosh? x —sinh?x =1
sinh 2x = 2sinh xcosh x
cosh 2x = cosh? x +sinh? x
cosh x=1In {x g l} (x=1)
sinh x=In {x +x? +1 }
(14x
tanh ™ x = %h][ X ] (|Jr| <l)
= k=X
Conics
Ellipse Parabola Hyperbola Pi;?):f{?ll:l
Standard © o g r ¥ =1 2
form a’ L B Yo =dax a B xXy=c
Asymptotes none none E:i% x=0,y=0
e

Trigonometric identities
sin(4+ B)=sin AcosB+cosdsin B

cos(A+ B)=cos Acos B ¥sin Asin B

<L i L N
tan(4+B)= 204 (B k+n)
lFtan Atan B ' -
. . . A+B A-B
smA+smB=2sn —Cos—
" : A+B . A4-FB
sin 4 —sm B=2cos —sin
cos A+cosB=2cos = : H cos — : |
. A+8B . A-B
cos A—cos B=—251n ' 5101 -
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Differentiation

f(x) f J'(x}
sin ' x ,1_
of1—x*
0 1
cos— X —
A1-x?
tan” x .
1+x°
tan kx Esec’ kx
cosecy —cosecxcotx
5eC X secxtfan x
cotx —cosec” x
sinh x coshx
coshx sinh x
tanh x sech” x
sinh ™ x -
J1+x
cosh™ x }
Axt =1
tanh * x : >
1—x"
f(x) £'(x) g(x)—f(x) g’ (x)
g(0) (g(x))’
Integration
(+ constant; a >0 where relevant)
f(x) [f(x)ax
tan x ln|sec x|
cotx ]n| sin x|
cosec x - ]n‘cosec X +cot 1| = lnltan(lT x)|
SEeC XK ]11|5e::1‘+ta_nx| :ln|tan(%x+%n)|
2z 1
sec kx E tan fx
sinh x cosh x
cosh x sinh x
tanh x Incosh x
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Jat —x? .a
_8 l’rzm'l[.E
a’ +x° a a

1 -1 .};"ﬂ' 2 1
—_— cosh '—J or h1{x+~u"x‘ —a“} (x>a)
N —a o

1 1 11

- smh or ]_n{x+-u1 +a’y
va +x :a.v

a+x 4f x

% L]1 —ltan.h 1= (|Jr|~::a}
- 2a |la-x| a a

1 1 xX—a
x°—a® =1 |x+a

Ju de = w—Ivde‘
dx dx

Area of a sector
A :é [rj dé (polar coordinates)

Arc length

|
5= I,V|l+[ ] dx (cartesian coordinates)

_' \J (‘:dl;} n (%] dr (parametric form)

Surface area of revolution
e D

| ;
B = Errj _}-!].||1+(%] dx (cartesian coordinates)

I' o 3 = : 3
S, =2m [ y hl'[ f; ] J{ j;} dr (parametric form)

Numerical integration

*

The trapezium rule: | =sh{(yy+3,) +2(», + ¥y, +-.-+y,4)}. where h=

*

b—a

—a

The mid-ordinate rule: j ydx=h(y; +ys +...+y 3+ ¥.a ), where h= b
a 7] 3 n 2

|
[B] (W8}

. . b
Sumpson’s rule: Iay dx = %h{{yﬂ + y,,)-i—il(yl + 3 +...+yn_1)+ L’(y; +yy+..+ }’n—z)}

a o
and » is even

where h= n
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Series and limits

Series
MacLaurin's series
The function f (x) and all its derivatives exist at x =0
The Maclaurin series for a function f (x) is given by:
n m (r)
f(x)=f(0)+ f'(0)x+ 0 x>+ 0 x3+...+mxr +...
2! 3! r!
where f ', f", f",... denote the first, second, third,... derivatives of f, respectively.
f () is the derivative of order r.
Range of validity
Some series are valid for all values of x1 j,
but some series are valid for only some values of x.
Refer to the formulae book to find the range of validity.
2 3
For example:  In(1+x) =x- X?+X? .. isvalidfor - 1<x£1
Multiplying and composing Maclaurin's series
f (x) and g(x) are two functions
- The Maclaurin's series of the function f ~ g(x) is the product the two maclaurin's series.
- To obtain the Maclaurin's series of the function f (g(x)), substitute
xin the Maclaurin's series f by the Maclaurin’s series of g(x).
X2 X
Examples:e* =1+ x+?+... and sin(x) = x- €+...
. . . X2 X
- The maclaurin’s series of e*sin(x) = (1+x +7+...)(x - €+...)
XS ) X4 XS 5 3 X4
SX- X - =X X — —+
6 6 2 3 6
L ain(x) & X 06 lae X &
- The maclaurin's series of e =1+gx- —t ot —=aX- —+.o
& 6 g28 6 g4
2 4
=l+x+—- —+..
2 8
Maclaurin's series and limits
If a function f is not defined when x = 0, we study the value of the function when x is very close to 0.
If a value exists, it is called the limit of f (x) when x tends to 0.
- When the limit is not obvious, work out the Maclaurin's series of the function
and substitute x by 0 in the series (if possible) to obtain the limit.
Example:
f(x) Sl I|®ng (eX - 1) =0 and Ii®rrg(x) =0. Not only the function f is not defined at x =0,
X X X
but also its limit when x tends to 0
) ;
can not be determined ("%").The Maclaurin's series of f is f (x) :lgiah X +X?+...— 12:1+£+...
Xé o
So when x tends to 0, f (X) tends to 1+%+... =1 or I|®rrg f(x)=1
AQA - FP3 11 AQA - FP3




Limits

Limits you have to know:
You are allowed to use the following results without proof:
-whenx® ¥ , x“e*® 0 for any real number k.

-when x® 0, x*In(x) ® 0 for k >0.

Improper integrals
The integral & f (x)dx is said IMPROPER if

a) the interval of integration is infinite,
or b) f (x) is not defined at one or both of the end points x =a and x =b.

Method
To work out if an improper integral has a value or not (exists or not)
1) Replace "¥" or "a", the value where f is not defined, by a letter. "N" for example.
2) Integrate to find an expression in terms of "N".
3) Work out the limit of this expression when "N" tends to "¥" or "a".
4) If the limit exists then the improper integral has a value. If the limit is "¥ ",
the improper integral does not exist.

¥
Example: ¢ dxis an improper integral.
ple:Q proper integ
, Nl _ N _
Let's work out () v dx =[Arctan(x)] = Arctan(N)- Arctan(0)

Arctan(0) =0 and when N ® ¥, Arctan(N) ® %

¥
dx exists and Q

¥ p
conclusion 'Q dx :E

1+x° 1+ x°
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Differential equations

Generalities and definitions

Definitions
- A differential equation is an equation involving the derivatives of a function.

- The ORDER of a differential equation is the same as the highest order of derivation
occuring in the equation.

- A differential equation is linear if it is LINEAR in y and the derivative of y.
(Any equation containing powers of y and/or its derivative
or products of y and/or its derivatives are non-linear)

Solving differential equations
-To solve a differential equation is to find all the functions satisfying the equation.
All these solutions constitue a FAMILY of solutions.
- Solutions that involve ARBRITRARY constants are called GENERAL SOLUTIONS.

- A solution which contains NO arbritrary CONSTANT is called a PARTICULAR SOLUTION.

- To work out a particular solution, you need initial/boundary conditions: y(X,) =Y,

Methods to solve first order differential equations
- Method 1:Direct integration
This method can be used if the differential equation can be written as

g—y = f(x). By integrating both sides, you obtain
X

y=0 f(x)dx
- Method 2 :Separating variables
This method can be used if the differential equation can be written as

g(y)j—y: f (). By integrating both sides, you obtain
X

09(y)dy = ¢ f(x)dx
- Method 3:Recognising the derivative of a product function
This method can be used if the differential equation can be written as

u—+d—y = f(x), where u is a function of x.
X
Re- write as di(u y) = f(x) and integrate both sides:

X

u”y=0 f(x)dx so y:%(‘)f(x)dx

AQA - FP3
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First order

linear differential equation

Standard form
A first order linear equation can be re-arrange in the form

%+ P(x)y =Q(x) where P(x) and Q(x) are two functions.

This form is called the STANDARD form the equation.

Integrating factors

Considering an equation 3—1+ P(xX)y =Q(x),

we want to multiple both sides by a function I (x),

so that the left-hand side of the equation becomes the derivative of a product function.
ie I'ﬂHP'y:IQ with ﬂ—IP
dx dx

Such a function is called an INTEGRATING FACTOR and 1(x) =e®” "

Example:

Find the general solution of the equation % ly =x* where x>0
X X

A ,Ed Ing== 1
- The integrating factor I (x) =e® x =g "®W =g 5=
X

- Multiplying the equation by I (x), it becomes

lﬂ iy =X this is ; gel y;- x and by integrating
X

_1., _1. T
_y_Ex +C y_EX +cx cl j

Substitution

The substitution to use will be given to you in the question.

Use this substitution to transform the given differential equation into one which
you can solve using either of the known methods:

(direct integration, separating variables, integrating factors)

Example:
dy

a) Use the substitution z =£to transform the diff. eq. d—+ xy = xy? into a diff. eqin z and x.
X

y
b) Solve the new differential equation.

c)Findy in terms of x.

. 1 1 d 1 dz
Solution: z==— so y=— and _y___z_
z dx z° dx
. ldz x_ X dz
after substitution,we have - ——+—=— —-XZ=-X
z°dx z z dx
. O-xdx
An integrating factor is I (x) = e =e ?
X4z X X daexX o X
ez—-XGZZ:—XeZ _ezz___xez
dx dx P
)(2 )(2 )(2 )(2
e 2z=0Q-xe ?dx=e 2 +c z=1+ce? this gives y=
ce? +1
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Auxiliary equations method.

Definitions
ad—y+by = f(x) with a,bT j
dx
- The REDUCED equation is aj—y+by =0.
X

The general solution of the reduced equation is called
The COMPLEMENTARY FUNCTION

- APARTICULAR INTEGRAL satisfies the equation ag—y+by =f(x)
X

- The general solution of aj—y+by = f(x)is
X

the sum of the complementary function and the particular integral
Yo =Yr tYe

Solving first order linear differential equations

ag—y+by = f (x) is a differential equation where a and b are real numbers
X

The reduced eqaution is aj—y+by =0
X

- The AUXILIARY equation associated with this equationisa/ +b =0
- The complementary function is : y =Ce’* where / is solutionto a/ +b =0.
- Finding the particular integral:

A'if f (x) is a polynomial then y, is also a polynomial of the same degree

A'if f (x) = ACos(kx) + BSin(kx) then y, = aCos(kx) +bSin(kx)

a and b to be worked out.
Aif f(x) = Ae® theny, =ae“if kt /
y, =axe®if k =/  whereaistobeworked out

- The general solution isy; =y, + Y.
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Second order linear differential equations

Definitions
2
ad—¥+bd—y+cy: f (x) with a,b,cT j
dx dx
.. d?y _dy
- The REDUCED equation is a—5+hb—=+cy =0.
dx dx

The general solution of the reduced equation is called
The COMPLEMENTARY FUNCTION

d’y 9y

- APARTICULAR INTEGRAL satisfies the equation aF d—+cy =f(x)
X X

- The general solution of aj—y+ by = f(x)is
X

the sum of the complementary function and the particular integral

Yo =YetYe
Solving second order linear differential equations
2
ac:i 2’ +b3—y+cy = f (x) is a differential equation where a,b and c are real numbers
X X

d’y

dx?

The reduced equation is a +b:—y+cy =0
X

- The AUXILIARY equation associated with this equation is a/ > +b/ +¢ =0
The auxiliary equation is a quadratic equation, three cases are possible:
Casel: a/®+b/ +c =0 has two distinct solutions /, and/,
The complementary function isy =Ce"* +C,e’>*  C,C,1 j
Case2: a/?+b/ +c =0 has equal/repeated root /,
The complementary function isy = (C,x+C,)e’*  C,C,T i
Case3: a/*+Db/ +c =0 has two conjugate complex solutions/, = p+ig and /, = p- iq
The complementary function is y =e™ (C,Cos(gx) +C,Sin(qx)) ~ C,,C,1T i

- Finding the particular integral:
A'if f (x) is a polynomial then y,, is also a polynomial of the same degree
A'if f (x) = ACos(kx) + BSin(kx) then y, = aCos(kx) +bSin(kx)
a and b to be worked out.
Aiff(x) = Ae* theny, =ae®if k1 /
or y, =axe™if k=/, or /, where aistobe worked out
or y, = ax’e® if k=/, (the repeated root.)

- The general solution isy; =Yy, + Y.

Substitution
d’y
dx?

+ P(x)%ﬂg(x)y =R(x) is a differential equation

where P,Q and R are functions of x.
Note: this equation is written in its standard form.

These equations are solved using substitution.
The substitution to use will be given in the question.
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Numerical methods to solve first order differential equation

In this chapter, we want to solve equations which can be written

d
d—iz f(xy) and  y(x)=Y,

There are three methods to solve numerically this equation.

Formulae to be used will be stated explicitly in questions.

Knowing P, (X,, Y,), we work out P, then P, then P, etc.

()
i

Pr+1

Euler's formula
To work out P,,,, we consider that

the gradient of the line P.P,,, is (approx.) equal to the gradient at P..
This gives: vy, =y, +hf(x.,Yy,)

The mid-point formula

We consider that the gradient of the line P._,P.,, is (approx.) equal to the gradient at P, :

Thisgives vy, =V, , +2hf(x.,y,)

The improved Euler's formula
We consider that the gradient of the line P.P.,, is (‘approx.) the mean of
the gradient at P, and the gradient at P

r+1-*
This gives : Yea = Ve +%éf (% ¥e) + T (X Ve B
with y,, =y +hf(x,y.)
Or as it is given in the exam question:
1
yr+1 = yr +E(kl +k2)

where k, =hf(x.,y,) and k, =hf(x, +h,y, +k))
Possible layout for your workings out:

r X, Y, K x,+h ¥y, +k

k, hA

0
1
2
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Polar coordinates

Definitions
A point M can be placed in a set of two axis using
CARTESIAN coordinates M(x,Y) mas

3z/4

This position can also be determied by the distance
from the origin O or POLE and the angle made

by the line OM with the positive x-axis or INITIAL fINE/ :

The POLAR coordiantes of M(r,q) g

In order to have unicity in the polar coordinates of
a given point, we will use the following conventions:
r>0and - p<gEpor0E£g<2p

3n/2

Curve in Polar coordinates
In cartesian coordinates, an explicit equation of
a curve will be givenasy = f(x).

In polar coordinates, an explicit equation of
a curve will be givenasr = f (g).

Examples:r=2Sing, r=e%,r=3,...

Conversions

A point M has cartesian coordinates M (X, y)
and polar coordinates M(r,q)

Using the pythagoras' theorem and trigonometry,

we have
Y 2 — 2 2
i X =rCosq _|[r Xy
i . and | y
1y =rSing iTang ==
| X

Note:Ifx>0,g9 = ArcTan(l) but if x<0,9= ArcTan(l)ip
X X

Area bounded by a polar curve
The are bounded by a polar curve and the ray g=a and g=6

. _1 \b 2
IS A_EQr dg

IMPORTANT :This formula is valid only if r >0 for a £Eg £ b. o

AQA - FP3

33

AQA - FP3




(SAVIN v00TUEf VOV)
‘sIoquunu [euonjer a1e b pue d a1oym b 4 zujd wioj oY) ur Jomsue oA Jurald

“QUI[ [ENIUT O} PUE SOAIND A} USOMIOq ‘Y UOISI Popeys oy} Jo eare oy pur (11

*SOAIND OM]) ) JO UONDsIdUI Jo Jutod oy “y Jo sajeurp1ood tejod ayy pur (1)

aul] [epuy

¥ o

*T =4 9[0110 3y} JO Jed pue ;o = .0 AIND Y} JO Jed Jo Yojays e smoys werdep YL (q)

AAN_\\| NN&V% - v\
£q UdAIZ st
‘a10d oy s1 O 210YM ‘DO PUE JO SOUI| BY} pue ) AQ POPUNOq F LAIE A} JBY) MOYS
19 < Y9 eroym
‘Kpanoadsar (% %) pue (‘g *4) sareurprood xejod aaey D uo § pue 4 syurod Y,
Ahwwmwo pue () # ¥ d1ym

="

uonenba rejod sey D oamd v (8) ¢

(SAVIN £00TUEl VOV)
"g0 pue pO saul| oy pue
D AIND AY) UIIM)RQ BAIE AU} S103SIq JO) YIIYMm I0J 0 JO anJeA ayj purj 9oudy  (Ir)

0y

|
SI JO PUE (O Saul] 3y} pue ) dAIND 3y} £q papunoq
uo1301 oY) JO BAIR O} JeY) MOYS ‘V = @ d1oUyM ) UO Jurod Y SI 7 e} udAIl) (1)

drodayy stprod oy, -2z =9

14
a1aym jurod 2y s1 ) uo g jurod ay) pue - = 0 oM jutod oy s1H uo piuod oy, (q)

D yaeys  (e)

oV
N\NV%VM — =

!
SI ) 9AINd & Jo uonenba 1ejod oy,

g0 Vo
Ty e
'g pue p syurod oy je
Qus+¢
P
uonenba rejod yum A1 3y spedwr O 91od ayp ysSnoy) suif Jydrens y

A

'g Pue p JO s9)euIpIood ejod oy purf
‘g pue  syutod oY) Je 109SI19)UL
@ 09S¢ =4
s1 uoryenbo 1ejod asoym auif ay) pue
LSO>x— ‘QS0dT+G =
st uonenbo 1ejod asoym oAmMO oy |,

(X)) = 4 w0} oy) ur uorenba ueISAILD SI Pul]
Lous+]

5 =. uonenbo 1ejod sey oAmnd

juswssasse 19)dey)

S9)JeulpJood Jejod

AQA - FP3

34

AQA - FP3



(

VT WP
o
zT v
v '— ywod 3u3 3 Spva pvp 7% 7w10d 313 38 YIS MO Y L
xrc re x z x
— — — — — A
T z T z +r
z z +
zT — x — — 0
re xz x
'SISYAIP A ‘SISYIAIVI 9 SV
+
TUTS S WM AU 0 63 1Mb3 42/v 14
TXTSHS W \N =4 ()
505 7=
+ k4 L4 o Yo
I=——— =
¥ DWS—-T DWS+T T T
k4 40

‘H‘ﬂ
ows—-z T
PVIS—-T (0+2)WS+T
= =90 05 90 =4 ‘0 + U= VIYM

¥ +
k4 Yo  owvIs+T
———=—— & ——=%0 05 YO =4 ‘D=0 MYM
oMIS+T T k'
oMS+T
- =
k4
MmN WMl
0 (@}
=
[
>

g (0-2)-=

Isn pMae yol 4o
AW D +L=g MV I D=9 H

e

€ €
ﬁ‘ \Qu e ﬁ‘l\ﬁu e
z z

g Pvin 3 Me10asiTv Jo sawiod ayy Jo s:uvpaa00 Ajod YL

(] e =9=4  pve
<
z+70

9S00 +G =11
ojur £=gsoo Bupnysqns

‘Z=09S00 MIUM ‘'S @ > Z— NIV Y3 M|

9 94 40} Ng1sS0d 30v 57 £ = 9S00 FoMIS ‘S = 9S00 =
0= (E+9SN)(FT—-HSNT)

0=£—-0S00S+g ST

€= (9SNT+ )95

PISE=QSNT+ S
QUISE =4 PVB 9S0IT+ S =4 Jo moneassapvy Jo sywiod aua v z

o2
= e=R
¥

z

X —9s=FHer

\+%Nﬂ\¢mnx\w+%\

NA§IQVHN%+NV,\
— = 0%|®um%+my\\(
P cg=H+ A+ x|}

- Q=QMISA+ 4
2=(9QWS+1I)4
OMIS+T
2

Buuenbs aiojaq pabuelieas

guis.=4 pue
A+ x= 1 Busn

juswissasse Jajdeys o0} suonjos

S9)JeulpJood Jejod

=A F

AQA - FP3

35

AQA - FP3



r
Z-TwWT = 101624 3pBYS Jo ary

g=Upuel=lT=y

yum (e) ped o} Jamsue Buisn + k4

R > = (:3-:2)5 s1v0 pwe

‘) 0 (0 “T) Mo} 03 =4 Mo a3 ms 02pvIN0g YAy

v RV ‘(e

TV =
z
T Tx— 51200 pvo avn Yot Ag papvmoq mearo Jo 40309s Ja vasy (1)

(T v T) M0/ J0 S1w0A00D
Tu=g <
P=T S P=ApT =4 A3 ()(0)

. 9= _Y pue hd
SN = ()5 =

pyd= 4 0S 0= 8AIND BY}
uo al (%9 ) pue (' “L1) siulod ¥ _
(e?— «%«mv” =

¥+

MMTQNL T

K
OPp? | T=% (0)'&

c

2 _»

2

0 8AIND pue go ‘YO ©8 0T

Ag papunoq jey} jjey si D aAINd — =

pue 4O ‘YO Aq papunoq eale ay} 6 T
‘0 annd pue go ‘O Aq pspunoq rg ¥ x DT
s =

BalJe 8y} S109sIq 4O 92UIS O Tt tT7 2 I
Co(zr_x\E _re_ ¢
I T)T T <

2y X
: S10 a0 v 20 Yo Rq papvimeg varp ‘ xz = 0 Bwiana (7]

T <

vT x
T3 510 MM pundo Yo R papvnoq vasy

T »

AQA - FP3

36

AQA - FP3



7

N | v
N O

N\
4 4

AQA - FP3 AQA - FP3




AQA - FP3 38 AQA - FP3



I
(symut §) ‘pasn ssaoo1d Sunruy o) Jurmoys ¢ xp xg X _, alen[eas ooudy  (9)
o
(st ¢) "xp ,,Toa— putl (q)
I
(Opmut ) ‘Texdour redordun ue st xp PR _, Aum urerdxg  (8) ¢
oC
xp
(Symut g) 0=X uoym ¢ = yes pue 7 =4 jery ueAId ‘x Jo swirdy ul 4 ssoxdxe aousH (q)
P
xp %P
(ymu 9) §=dg+—p+-—
Ap ANU

uonenba [eniUCIIP 21} Jo uonnjos [erousd oy} pury (e) ¢

(symut §)
D Jo Od dIe ou) pue JJ Sul] oU} Aq pepunoq uor3ar papers o1} Jo eale oy} puyy 2ouey (q)

(st g) Tu+gn w
SI JO PUB g SOUI[ 9} PUB ) SAIND 9 Aq PAPUNOq UOIFOI oY) JO BAIE oY) oL} moyS  (B)

“ATeanoadsar f_ 0 Pue (= ( AQ UOAI3 IR OAIND I} UO (j pue g syuiod ot
u

d o

aur Tentug

-o10d oty st Jutod oy,
“puel+ [ =. st uonenbe 1efod 9soym ) oAmd o) Jo 1red Jo OIS B smors werderp o, ¢

(Sy4put §)

(sy4put §)

“(z'0)4 01 uoneunrxordde we urelqo o ‘() 1red 0} IoMSUE INOA M
(M4 gy + 1= THd
e[nuof o) asn)  (q)
“(177)4 01 noneunxoxdde ue uL1qo 01 ‘[0 =y YIM
(4 ) gy + 4= THL

e[nwIo} Io[nyg ol 9sy ()

1= {04 pue

A x= (4 x)g aroUM
xp
4X))=—
@3 =75

uonenbo [enuaIoyIp ot seysnes (x)4 uonsuny oy, |

‘sonsonb e emsy

9007 Arenuer

AQA - FP3

39

AQA - FP3



SNOILSANO 40 dANA

xp 2P
(symut §) 0=49+—x9g—=—
Ap apt

X

uonenbs [eNUAISIJIP o1} JO UONNOS [eIoUad ot} pury oouel (q)

P P P
(syou ¢) L)
p Ap ApC
X
(symut §) M\W = %R )]

:7BY1 MOYS X JO UOHOUNJ B ST 4 187 PUB P = X 1811 WOAID)  (B)

(syvu €) ﬁ\mouﬂ . NJ .

(xg+ Dupx] T
puL (2
: a_z_
(Sy4put 7) R

are xsodu] Jo ‘x jo stomod Surpueose ur ‘morswedxe ot
Ul SWIIO) OIOZ-TIOU OM) ISIIJ 9T} 1B} MOTS ‘TISI0T]) S, ULME[oe] Julsn Aq ‘@ouel (1)

X
(sy4put §) ‘0 =X uoym M‘ﬁ Jo onpea oty pur (1)
P
¥
xp [l
(Sy4put f) o pue <— ‘— puiy ‘xsoou] =4 e wOAl) (1) (q)
4p ap dp
(vt ) ‘PIIEA ST UOISuBdXd SIT) YOI M IO X Jo sonjea jo oJuer o) aels  (11)
(Sy4put 7) "X T o] o) Surpnjout

pue o) dn x jo sromod Surpueose ur (xz + )u] Jo uoisuedxo o umop Aup (1) (B)

(Sy4put f) '} Jo sojeutprood Iejod
o put] p jurod o1} 1B ) §1008I0IUT ()09 7 = 4 uonenbo rejod yum our oyy,  (9)

(Opput ) D eamd oy y:eys  (q)
(sy4put §) *(x)3 = « wuoj oy wr ) Jo uonenbo wersolres oty pury ()
§=gzuis ;4

uonenba rejod ser ) oamd y

(sy4put 6) (x)] = 4 wIoJ oYl UI IOMSUER INOA OAID) ") = X UoUm [ = 4 1B1]) U0AIS
X X
x=4d :‘N + m
¥ o dp

uotienba [enUSISNIP o1} JOo UONN[Os I pulf ‘Iojoe) Juneideiur ue Juisn Ag

AQA - FP3

40

AQA - FP3



AQA - Further pure 3 —Jan 2008 — Answers

Question 1:

Exam report

%: f(x,y)=x*-y*> and y(2)=1
X

a)y(2.1)=1+0.1(2° -1°) =13

b) y(2.2) = y(2) +2(0.1)(f (2.1, y(2.2)))
=1+2x 0.1(2.12 —1.32) =1.544

Numerical solutions of first order differential equations
continues to be a good source of marks for all candidates. This
was the best answered question on the paper. Although
almost all candidates obtained the correct answer to part (a),
some less able candidates showed a lack of understanding of
the notation used in the given formula in part (b).

Question 2:

Exam report

r=1+Tand
P(10) and Q(\/§,%)

a)A= l_|.§(1+Tan¢9)2d¢9 = 1_[51+Tan2¢9+ 2Tandd o
270 270

(ﬁl J3

z
3
0

A= ETane —In |Cosx|}

b) The area of the triangle OPQ is %OP x0Q x SinPOQ

Areag =%><1>< \/§Sin% =%

V3 3

The area shaded is therefore :7 +1In(2) 2

7—InEJ—(O—O)=2+In(Z)

This question, which tested the areas of regions involving a
curve whose equation was given in polar form, was
relatively poorly answered. Full correct solutions were not
often seen. In part (a), candidates generally wrote down
the correct definite integral, then expanded (1+ tan6)’ and
integrated 2 tan@ correctly, but could not find a correct
method to integrate 1+ tan’® . Those who used the correct
trigonometrical identity had no problem integrating the
resulting sec’® and completing the solution to reach the
printed answer convincingly.

It was disappointing to find a significant minority of
candidates not attempting part (b) having failed to obtain
the printed answer in part (a). Most of the other
candidates found the correct lengths for OP and 0Q but
some then wrote down an incorrect formula for the area
of triangle OPQ. Some others lost the final mark because
they did not give the area of the triangle in an exact form
anywhere in their working despite the form of the printed
answer in part (a).

Question 3:

Exam report

2
d—¥+4ﬂ+5y=5
dx dx

The complementary function:
Auxiliary equation: 4> + 41 +5=0
Discriminant: 42 —4x1x5 = —4 = (2i)?
—4+2i

A= 5 =-2+iand 4, =-2—-1i

The complementary function is y, = e**(ACos(x) + BSin(x))

The particular integral y =a

It is obvious that a=1 the solution
The general solution is :y =1+e > (ACosx + BSinx)
b)Whenx=0,y=2s0 2=1+A A=1

y =1+e?*(Cosx + BSinx)

j—y = —2e ?*(Cosx + BSinx) +e 2 (=Sinx + B cos X)
X
dy
When x=0,d—=3 so 3=—2+B B=5
X

y =1+e?*(Cosx +5Sinx)

This question, which required candidates to solve a second
order differential equation, was generally a good source of
marks. It was disappointing to see some candidates trying
to solve the auxiliary equation, m*+4m+5=0, by
factorisation. They obtained real solutions and this error
was penalised heavily. Better candidates were able to write
down the correct complementary function and find the
particular integral but some wasted valuable time by
starting with y, = ax’ + bx + c and showing that both a and b
were zero. Candidates who were able to find the correct
general solution in part (a) usually went on to apply the
given boundary conditions correctly in their answers to part

(b).
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Question 4:

Exam report

a) L xe **dx is an improper integral because

the interval of integration is infinite

1 1
b)| xe¥dx=—-=xe**+=| e ¥dx
)] |

_lev lewc
3 9
N 1 1 L]
c) J' xe ¥dx = {—— xe ™ ——eSX}
1 3 9 |
:—EN SN _ LN +_e—3+1e—3
3 3 9
Lim NeN =0 and Lim e*N =0

” _ . 4
I xe**dx exists and j xe¥dx=—e*
1 1 9

Part (a) was generally not well answered with a significant
minority either not attempting it or making a statement which
they then contradicted in part (c). The method of integration
by parts was understood with the great majority obtaining the
correct answer to part (b). Although there continues to be an
improvement in candidates’ solutions to the evaluation of an
improper integral, there were still a significant minority who
made no attempt to show the limiting process used.

Question 5:

Exam report

ﬂ+ 4x y=
dx  x*+1
An integrating factor is

ﬂdx ZI _2x )
| —e X241 —e x2+1 — e2In(>( +1) — (XZ +1)2

The equation becomes:

(x* +1)° %+4x(x2 +1)%y = x(x* +1)?
X

%((x2 +1)°y) =x(x* +1)°
2 2 2 2 1 2 2
(x*+1) y:J. X(x°+1) dx:zj 2X(x° +1)“dx

(x? +1)2y:%><%(x2 +1%+c

1 2 C
==X +)+—=
g 6( ) (x* +1)?
1 5
Whenx =0,y =1 so 1:E+C S0 C:E

_(X*+1)+5
6(x* +1)°

Although many candidates were able to write down the
integrating factor in terms of an integral, a significant minority

could not then integrate correctly. Those who found the

x* +1

correct simplified integrating factor generally used it
appropriately and either solved the resulting integral by a
suitable substitution or, more frequently, just multiplied out
and integrated x° + 2x° + x . Although some candidates failed to
insert the constant of integration and so lost the final two
marks, this was not a common error.
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Question 6:

Exam report

r’Sin20 =8
a) r’x2SindCosé = 8
rSindrCosé = 4

Xy=4 y=—

X
c)r=2Secd and r°Sin20 =8
so (2Sech)*Sin26 =8

x 25in@Cosf =8

2

Those candidates who replaced sin 26 by 2sin8 cos6 generally
obtained the correct Cartesian equation in part (a). The sketch
of the curve C (rectangular hyperbola) required in part (b) was
not answered as well as expected with many sketches
consisting of closed loops. Candidates presented a variety of
acceptable methods for part (c). Those who eliminated r were
required to obtain a trigonometrical equation in a single angle
before any mark was awarded. Usually candidates who had
found the correct equation went on to obtain the correct exact
values for the polar coordinates of A. The second most popular
method involved working with the cartesian form of the
equation of C. Candidates who recognised the cartesian form
of the equation of the line equivalent to the polar form given
in part (c) of the question generally had no difficulty getting
the cartesian coordinates for A as (2, 2), but then a significant
minority could make no further progress.

Exam report

Cos“0
Tand=1 so 0=2
4
For =2, r=2SecZ =22 AV2, 25
4 4 4
Question 7:
X X
INL+X)=X——+—+...
2 3
2 3
In(1+2x):(2x)—@+@+...
2 3
In(1+2x):2x—2x2+§x3+...
i) This is valid for —1<2x<1
1 1
—Z<x<=
2 2
b))y =In(Cosx) oS 1o
dx Cosx
2 3 H
d—X:—Seczx:— 12 d z/:_ZSlrlx
dx Cos“x dx Cos’x
d'y —2Cosx x Cos’x + 2Sinx(-3SinxCos’x)
dx* Cos®x
y(0)=In(2)=0 y'(0)=-Tan(0)=0
y'(0)=-1 y90)=0 y®0)=-2
iii)In(Cosx):O+0x—1x2+O—£x“+...
2 41
In(Cosx) :—Ex2 —ix4+...
2 12
) xIn(L+2x) = 2x* = 2x° +...
x2—ln(Cosx):§x2+ix4+...
2 12
xIn@+2x)  2xX*-2x*+..  2-2X+..
. - -
xX*~In(Cosx) 3. 1. 3 1.
2 12 2 12
xIn@+2x) _4

-0 x> —In(Cosx) 3

Although many candidates were able to answer part (a)
correctly, it was clear, since factorials were present, that some
had not realised that the series expansion for In (1+ x) and its
range of validity are both given in the formulae booklet.
Methods of differentiation, chain rule and product/quotient
rules, required in part (b) were either not known or not
applied correctly by a significant number of candidates. Some
candidates left expressions unsimplified before carrying out
further differentiation, often leading to expressions which
required multiple applications of the chain, product and
quotient rules. Such an approach clearly used up valuable
examination time. Those who did simplify their expressions
generally scored the available marks for parts (b). Although
careless sign errors were seen in solutions to find the limit for
part (c), the general understanding of the principles involved
was better displayed than in some previous series.
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Question 8:

Exam report

. dx
Xx=e

t dt 1

—=eg=xand —=—=

dy dy dx d_y

|_
)dt dx dt dx
e alw)
dx\ dx/) dx\dt
2
ﬂde dt d(dyj
dx dx® dx dt\dt
2
ﬂﬂd y _ 1d (xx)
dx  dx®
2 2
Ay . d y:d y
dx dx*  dt?
dy _dy
from i) we know that x—
dx dt
2 2
soxedy_dy gy

dx*  dt® dt
2y dy
b) x? —6Xx——+6Yy =0 becomes
dx? dx

4y & W 6y_0
dr dt - dt

2

%—7%+6y:0
The auxiliary equation is
A?-TA+6=0
(1-6)(1-)=0

A=6o0r A=1
y = Ae® + Be' = A(e")° + Be'
y = Ax® + Bx

This question tested a relatively new part of the specification.
Part (a) required candidates to produce ‘proofs’ of forms of
some standard results for the topic, which could be classed as
standard ‘bookwork’. Part (a) was generally poorly answered,
especially part (a)(ii). It was encouraging to see most
candidates attempting to use the results given in part (a) to
write the given differential equation in part (b) into a more
useful form. Those who attempted this usually obtained the
correct differential equation involving y and t and applied
correct methods to solve it. Most of these candidates,
however, gave their final answer as ‘y = Ae® + Be"” instead of
‘y= Ae® + Be' so y= Ax® + Bx’. On this occasion, solutions with
this error were generously marked and were not heavily
penalised.

Grade boundaries

Grade

A

Mark Max 75

57

49 42 35 28
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AQA - Further pure 3 —Jun 2008 — Answers

Question 1:

Exam report

dy

—=f(x,y)=In(x+Yy) and y(2)=3
dx

k, =0.1xIn(2+3) = 0.16094
Y, +k, =3+0.16094 = 3.16094
k, =0.1xIn(2.1+3.16094) = 0.16603

y(2.1) = 3+%(0.16094+0.16603) =3.1635

The majority of candidates were able to correctly use the given
improved Euler formula to find the approximate value of y(2.1)
to four decimal places. Otherwise, the most common error
was to use y, + h instead of 1 y, +k; in writing k; as

0.1In (2.1 + 3.1). There was a minority of candidates who failed
to gain marks because they gave the wrong answer for y(2.1)
and showed no method in their working, instead just giving a
table of incorrect values.

Question 2: Exam report
a)y = a-+bx+cSinx+ dCosx

d_y =b +cCosx — dSinx

dx

% -3y =10Sinx—3x  becomes
X

b+ cCosx — dSinx — 3(a + bx + cSinx + dCosx) = 10Sinx — 3x
(—d —3c)Sinx + (c —3d)Cosx — 3bx + b —3a =10Sinx — 3x

c-3d =0 b-3a=0

d=-1c=-3,b=1, azl
3

o —-d-3c=10 -3b=-3
This glves:{ and {

A particular integral is  y = % +x3 Sinx—Cosx

b) The complementary function:
The auxiliary equation : 1 —-3=0
y — AeSX

A=3

The general solution y = % + X —3Sinx —Cosx + Ae*

Most candidates differentiated the given expression
correctly and substituted the result into the given
differential equation. Subsequently, however, there were
many cases of an incorrect expansion for the term -3y
which lead to the values for two of the four constants being
incorrect.

In part (b), it was pleasing to find only a small number of
candidates trying to use an integrating factor with the
original differential equation. The successful candidates
either used the auxiliary equation m —3 = 0 or used the
reduced equation and then separated the variables. A
common error, after finding m = 3, was to assume that this
represented repeated roots, leading to a complementary
function of the form e**(Ax + B), with two arbitrary
constants for this first order differential equation. The error
for those using the separation of variables method was to
omit the arbitrary constant.

Question 3:

Exam report

a)x’ =1-2y by adding y* on both sides
X2 +y?=y*—2y+1=(y-1)>?
b)x* +y* = (y-1)*
r* = (rSin@ —1)*
r=rSind-1lor r=-rSind+1
r(Ll—Sind)=-1 or r(1+Sing) =1

r=———or r=——
Singd -1 1+Siné
We want r > 0,50 we keep the expression
1
r=——
1+ Sin@

Part (a) was generally answered correctly, with most
candidates showing sufficient detail in reaching the printed
result. Although most candidates started their solution for part
(b) by successfully substituting rcos for x and rsin® for y into
either the given equation or the alternative form given in part
(a), many failed to go on to score full marks because they did
not consider and eliminate the negative square root (or the
second solution of the quadratic equation).
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Question 4: Exam report
d’y d d
a) x—g _Y 3y u="Y
dx X dx
du
X——Uu=3x
dx
d_u —EU —3x Most candidates scored full marks for their solution to part (a).
dx x Again, part (b) was answered well by the majority of

] ] . J.—ldx In(ij
b) An integrating factoris | =e° * =e ‘¥ =

The equation becomes:

C)U=ﬂ=3X2+AX ) y:x3+éx2+B
dx 2

candidates, but it was not uncommon to find solutions which
used the wrong integrating factor, x, or lacked an arbitrary
constant. Those candidates who started part (c) by equating

d
their answer for (b) tod—y and integrating normally scored
X

both marks, although some lost the accuracy mark because
their general solution of this second order differential
equation did not contain two arbitrary constants.

Question 5:

Exam report

a)J' x*In xdx=%x4 In x—J' %x“xldx

1

==X
4

X

4Inx—j 1x3dx
4

1 1
==x*Inx——=—x*+c

4

b) I: x* In xdx is an improper integral because

the function x® In x is not defined at x = 0.

e e 4 4
C).L x°In xdx=Bx4 In x—ix“} _e & 1,

Most candidates applied integration by parts
accurately to obtain the correct answer for the integral
of X’In x. Although many candidates gave a correct
explanation in part (b) for why the integral was
improper, there were others whose incorrect
explanations centred on the limit e or the interval of
integration being infinite. For full marks in part (c),
candidates were expected to pay particular attention

1
4 Ina +—a4 to the value of the limit of, for example, dngasa

a 4 16 4 16 tended to 0.
lima*lna=0 and lima* =0
x—0 x—0
e . e 384
j x®In xdx exists and I X3 In xdx = —
0 0 16
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Question 6:

Exam report

a)dzy
dx?
The auxiliary equation is > =24 -3=0
(1-3)(A+1) =0

A=30r A1=-1

gy 3y =106 -9

eThe complementary function is y,

eThe particular integral y = ae > +b
2
dy_ —2ae™ d_z/ =4ae ™
dx dx
2
d—zl & -3y =10 -9 becomes
dx dx
4ae™ +4ae ™ —3ae > -3b=10e > -9

5ae > —3b=10e* -9

Thisgivesa=2 and b=3
The particular integral y = 2> +3
The general solution isy =3+ 2e™

= Ae* + Be™*

*+ Ae¥ + Be™*

In part (a), many candidates scored high marks for finding the
general solution of the second order differential equation, with
the most common slip being a wrong expansion of brackets,
which led to -9 instead of -3 for the constant part of the
particular integral. A more serious but less common error was
to look for a particular integral of the form axe ™ + b . Part (b)
proved, as expected, to be more of a challenge to candidates,
with many unable to deal with the boundary condition
expressed as a limit. This was the first time that this had
appeared on an examination paper for this unit and, in
general, only the better candidates could handle it.

b)Whenx=0,y=7 so 7=3+2+A+B A+B=2
d
Y _ 462 y3pe —Be™
dx
dy .
When X — o0, we want d_ — 0, thismean A=0.
X
(Because if A=0,Ae™ ———>x) and B=2
y=3+2e 42"
Question 7: Exam report
3
a) Sin(x) = x—%+. . S0 Sin(2x) = 2x — (9 2X—%X3 +...
1
b)i)y =v3+e" =(3+e*)2
1
dy 1 e "x(3+e") 2
dx
dzy 3 1 . 3 The examiners expected candidates to evaluate 3! in the
dx> 2 ( +e ) +Ee x-—5¢ ( +e ) expansion for sin 2x, although credit was given retrospectively
©0) = Ja=2 if the evaluation was left until part (c). Most candidates gave
yoy=~a= ) the correct expansion in part (a), and it was pleasing to find a
y'(0) = l( ) 3 _ l greater proportion of the candidates than last summer
4 applying the chain rule and product rule correctly in part (b)(i).
y'(0) = ( ) % 7 Although Maclaurin’s theorem was well known, a significant
2 2 32 number of candidates who had obtained a wrong value for the
) 1 7, second derivative in part (b)(i) tried to convince the examiners
Conclusion:~/3+e* =2 +Z X+ —X"+... that it led to the printed result in part (b)(ii). Such candidates

1 7
C)V3+e* —2="X+—X*+...
) 4 64
- 4 2
Sin(2x) = 2x—§x +..

., 1,

would have been better advised to look for their error in part
(b)(i). Although many candidates scored the three marks in
part (c), there were others who did not show the division of
the numerator and denominator by x before finding the limit
as x tended to zero.

1 7
som_zzzwrax +...=4 o2
Sin(2x) 2x—ﬂx2+... 2—ﬂx+...
3
3+e -2 1
=0 Sin(2x) 8
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Question 8:

Exam report

r=5+2Coséd -1<0<rx
a)For =0, r=5+2Cos0=7
For @=7x, r=5+2Cosz =3
A(7,0) and B(3,7) belong to the curve C.
b)

) A=1[" (5+2C0s0)°d0 =2 " 25+ 4C0s?0+ 20Cos0d0
24z 2z
A:% [* 25+ 2C0s26 +2+20Cos0d0
A:% [” 27+2Cos26 + 20Cos0d0

A= [2—276’+%Sin2:9+108in0} =21r

d)B3,7) P(5+2Cosa,a) and Q(5+2Cos(-7+a),—7+a)
Notice cos(—z + a) = —Cos(a)
The length OB = 3, the length OQ =5-2Cosa

Parts (a) and (b) were generally answered well, but
some candidates did not identify the critical value of
5 on their sketches. In part (c), although the usual
errors were seen — for example the wrong expansion
(5 + 2cosB )* = 25 + 10cos6 + 4cos’B or a sign error in
the identity for 4cos’0 in terms of cos28 — most
candidates had a thorough understanding of the
method required to find the area of the region
bounded by the curve. Although only a minority of
candidates scored full marks for the final part of this
last question, it is pleasing to report that a significant
number of other candidates were awarded partial
credit for finding an expression for 0Q, although
many lost at least one mark because they used t -a
instead of a - it for 6. The most common wrong

The angle BOQ isq method seen involved the integralf_’zﬂ+a%r2dg, for
. 1 . which no credit was awarded.
The area of the triangle BOQ is EOB x0Qx Sin(BOQ)
Area = %x3><(5—2C03a)Sina :%Sina —%SinZa
Area = g(SSina —Sin2a)
Grade boundaries
Grade A B C D E
Mark Max 75 63 55 47 39 31
AQA - FP3 54 AQA - FP3
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AQA - Further pure 3 —Jan 2009 — Answers

Question 1: Exam report
dy x*+y> .
a y_x+y with y(1) =3
dx
12 + 32 Numerical solutions of first order differential equations
y(1.2)=3+0.2% =35 continue to be a good source of marks for all candidates. This
1+3 was the best answered question on the paper and it was
17 +38 pleasing to see full working with clear substitutions into
b) k1 =0.2x 143 =05 relevant formulae. The vast majority of candidates obtained
) ) the correct answers, and errors were generally limited to
K. =02x 1.2°+35 — 05826 incorrect evaluations rather than any lack of understanding of
27 12+35 the methods or notation involved.

y(1.2) =3+%(0.5+0.5826) =3.5413

Question 2: Exam report
a) An integrating factor is 1
2, . Most candidates were able to show that 7 was an
_fdx n—
| = e'[ =gz = > integrating factor for the given first-order differential equation
X and the majority of them went on to correctly find its general
b) Multiplying by the integrating factor: solution. A small minority of candidates failed to insert the
1 dy 2 1 constant of integration and ended with a general solution

— -3 Y== which contained no arbitrary constant. Candidates are advised

X“dx X X to check that their general solutions contain as many arbitrary

d y 1 y 1 q | constants as the order of the differential equation being

& 7 _; SO 7_‘[ ; X= n(X)+C solved. The error ‘ y = x> (In x + ¢)’ following a correct
2 previous line ’lz =InXx+c ' was seen more often than

y = x* In(X) + cx

X
expected.

Question 3:

Exam report

A=ij”(2+(:ose)25in9d9
2 0

A

1 i . 2
-5 jo 3% (=Sind)(2 + Cosh)?d e
This integral is of the form:j F fP=1f3+c

S(1)+5(3) =2

6 6 3

1 .
A:—g[(2+Cose)3]0= 1)+

This question, which tested the area enclosed by a curve
whose equation was given in polar form, was relatively poorly
answered. Although almost all candidates obtained the correct
integral for the area of the loop, a high proportion of these
candidates could not then correctly integrate (2+cos8 ) sin
with respect to 8 . Only a minority of candidates realised that
the integrand was the same as the derivative of

—E(2+C059)3 .Most other candidates attempted to solve the
3

integral by first writing the integrand as 2sin8 + 2sin 26 + cos’0
sinB but the majority of these candidates could not then
integratecos’0 sin® .

Question 4:

Exam report

a) j In(x)dx = j 1x In(x)dx
:xln(x)—.[ XX%dX=X|n(X)—X+C

b) Eln(x)dx =[xIn(x)-x]. =1In()-1-aln(a) +a

-1l-a+aln(a)

. 1 . 1
limaln(a) = 0 so jo In(x)dx exists and jo In(x)dx = -1

Part (a) was, as expected, very well answered with candidates
clearly showing the method of integration by parts. In part (b),
a smaller proportion of candidates than in June 2008 showed
the limiting process fully. For full marks candidates were also
expected to pay particular attention to the value of the limit of
(aIna)as atended to 0.
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Question 5: Exam report
a) foréd=r,r= 2 = 2 =
3+2Coszr 3-2
L(2, 7) belongs to the curve.
3+2Cosé
3+2Cos0 =2 Most candidates were able, in part (a), to verify that the

Cosez—1 S0 49:2—” or 49:4—”
2 3 3

This gives M (1,2?”) and N(l.%[)

ii) Distance MN? = OM? + ON? —2xOM x ON x Cos(MON)
MN? :1+1—ZCos(4{—2§):3

MN =+/3

Area of OMN :%OM xON x Sin(MON) =

~|&

Area of OMLN :%MN xOL =+/3

33

Areaof LMN = AreaOMLN — AreaOMN :T

o)r S0 3r +2rCosé = 2

" 3+2Cos0
3r =2-2rCosé

by squaring bothsides 9r® = (2 — 2rCosé)?

9(x* +y*) =(2-2x)°

9x* +9y* =4+ 4x* —-8x

9y? = 5x°-8x+4

point with polar coordinates (2,m) lay on the curve C. In
part (b)(i), most candidates found the polar coordinates
for the two points of intersection, although candidates
should continue to be encouraged to give values of 8 (in

1
this case for which Cos@ = ——) in the given range (in
2

this case 0<0 <2 ).

Although some excellent solutions were seen in part
(b)(ii), in general candidates found this part to be a
challenge. Many candidates gave a final answer which
matched the area of triangle OLM. Without any clear
identification of which area was being calculated, the
examiner had to assume that a candidate’s final
expression was the candidate’s answer for the area of
triangle LMN.

Part (c), which required candidates to change a polar
equation into a cartesian equation, caused more
problems for candidates than anticipated. Those
candidates who started by squaring both sides of the
polar equation rarely scored more than one mark. In
comparison, those candidates who rearranged to obtain
3r =2 - 2x before squaring, usually went on to find a
correct cartesian equation of the curve.
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Question 6:

Exam report

2 3
a)i) e” —1ex+ 2+ X4 s
2 6

2 3
e :1+2x+@+@+...
2 6

e :1+2x+2x2+%x3+...
2 5 2 5 8
2 2 377 X
i)@+3x) 3 =1-—x3x+—=>—=
3 2

:1—2x+5x2—4—:x3+...
2X 2 2 4 3 2 40 3
f(x) =e™(1+3x) 3 =| 1+ 2x+2x +§x +... || 1-2x+5x —?x +...

f(x) =1-2x+5x’ —4—30x3+2x—4x2 +10x° +2x? —4x3'+%x3 +eo

f(X) =1+3%x*—6X° +...

Most candidates were able to write
down the first four terms in the series
expansion of e2x, but in part (a)(ii) a
significant minority of candidates
ignored the request to use the binomial
series expansion and instead resorted
to differentiation of f(x) and the use of
Maclaurin’s theorem. In part (b)(i), the
most common error was to fail to use
the chain rule and thus to write the

1
1+ 2Sinx
Those candidates who correctly applied
the chain rule usually went on to find

derivative of In(1+ 2sin x) as

2
the correct expression ford_y by

. . d 2Cosx 2
b)i) y = In(1+2Sinx) ) o o
dx 1+ 2Sinx applying either the quotient rule or the
. . ] roduct rule. Almost all candidates who
and d?y —2Sinx(1+2Sinx)—2Cosx(2Cosx)  —2Sinx —4 P ay
= . = . obtained an expression for Z_Y showed
dx? (1+ 2Sinx)? (1+ 2Sinx)? X’
Ny ) y (0) a correct understanding of Maclaurin’s
i) In(1+2Sinx) = y(0) + y'(0)x + 2= x* +... theorem in part (b)(ii). Although the
2 majority of candidates could correctly
4, 2 find the limiting value of the given
=0+2X=o X" . = 2X=2X .. expression as x tended to 0 in part (c),
) 3 there were some incorrect solutions
C)l_ f (X) =3X"—6X" +... seen which just involved substituting x =
xIn (1+2Sinx) = x(2x—2x* +..) =2x* = 2x* +... 0 into the given expression.
1-f(x)  3x*—6X’+.. 3—6x+..
xIn(1+2Sinx)  2x*-2x*+... 2-2X+...
. 1-f(x 3
Therefore,lim A =—
-0 xIn(1+2Sinx) 2
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Question 7:

Exam report

dx dad 1 1
a)x=g' —=eg'=xand —=—==
dt dx e X
dy dt d d
dy _dt dy_ _.dy
dx dx dt dt
d’y d(dy _dtxd e_tdy
dx> dx\dx/) dx dt dt
_ . d L d? L[ d?y d
=e" —e‘—y+et—2/ =™ Z——y
dt dt dt® dt
1 1 The bookwork, which was tested in part (a), was last tested in
e = o =5 50 the January 2008 paper, although in a more structured
(e") X manner. In general candidates still find this to be a demanding
5 dzy dzy dy exercise and marks awarded in Question 7(a) were again not
X a2 = a2 _E high. Those candidates who correctly answered part (a)
e g normally gained the two marks for correctly transforming the
; 247y y _ differential equation but the remaining candidates generally
b) The equation x P 4xd— =10 becomes dy
X X could not deal with the term '4x=2" in a convincing way.
2
Ay _ &Y gerver I _1g dx
2
dt dt dt Part (c) was not answered as well as expected with a
d?y ey 10 significant number of candidates either starting with the
dt? dt N wrong auxiliary equation ‘m*-5m-10=0"or making errors in
. . s _ solving the correct auxiliary equation ‘m*-5m=0". Finding
¢) The auxiliary equation is 2° ~51 =0 the particular integral was a major problem for a significant
A(1-5)=0 number of candidates. Many tried to find it by usingy = a
1=00ri=5 instead of y = at despite their form of the complementary
] function having a constant term. It was also very common to
The complementary function y, = Ae™ +Be™ = A+ Be” | see the general solution of the differential equation in y and t
d q2 being written in the form y = f(x) instead of y = f(t).
A particular integral y = at Y_ a and 3/ =0 Although many candidates realised that the solution to the
X dt differential equation in part (d) was related to their answer for
0-5a=10 a=-2 part (c), only the more able candidates could apply the correct
L 5t conversion or apply the relevant boundary conditions to
The general solution is y = -2t + A+ Be reached the simplified answer ‘ y = 2x° -2 - 2In x .
x=e'andt=Inx so y=-2Inx+A+Bx’
d)Whenx=1y=0 0=0+A+B
d 2
Y2 sy
dx X
dy
Whenx=1,—=8 so 8=-2+5B
dx
Thisgives B=2 and A=-2
y=-2Inx-2+2x
Grade boundaries
Grade A B C D E
Mark Max 75 59 51 44 37 30
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AQA - Further pure 3 —Jun 2009 — Answers

Question 1:

Exam report

a)%:«/x2+y+l and y(3)=2
X

y, =2+0.133% +2+1=2.3464 to 4d.p.

b)Y, = Yo +2hf (%, ¥)
=2+ 2x0.1x/3.1 +2.3464 +1 = 2.720 to 3d.p.

Numerical solutions of first order differential equations
continue to be a good source of marks for all candidates.
Although it was the best answered question on the paper,
more candidates than usual mixed up the x and y values in
applying the given formulae, or incorrectly used f(3,2) instead
of f(3.1, y(3.1)) in the given formula in part (b). There were
very few candidates who lost the final accuracy mark for failing
to give their answer correct to three decimal places.

Question 2:

Exam report

y_ yTan(x) = 2Sin(x)
dx
J. —tan(x)dx

An integrating factor is | =e =" = cos(x)

The equation becomes

Cos(x)g—y— Sin(x)y = 2Sin(x)Cos(x)
X

d .

—(Cos(x)y) = Sin(2x

OIX( (x)Y) (2x)

Cos(x)y = I Sin(2x)dx = —%Cos(Zx) +C

C
Cos(x)

_ —Cos(2x) N
~ 2Cos(x)

When x =0,y =2 gives 2=—%+c S0 ng

_ 5-Cos(2x)
- 2Cos(x)

Most candidates were able to show that they knew how to
find and use an integrating factor to solve a first order
differential equation. However, a significant number failed to
find the correct integrating factor because they missed the

Itan(x)dx
negative sign and used € . Candidates should be aware

that, unless told otherwise in the question, it is acceptable to
leave the solution in a form other than y = f(x). Some
candidates lost the final accuracy mark because either they
had attempted to divide throughout by cos(x) but forgot to
divide the + c as well before substituting in the boundary
condition, or had made the arithmetical error “

1 3
2=——+C=>C=—".
2 2

Question 3:

Exam report

a) The centre of the circle (3,4) is the midpoint
of O(0,0) and A
This gives A(6,8).

b)i)k = /62 +8 =10

Tan05:§:i
6 3

i) (x=3)°+(y—-4)*=25
X* —6Xx+9+Yy>—8y+16=25
x*+y*—6x-8y=0
r> —6rCosd—8rSind =0
r =6C0séd +8Sind

This question, which tested the relationship between cartesian
and polar coordinates, caused candidates more problems than
anticipated. In part (a), it was not uncommon to see solutions

which assumed incorrectly that the angle between OA and the

x-axis was 45°, which led to the incorrect coordinates
(@\/ﬁ) for A. In part (b)(i), a common wrong value for k

was 5 but the value of tana was usually stated correctly. Many
candidates gave the correct polar equation for the circle in
part (b)(ii).
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Question 4: Exam report
N( ] 4 N This question on improper integrals and limiting processes,
L ;_ Ax+1 dx = [|I’] X—=In (4X +1)]1 which lacked the structure given in many previous papers, was
the worse answered question on the paper. Examiners
X N N 1 expected to see the infinite upper limit replaced by, for
=|In [ j = In( )— In (—j example, g, the integration then carried out and then
4x+1 1 4N +1 5 consideration of the limiting process as & — o0 . Most,
N 1 1 although not all, reached ‘Inx-In(4x+1)’ for 1 mark, but many
When N — oo, = 1 —> — of the weaker candidates just stated that Inx-In(4x+1)=0 when
4N +1 44+ — 4 X — o0 and gave the wrong value ‘In 5’ as their answer.
Better candidates scored 3 marks for reaching ‘as
N 1 5a 5
so In —1In| = a— o, In( ) =In (—)’ but only those who inserted the
4N +1 4 4a+1 4
w 5 5
j 1_ 4 dx exists extra step to get, for example, ‘as a — o, In( 1 )=1In (—) !
1 x 4x+1 44 4
a
and Jm E_ 4 dx=1In 1 —In 1 =In E were in line for full marks.
1ix 4x+1 4 5 4

Question 5:

Exam report

a) y = kSinx
L =kCos(x)
dx

2

d<y i
=—kSin(x
™ (X)

d—2¥+2ﬁ+5y = 8Sinx + 4Cosx

dx dx

—kSinx + 2kCosx + 5kSinx = 8Sinx + 4Cosx
4kSinx + 2kCosx = 8Sinx + 4Cosx

sok=2

A particular integral is y = 2Sinx

b) The auxiliary equation is A* +21+5=0
The discriminant is 2° —4x1x5=—-16
—2+4i

A=
The complementary function is y = e (Acos(2x) + BCos(2x))

=-1+2iand 4, =-1-2i

The general solution isy = 2Sinx+e™* (ACos (2x )+ BSin (2x))
when x =0,y =1this gives 1=0+A so A=1

% = 2Cos(x) + e *(—Cos(2x) — BSin(2x) — 2Sin(2x) + 2BCos(2x))

ﬂ:4:2+(—1+0—0+28) SO B:E
dx 2

The particular solution is y = 2Sin(x) + e *(Cos(2x) +§Sin(2x))

In part (a), many candidates decided to ignore the
given form of the particular integral and worked
with acosx+bsinx. Such an approach was not
penalised by examiners provided the candidate
showed that both a =0 and b = 2. The vast
majority of candidates showed that they knew the
methods required to solve the second order
differential equation, but arithmetical errors in
solving the auxiliary equation m’>+2m+5=0orin
applying the boundary condition g_y =4 whenx=
X
0 or the wrong differentiation of cos2x were
sources of loss of marks as well as the more
serious error of applying the boundary conditions
to the complementary function before adding on
the particular integral.
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Question 6:

Exam report

1
f (x) =(9+Tanx)?
1 1 :
X

a)f'(x)== 9+Tanx) 2
) T) 2 Coszxx( )
i 1
f"(x)_lx—_zx_flnx(9+Tanx)2+ 12 w—ty 12
2 Cos’x 2Cos“x 2 Cos“x
£ (%) = Sinx 1
- - 3
Cos’x+/9 +Tanx 4Cos*x(9+Tanx)?
1
i) f(0)=92=3
o) =tuax L=t
2 7 J9 6
f"(0)=0- 13——ﬁ
4x92
z 1.1 %
The Maclaurin's seriesis (9+Tanx)? =3+ =X———x—+...
6 108 2
: X X
(9+Tanx)? =3+ ————+...
6 216
b)f(x)—3=%+... and  Sin(3x) =3x+...
L
o103 6 “_ 1, solim(f(_)()_3)_l
Sin(3x) 3x+.. 18 x>0\ Sin3x 18

Most candidates were able to find f'(x) correctly
although some weaker candidates failed to apply the
chain rule and were heavily penalised. The vast
majority of the other candidates used the product rule
(or quotient rule) but errors in differentiating sec” x
were common. The majority of candidates showed
good knowledge of Maclaurin’s theorem but only
those who had made no errors in earlier
differentiations could score all 3 marks for showing the
printed result in part (a)(i). Many weaker candidates
failed to realise that the series expansion for sin 3x
was required in part (b) and just stated the incorrect
answer 0 for the limit. A significant minority of other
candidates who used the expansion for sin 3x did not
explicitly reach the stage of a constant term in both
the numerator and denominator before taking the
limitas X —>0.

Question 7:

Exam report

20 [

1 2z —g 2 1 2 -= [
a)A==["1+6 7 | d9 == "1+36e ~ +12¢ 7dg
20 2o

:|27!
0

A=(z-9re* —67e’)-(0-97—67)
A=r(16—-6e*-9™)

9
b) C,:r=er
When =0, r=1
When 0 =27z,r =¢?

26 (4

A= Ee —97e * —678 *

In polar coordinates :(1,0)
(e?,27)

4 [ 2

c)r=1+6e 7 =e*  Multiplying by e* gives:

o e

[e”} -e7-6=0
9 14

(e” —3j(e”+2J:0

4 4
so e” =3 or e7 =-2 (no solutions)

9 @) 0=7In(3)
T

o
then r=e =e"® =3
The point of intersection is (3,7zln(3))

Some candidates integrated r instead of r* to find the area of
the shaded region. If they had first stated the formula

A= jﬂ% r’d@, which is given in the formulae booklet, before

substituting for r further credit could have been awarded. The
o
two most common errors were incorrectly squaring 6e ~ to get

20 4 4

6e * and integrating 12¢ incorrectly to get———¢e ~
Vs

. The quality of sketches varied significantly with some even
starting at the pole. A significant minority of candidates either
just gave the coordinates of one end point, missing (1, 0) or
gave a decimal approximation for e’ or gave the incorrect
answer (e”, 0). It was surprising to find some candidates
giving the coordinates in reverse order. In part (c), most
candidates formed a correct equation by equating the r terms

but in general only the better candidates were then able to
0

form and solve the resulting quadratic equation in €* . Only a

small number of candidates failed to reject the negative value
6

for €7 before going on to get the correct coordinates for the
point P. Again candidates should use exact forms and not give

a decimal approximation in place of it In 3. A common mistake
0 0

seen in solving 'e; =1+ 697 "is illustrated
0 _ |n1+6(—£]‘
Vs T
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Question 8:

Exam report

a)x=t2 fort >0 and t=\/§

1 1
=2t=2 and —=——==—
dt Vx dx Todx 2
dy dy dx dy
i X2
Dt dt dx dt dx Vx

iydy_d (dyj i(z&ﬂjx%

dt> dt\dt) dx dx ) dt

1 dy d’y
+2 2
(e
2
:2ﬂ+4xd—z
dx dx
2
b)4 d y ﬂ+4\/;ﬂ—3y:0 becomes
dx dx dx
H_/
d’y Ll
dt? dt
d’ ., dy
+2—-3y=0
et )T
¢) The auxiliary equation is 4> +24-3=0
(A1+3)(A-1)=0
A=-3o0r 1=1

The general solution is y = Ae™® + Be'

The bookwork in part (a) was similar to that tested in recent
papers. Candidates generally answered part (a)(i) correctly but
showing the printed result involving the second derivatives in
part (a)(ii) proved to be more difficult. However, there were
some excellent concise solutions to part (a)(ii) seen. As is the
case in all questions which ask for results to be shown,
sufficient detail in solutions must be provided that is fully
correct. It was not uncommon to see incorrect working
followed by the printed result. Candidates should realise that
credit will not be given and in some cases marks can be lost for
this. Candidates were generally able to use the printed results
in part (a) to correctly transform the differential equation into
the required form in part (b). Those candidates who attempted
part (c) normally scored at least two marks. The most common
error was to give the answer as y=Ae'3X+BeX instead of

y= Ae Y 1 BeY* which followed from y=Ae *'+Be".

but t =~/ soy=Ae” 4 Bel
Grade boundaries
Grade A B C D E
Mark Max 75 62 54 46 38 30
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AQA - Further pure 3 —Jan 2010 — Answers

Question 1:

Exam report

j—y:xln(2x+y) X,=3and y, =2
X

a)x, =3.1and y, =y(3.1) =y, +hf(x.y,)
=2+0.1(3In(2x3+2))
y(3.1) =2.6238 to 4d.p
b)k, = hf (x,,y,) =0.1(3In(2x3+2)) =0.6238
Yy, +k, =2.6238
k,=0.1(3.1In (2><3.1+ 2.6238)) =0.6750

y(3.1)=2+= (o 6238+ 0.6750)
y(3.1) = 2.6494 to 4d.p.

Numerical solutions of first order differential equations
continue to be a good source of marks for all candidates and
this was the best answered question on the paper. Very few
candidates mixed up the x and y values in applying the given
formulae. Almost all candidates gave their final answers to the
required degree of accuracy.

Question 2: Exam report
a)y=In(4+3x)
2
dl — 3 and dizl — _LZ
dx 4+3x dx (4+3x) d 4z
Most candidates were able to find &Y. and 9 correctly,
b) y(0)=In4 dx dx?

V(O = and yi(0) -

Conclusion: In(4+3x) = In(4) +%x—39—2 X2+ ...

c)In(4-3x)= In(4)—%x—3%x +... (substituting x with (—x))

d)In(4+3X
4-3x
( 9

In(4)+ x——x +.. ) (In(4)——x—§x +..

) In(4+3x)-In(4-3x)

[4+3x 3 3 3
In —X+—X+..~—
4-3x) 4 4 2

J

although some less able candidates failed to apply the chain
rule. Although a few candidates in part (b) attempted to use
the printed expansion of In(1 + x) from the formulae booklet
instead of applying the prescribed method, the majority of
candidates answered the question as instructed and showed
good knowledge of Maclaurin’s theorem. Many candidates
failed to appreciate that in part (c) they had to replace x with
-x, and instead multiplied both their x and X terms by -1.A
significant minority of candidates in part (d) did not realise that
they had to write the expression as the difference of their two
expansions.

Question 3: Exam report
2
a)xd—¥+2ﬂ:3x with u:ﬂ
dx dx dx
becomes xd—u+2u=3x d—u+2u 3
dx dx x

2
4
b) An integrating factor is | = eI X7 g2 _ 2

. du
The equation becomes x> — + 2xu = 3x*
X

i(xzu) =3x? integrating XU =x*+A
dx
A
u= X+F
c)u :%: X+A2 so by integrating both sides:
X X

y:ixz—é-;-B A BeR
2 X

This question was answered well with the majority of
candidates able to use the given substitution correctly. Most
candidates were able to show that they knew how to find and
use an integrating factor to solve a first order differential
equation. However, a significant number of candidates failed
to write their general solutions with the required number of
arbitrary constants.
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Question 4:

Exam report

X3
a)sin(x) = x—€+... S0

sin(3x) = (3x) —%+...

sin(3x) = C’ax—%x3 +...

b) In the same manner
Cos(2x) =1-2X* +...
o 3xCos(2x) — Sin(3x)

Henc 3
5x

This question on series expansions and the limiting process
was generally answered very well, but a significant minority of
candidates in part (b) did not explicitly reach the stage of a
constant term in both the numerator and denominator before
taking the limitas x > 0.

1 9
=—| 3x(1-2x*) - (Bx—=x%) +...
5x3( ( )—( > ) j
:%(—6X3+gx3+...j:—i+...
5X 2 10
“m(SxCos(Zx)—Sin(Bx))__i
x—0 5x° 10
Question 5: Exam report
2
9Y 3 W oy gen
dx dx
a)y = pxe >
%: pe® —2pxe ™ =(p-2px)e™*
X
d’y
v —2pe ® —2(p-2px)e* =(-4p+4px)e™

Substituting in the equation:
(-4p+4px)e™ +3(p—2px)e ™ +2pxe ™ =27

2X

—pe ¥ =2e O p=-2
b) The auxiliary equation associated to the equation is :
A*+31+2=0
A+D)(1+2)=0
A=-1lor A=-2

The complementary function is y = Ae™* + Be
The general solution is y = —2xe™* + Ae™* + Be™>*

when x=0,y =2 this gives 2=0+A+B

dy _

when x =0, 0 this gives 0=-2-A-2B

Solving these two equations simultaneously:
B=-4 and A=6
The solution wanted is y = —2xe " + 6e~

X

—4e™

In part (a), it was pleasing to see a higher proportion of
candidates than in previous papers using the given form of the
particular integral rather than introducing the extra term qe'zx.
The majority of candidates used the product rule correctly to
find the value of the constant p. Most candidates showed that
they knew the methods required to solve the second order
differential equation, although a minority of candidates made
the error of applying the boundary conditions to the
complementary function before adding on the particular
integral.
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Question 6:

Exam report

2
dxis an improper integral

= In x
a) jl X3
because the interval of integration is infinite.
1 1 dx 1

bi)y==,x== and —=——
i)y < ; YR

2
[ '”X’S‘ dx= [ %xeln(x)dx

becomes I y*x2xIn (ljx—izdy
y y

1 1 correctly to score 3 of the 5 marks available, but some
=a’In(a) —0—{— yz:l candidates did not gain the final two marks as examiners did

2 a not see the lower limit replaced by, for example, a and the
consideration of the limiting process as a — 0. Part (b)(iii) was
answered incorrectly by the majority of candidates, who
o 1, usually either stated the same value or the reciprocal value of
L'LT(} a“In(a)=0 and L'Egaa =0 their answer to part (b)(ii).

=a’ In(a)—£+1a2
2 2

Conclusion: [ 2y In(y)dy exists and "2y In(y)dy = —%

iii) When x tends to oo, y =1 tends to O,
X

When x=1y=1
» In x* 0 1 1
Hence, jl v olx:j1 2y|n(y)o|y:—jozyln(y)dy:E

In part (a), a significant number of candidates failed to give the
correct reason for why the integral was improper, with most
giving the reason that the integrand was undefined for the
= I 2yIn(y)dy upper limit rather than that the interval of integration was
infinite. In part (b)(i), a large number of candidates failed to
i 12 | dv=| v2lI Loyt d use the substitution correctly. Part (b)(ii) was generally
i) [ 2yIn(y)dy =[ y*In(y) | - y*x=dy -

@ 8 y answered well with most candidates integrating by parts

Question 7:

Exam report

2
%+ 4y =8x* +9Sin(x)

Complementary function:

The auxiliary equation is A> +4=0
A=2ior A=-2i

Y = ACo0s(2x) + BSin(2x)

Particular integral:

y = ax® +bx+c+dsin(x) +eCos(x)
% = 2ax+b+dCos(x) —eSin(x)
X
2
9% _ 2a— dsin(x) - eCos(x)
dx
2

dy

The equationFJr 4y =8x* +9Sin(x)
X

becomes :
2a—dSin(x) —eCos(x) + 4(ax2 +bx+c+dSin(x) + eCos(x)) =8x’ +9Sin(x)
(4ax’® + 4bx + 4c + 2a) + (—d + 4d)Sin(x) + (—e + 4e)Cos(x) = 8x* +9Sin(x)
This gives: a=2,b=0,c=-1,d=3and e=0

The general solution is y = 2x* —1+3Sin(x) + ACos(2x) + BSin(2x)

This unstructured question was answered well by
many of the candidates. However, a significant
minority of candidates did not even write down
the correct form of the auxiliary equation, or they
solved it incorrectly to give real rather than
imaginary values. When finding the particular
integral, a large number of candidates considered
more terms than they needed to, and they did not
always go on to show that the relevant
coefficients of the extra terms were zero. The
majority of candidates knew that they had to find
a complementary function and a particular
integral and almost all scored the final mark for
combining the two to give the general solution.
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Question 8:

Exam report

a) Solving the equations simultaneously
r =4(1-Sing) and rSind =1
gives: 4(1-Sind)Sind =1
—4Sin* +4Sind-1=0
4Sin’0 —4Sind+1=0

(28in6’—1)2 =0

sme:l 0] szor 9:%

VA . T VA
For 6=—,r=4(1-Sin—) =2 P(2,—

5 ( 6) ( 6)

57 . br 57
For 6=—,r=4(1-Sin—) =2 2,—

5 ( 6) Q( 6)

b) The area shaded =Area of the triangle POQ —2x Areabounded by line OP

1 . (57 ~« . (27
AreaOPQ =—=x2x2xSin| ——— [=2SIin| — [=+/3
Q 2 ( 6 6) [ 3 j \/_

Area bounded by line OP is jf%le(l— Sing)’ do = 8[ 21+ Sin’0— 2Sinddo
6 B

:8J‘51+1—£C0326—28in0d6':8 §49—£Sin20+2(3056' ?
52 2 2 4
6

oIy

- (§z—(3—”—33inf+2cOs%D=4;z—7\@

The area shaded is +/3 - 2(4r - 7\/§) =15\/3-8rx

Part (a) was generally answered
well with most candidates forming
an equation in either sin® or r and
solving it correctly to give the
coordinates of P and Q. Candidates
who tried to verify the coordinates
of P generally failed to even verify
them in both polar equations. Part
(b) was the most demanding
question on the paper. The majority
of candidates scored at least 4 of
the 11 marks by applying the

formula A:Iﬂlrzdg to find an
a2

area of a region partly bounded by
the curve C and in doing so they
correctly expanded (1-sin6)’, wrote
sin°@ in terms of cos26 and
integrated correctly. The errors
occurred because many candidates
did not use the correct limits. A
significant number of candidates
also failed to find, or even consider
the need for, the area of triangle
OPQ and so correct answers for the
area of the shaded region R were
generally only presented by the
most able candidates.

Grade boundaries

Grade A B C

Mark Max 75 63 55 47

39 32
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AQA - Further pure 3 —Jun 2010 — Answers

Question 1:

Exam report

1)% = f(X,y) =x+3+Sin(y)
X
a) yr+l = yr +hf (Xr’ yr)
X, =1 and y, =y(@) =1
x,=1.1and y, =y(.1) =1+0.1(1+ 3+sin(1))
y, =1.4841to 4 decimal places
b) yr+1 = yr—l + th (Xr’ yr)
y(1.2) = y()) +2x0.1x(1.1+3+sin(1.4841))
y(1.2) =2.019 to 3d.p.

with y(1) =1

This was the best answered question on the paper. Numerical
solutions of first order differential equations continue to be a
good source of marks for all candidates. The most common
loss of marks was due to calculators being set in degree mode.
It is worth recording that slightly more candidates than in
recent series have slipped back into not showing the necessary
working. Without such working, wrong answers cannot be
awarded credit.

Exam report

Question 2:
a) y =kSin(2x) %=2k€os(2x) d_zg’z_
The equation (;—)2(2/+ y = Sin(2x) becomes
—4kSin(2x) + kSin(2x) = Sin(2x)
_3Sin(2x) = Sin(2x) 50 k:—;

b) The auxiliary equation associated with the differential equation is

22+1=0 A=ior A=-i

The complementary function is y = ACos(x) + BSin(x)

The general solution is y = ACos(x) + BSin(x) —éSin(Zx) A BeR

This was another very good source of marks for
candidates, with many fully correct solutions
presented. In part (a) some candidates decided to
ignore the given form of the particular integral
and worked with pcos2x + gsin2x . Such an
approach was not penalised by examiners
provided the candidate showed that both p =0

4kSin(2x)

1
and q = ——. The vast majority of candidates
3

showed that they knew the methods to solve the
second order differential equation but errors in
forming and solving the auxiliary equation were
sources of loss of marks. Real solutions from the
auxiliary equation were more heavily penalised
than other errors.

ABeR

Question 3:

Exam report

a) The integral is improper because
the interval of integration is infinite.

1
b)| 4xe™dx=|-xe™ |- | —e™dx=—xe ™ -=e
)] (et ]| ;
N
c)_|.N axe dx=| —xe "~ Te | = _Net e
1 4 )

lime*" =0 and —N

N —w

=0 so J.:O4xe’4

5 e74
4

lim Ne
N —o0

J.lw 4xe ™ dx =

Improper integrals and limiting processes continue to
cause problems for a significant minority of
candidates. Part (a) was generally not answered well
with too many candidates making a statement which

+C
they then contradicted in part (c). As highlighted in
1 the MFP3 examiners’ reports for January 2008 and
+et 4™ January 2010, an integral, with o0 as a limit, is
4

improper because the interval of integration is
infinite.

Most candidates correctly applied integration by
parts to score the three marks available in part (b).
In part (c) examiners expected to see the infinite
upper limit replaced by, for example, a, the
integration carried out and then consideration of the
limiting processas a — «© .

It was not uncommon to see in solutions the
statement “as

*dx exists and

1
"a—> e >0s0e"(-a-—)— 0" without
4

seemingly any particular analysis of lim ae™®. This
a—oo

lack of analysis was penalised.
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Question 4:

Exam report

dy 3 PRS- 1
——+—y=(Xx"+3)2 and y@)==
o Yo+ Y =;
Jox _

An integrating factor | =e
The equation becomes:

3
xsg—y+3x2 =x*(x*+3)2
X

9 y)=x i (x¢ + 3)f

X’y = '[ x+32dx— '[4x x+3)2dx

5

x3y:%><§(x“+3)E +C

1 5
T (x +3)

Forx=1y= % this gives

1:i><32+c so c¢c=-3
5 10

x* +3)27i

y= &

e

Approximately half the candidates scored full marks for this
qguestion. Almost all candidates were able to show that they
knew how to find and use an integrating factor to solve a first
order differential equation. However, a significant minority did
not recognise the form of the integral of

j X’ (x4 + 3)Z dx as k (X4 +3)Z or did not apply a suitable

substitution, so made very little further progress.

Question 5:

Exam report

a) From the formulae book

2 4
Cos(x) = 1—X—+X—+

2 24

4
(4x) (4x) N

so Cos(4x)=1-
2 24

Cos(4x) =1-8x* ju%x4 +..

b)i)y = In(2—¢*) %:%
dzy —e*(2-e*)-e*  —2¢*
dx? (2-¢€)? (2 e*)?
d’y  —2e*(2-e")’ - (-2¢")x2(-e")(2-€")
dx’ (2-e")*
_ —2e*(2—e*)—4e”  —4e* —2e*
-y 2-eY
i) y(0) =In(2-¢°)=0
oy L __ "0) =
y(O=-—=-1 y"(0)= (2 1)
(3) -2 .
()_(2 )

3

Conclusion: In(2—-¢") = O—1x+_2—2|x2 +_—6x +..

3!
In2-e*)=—x—x*—x*+...

c)xIn2—e) =x(=x=x* = x*+..)=—x"=x* = x" +...

1-Cos(4X) =1-1+8x" +...=8x* +...

_eX) 2
Therefore, xIn(2—e ): Xz to :_LL
1-cos(4x) 8x“+... 8
xIn(2-e*) 1

Conclusion: lim———>=—-=
x>0 1—C0S(4X) 8

Candidates’ differentiation skills have improved significantly
over recent series. Almost all candidates could correctly quote
the series expansion for cos4x although some failed to give
their answer in its simplest form. The methods required to
obtain the three derivatives were well understood and,
although some algebraic errors were seen, there were many
correct expressions presented.

Most candidates displayed good knowledge of Maclaurin’s
theorem but only those who had made no errors in earlier
differentiations could score both marks for showing the
printed result in part (b)(ii). There was a pleasing improvement
in explicitly reaching the stage of a constant term in both the
numerator and denominator before taking the limit as x>0 in
the final part of the question.
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Question 6:

Exam report

C, :r =2(Cosé - Sind)
a)i) Multiplying by r:

= 2rCosé - 2rSind
X*+y"=2(x-y)

0<6<2rx

x> +y?=2x-2y
i) x*+y*—2x+2y=0
(x-1)°-1+(y+1)*-1=0
(x-1)>+(y+1D*=2
This is the circle centre (1,—1), radius J2.
b)C,:r=4+Sin@  0<6<2rn

i _1 27 R 2 _1 27 . . o
|)Area_§jo (4+Sind) de_zjo (16 +8Sind + Sin0)d @

Area = [ (16-+8Sin0+ = — = Cos(26))d0
230 2 2

2z
{343 6 —4Cos(0) —= Sln(ZH)} = 3_237[

0

ii)r=4+Sin@ and r =2(Cosé - Sing)
S0 4+ Singd =2Cos@ —2Sind

3Sin@ - 2Cosl = —
R= \/32 +2% = \/13
4
——Sind———Co0sf =——
\/ \/ V13
] 4
Sinfa-0)=———<-1
(a—0) B

No solution for 6.

33 229
|||)Area=?7r—7z(\/§) 277r

This question on polar coordinates proved to be the
most demanding question on the paper. In part (a), the
better candidates had no problems in finding the
cartesian equation for C; and rearranging it by
completing the squares so as to be able to deduce that
the curve was a circle.

Many other candidates failed to eliminate 8 even after a
page or more of working and abandoned part (a) of the
question.

Many candidates scored heavily on the more familiar
part (b)(i), finding the area bounded by the second curve
G.

Proving that the two curves did not intersect in part
(b)(ii) was a challenge, even for the better candidates,
and it was rare to award all four marks for this part of
the question. However, some excellent solutions were
seen which used a variety of methods including forming
and solving quadratic equations in either sin x, cos x, tan
X, sec x, use of calculus and use of the R, a form.

In the final part of the question, those who used part
(a)(ii) to find the area enclosed by C; and used it with
their answer to part (b)(i) had no problems scoring both
marks. Those who tried to use integration to find the
area enclosed by C; did not analyse the problem fully
and failed to score. A common misinterpretation of the
word ‘intersect’ is indicated by the not uncommon
answer ‘Since C; and C, do not intersect the required
area is just 16.5m, the area bounded by G,.’
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Question 7: Exam report
: dx 1 dt
a)x=t2 =4/t —=—=+and —=24t
) vt dt 24t dx vt
dy dy dt dy
1)— =241 —
) dx dt dx vt dt
_.d’y d(dy) d dyj dt
—-=—| —|=—|2
)dxz dx(dxj dt( \/—dt dx
2
:(id—y+2\/fd_ny2\/E=2d—y+4t a7y
\/E dt dt dt dt Candidates generally answered part (a)(i) correctly

2
b) x%— (8x* +1)ﬂ+12x3y =12x> becomes
X

J(z

dt

2
2 a9V 1Y oY oty —12 (+41)
dt | dt dt *dt
dy ,dy
4 Y 3y 3t E
pre d y= (E)

c¢) The auxiliary equation associated with the diff.eq. is
AP =42+3=0(1-3)(1-1) =0
A=30or A1=1

The complementary function is y = Ae* + Be'

The particular integral is of the form

2
y=at+b d_y:a d_zyzo
dt dt
(E)becomes 0—4a+3at+3b =3t

This gives a=1 and bz%

A BeR

y:t+%+Ae3‘+Bet and with t=x

so  y=x +%+ Ae® +Be*

d yj (8t + 1)(2\[ yj+12t\fy 1263t (1)

but showing the printed result involving the second
derivatives in part (a)(ii) proved to be more
difficult, although candidates’ attempts displayed a
significant improvement over candidates’
performances on previous papers.

Although most candidates realised what was
required to answer part (b), careless work resulted
in many less than convincing solutions.

In the final part of the question, the majority of
candidates started out correctly to solve the
differential equation for y in terms of t with many
obtaining the correct form of the complementary
function (although some used x instead of t), but
finding the correct particular integral proved to be
more problematic. A very common careless error
resulted in candidates solving the equation “-4p +
3pt + g = 3t” instead of the correct equation “-4p +
3pt + 3q = 3t”. However, correct answers were
quite frequently seen and it was particularly
pleasing to see a higher proportion of candidates
correctly converting back from t to x.

Grade boundaries

Grade A* A

B

Mark Max 75 69 64

56

49 42 35
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AQA - Further pure 3 —Jan 2011 — Answers

Question 1: Exam report
%:f(x,y):xh/y and y(3)=4
X

kl = hf (Xo’ yo) =0.1x (3+\/Z) =05
Yo +k =45

k, =hf (%, + Y, +k ) =0.1x(3.1+/4.5) = 052213

v, =yYB.1)= 4+%(0.5+ 0.52213) =4.511to 3d.p.

Numerical solutions of first order differential equations
continue to be a good source of marks for all candidates, and it
was the best answered topic on the paper. However, a few
candidates who had an incorrect value for k; and just gave a
table of values without showing any methods gained no credit.
Almost all candidates gave their final answer to the required
degree of accuracy.

Question 2: Exam report
a) y = pSinx + qCosx

dy C i

dx PLOSX —QoInx Most candidates differentiated the given expression,
dy substituted into the first order differential equation and

& + 5y = pCosx —gSinx + 5 pSinx + 5qCosx = 13Cosx
X
(p+59)Cosx + (5p—q)Sinx =13Cosx
+50=13 |P=3
%0 {E?p 3 =0 52
q= 5
. . i 1. 5
A particular integral isy = ESmx +§Cosx
o The auxiliary equation is A+5=0
A=-5
The complementary function is y = Ae™

eThe general solution isy = ; Sinx+ 2605x +Ae™

equated coefficients to score the method marks. The most
common error in solving the resulting equations was to write
the solution of 26p =13 asp = 2.
In part (b), those candidates who wrote down the correct
auxiliary equation, ‘m + 5 = 0’, generally had no problems
scoring all three marks. Those candidates who solved
%+ 5y = 0 sometimes forgot to include the constant of

X
integration and so ended up with a general solution which had
no arbitrary constant.
There was a minority of candidates who tried to use an
integrating factor and appeared not to know the method of
solving a first order differential equation by using
complementary function and particular integral.

Question 3:

Exam report

r(l+Cos@) =2
a)r+rCos@ =2
r=2-rCos@ (squaring both sides)
r> =4+ (rCos)’ —4rCosé
X2 +y? =4+ x> —4x
y> =4-4x
b) 4r = 3Secd

rCos¢9:§ x:E
4 4

Solving simultaneously gives
y’=4—-4x=1s0 y=lor y=-1
The cartesian coordinates of Pand Q :

P(%l) and Q(%,—l)

The distance PQ =2

This question on polar coordinates was generally answered
well. In part (a), most candidates reached the stage r + x=2,
but some less able candidates squared incorrectly to reach y° =
4 - 2x*. Those candidates who rearranged the equation to

r =2 - x before squaring usually went on to gain all five marks.
In part (b), those candidates who wrote the given equation as

4rcosB = 3, converted it to the cartesian equation X =— and
4

solved with their answer to part (a) usually had no difficulty in
showing that the length of PQ is 2.

The other common approach was to solve the two polar
equations simultaneously, but a significant proportion of
candidates who used this approach stopped after reaching

3
Cosf = — not even finding the value for r. More able
5

candidates, having found the values for cos® and r, went on to
use basic trigonometry to find the correct length for PQ.
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Question 4: Exam report
d
ay 2 y = 2x%e?
dx x
2
. . s 1
An Integrating factor is | = eI X =g =—
X
The equation becomes:
1d 2
Z—X—3y=2xe2X
X dx X
i l = 2xe2X
dx \ x? Most candidates were able to show that they knew how to
find and use an integrating factor to solve a first order
Y - J' 2xe?*dx = xe** _J' e?*dx differential equation, and many gained either full marks for the
x? question or just lost the final accuracy mark. The only other
y o 1, error of note was losing the negative sign in setting up the
—5 =X - +C integrating factor. This led to a more complicated integral
X 2 which few solved ‘correctly’.
2
X
y — X362x __e2x + CXZ
2
Whenx=2,y=¢" so e*=8e"-2e* +4c
4c = -5¢*
5}
c=——¢
4
2
X )
y — X3e2x __e2x __XZ
2 4
Question 5: Exam report
a) 4 3 4(3x+2)-3(4x+1) 5
4x+1 3x+2 (4x+D)(Bx+2) (4x+1D)(3x+2)
N 10 N S
b)j dx::zj dx ,
L (4x+1D)(3x+2) L (4x+1)(3x+2) Most candidates found the correct value for C
in part (a). A large majority of candidates
— zj'N 4 _ 3 dx = 2[|n |4X+1|— In |3X+ ZHN realised that part (a) had some relevance to
1 4x+1 3x+2 1 part (b) and duly wrote the integrand in

ax+1\]"

:2In[
[ 3X+2

4N +1
3N +

)L -l

1

j—2m1:2m(
2 3N

terms of partial fractions and generally
integrated correctly. Those who missed this
step gained little or no credit for their later
work. Although showing the limiting process

4N +1
+2

)

4+ i is an area of the specification that candidates
lim 4N +1 — lim N_*2 so limIn 4N +1 _ |ni still find difficult, overall improvement
N—» 3N + 2 New3+£ Noo |\ 3N +2 3 continues to be noted.
r 10 dx exists and J.w 10 dx:2lnﬂ: InE
1 (4x+1)(3x+2) 1 (4x+1)(3x+2) 3 9
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Question 6:

Exam report

r=2Sin26/cos® with 0< 6 s%
A=1j543in22900s9d9= F 2C0s#Sin?26d6

2Jo 0
A= jfchsax4Sin29Coszad9=8 jfc:osesinze(l—smza)de

A= SFCosesinze —Cos#Sin“6deo

Although most candidates scored marks for substituting a

1
correct expression for r* into A = j Zr?d@ and inserting the
2

correct limits, less able candidates made little further progress.
A significant proportion of other candidates went further by
either using the identity sin 28 = 2sinB cosBb or writing sin” 20
in terms of cos 40 . A surprisingly common error amongst
those solutions which used the latter approach is illustrated by
‘(1-cos48)cosb = cosd -cos’40 ’. Some excellent solutions

type: J fxfr=—_fm were seen from the more able candidates, which involved a
n+l variety of approaches including integration of 8sin’0 cos’0 by
1 1 % 8 8 16 use of the substitution s = sinB , direct integration by recalling
A=8|=Sin*9-=Sin9| =———-0="— Sin""g
3 5 35 15 : . n . . =In
0 that the integral of sin"8 cosB with respect to 0 is or
n+1
use of the identity 2cos46 cosB = cos56 + cos36 .Those
candidates who used integration by parts were generally less
successful. Only a few obtained the correct answer by applying
integration by parts twice.
Question 7: Exam report
) . x? ’
i)Cosx+Sinx=1-—+...+ X——+...
2 6
XZ 3
Cosx+SinX =1+ X————+...
2 6
3x
i) In(1+3x) = (3x) - (8 2) ( 3)

=3xf%x2+9x3+...

b) y =e™ i)ﬂ = (1+Tan?*x)e™
dx

2
%— 2(1+Tan’x)Tan(x)e™™ + (1+Tan’x)?e™"™
X

—2Tanxg +(L+Tan? x) y = (1+ 2Tanx +Tan’ x) y
22 = (1+Tanx)* dy
2(1+Tan2x)(1+Tanx)%+ (1+Tanx)® 322/
(0) =1 y'(0)=1 y'(0)=y'(0)=1
y@(0)=2+1=3

glanx 1+x+1x +3x+ glanx 1+x+1x +1x3+
2 6 2 2

c)e™ — (Cosx + Sinx) = 1+x+§x +1x 1—x+1x2+%xa+---
3
2 9.3
xIn(L+3x) = 3x _EX +...
2 2.3 2
glen (Cosx+S|nx) X +§x +... _1+§x+...
xIn(1+3x) 3xz_%xs+... s_gH...

tan)( _
therefore lim < (Cosx+Sinx) 1

x>0 xIn(1+ 3x) 3

Most candidates were able to write down the required two
expansions in parts (a).
In part (b)(i), candidates generally used the chain rule to find

2

d d
d—y and then applied the product rule to find d_y Although
X X

a common error was to differentiate sec’x as 2secx tanx, those

2

who did find d—Z correctly often produced a convincing
X

solution to reach the printed answer. Some very good
solutions were seen for parts (b)(ii) and (b)(iii) but it was
disturbing to see some other candidates make no attempt to
find the third derivative in part (b)(ii), yet claim that f"*(0) = 3
and write down the printed result in part (b)(iii). Clearly in such
cases marks cannot be awarded.

Candidates who attempted part (c) generally showed a
thorough understanding of the process required, including the
need for explicitly reaching the stage of a constant term in
both the numerator and denominator before taking the limit
asx—0.
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Question 8:

Exam report

a)x=¢' %=et=x and ﬁ:% !
dt dx e x

dy_dy ok dy

dt  dx dt dx

2
SETETE AN TR
dt® dt\dt dt dx\ dx
2 2 2
d Z:x ﬂ+xd—¥ =xﬂ+x2d—z
dt dx  dx dx dx
B _dy
dx dt
S0 de_zy:dzy_ﬂ
dx* dt* dt

2
The equation x* d—Z’—Bxﬂ+4y =2Inx
dx dx

2
becomes: d—gl—ﬂ—3ﬂ+4y =2t
dt® dt dt
d’y ,dy
—4—+4y=2t
a dt Y
c) e The auxiliary equation :
AP —42+4=0
(A1-2?%=0
repeated root 1 =2
The complementary function is
y = (At+B)e”
oThe particular integral y=at+b
2
&, dy
dt dt
0—-4a+4at+4b=2t

0] a:l and b=l
2 2

L 4a =
This gives
4b-4a=0

The general solution is 'y =%t +%+ (At +B)e*
1 1 2
d)y :Eln X+E+(Aln X+ B)x

When x =1, y:§ S0 §:0+1+B B=1
2 2 2

y=llnx+£+ AX? In X + X
2 2

ﬂzzi+2Axln X+ Ax2><1+2x
X

dx
Whenx:l,d—y:l 501:£+A+2
dx 2 2 2
A=-2

Conclusion: y :%In x+%+ (-2Inx +1)x*

In part (a), most candidates were able to convincingly show, by

dy dy
use of the chain rule, that x—=—.

dx dt
Part (b), as expected, was not answered well by the average
candidate. Those more able candidates who differentiated the

result in part (a) — either with respect to x, writing

d/(d dt d(d dt d°
—(—yj as ——(—y) =— y , or with respect to t,

dx\dt)  dxdt\dt) dx dt’
N d( dyj dxd( dy)

writing—| X— |=——| X— | — normally scored all or
dt\ dx dt dx\  dx

most of the marks in part (b).

In part (c), although most candidates realised what was
required, it was not uncommon to see x appear in general
solutions. Many candidates correctly tried a particular integral
of the form at + b, but a common error was to write

4y as 4at + b, which led to an incorrect particular integral.
However, this error was classed as a slip and so some follow
through was applied in marking part (d). In part (d), those
candidates who had a general solution in part (c) that was
entirely in terms of t were generally able to pick up at least the
method marks in the final part of the question. A common

1 1 1 1
error was to differentiate—In x +— as — +—, which led to
2 2 2x 2

the loss of the last two accuracy marks.

Grade boundaries

Grade

A

B C D E

Mark Max 75

66

59 52 45 38
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AQA - Further pure 3 —Jun 2011 - Answers

Question 1:

Exam report

gX=fogw=x+ma+w and y(2)=1
X

k = hf (x.,y,) =0.2x(2+In(1+1)) = 0.53863
y, +k =1+0.53863 =1.53863
k, =0.2x(2.2+In(L+1.53863)) = 0.6263

y(2.2) :1+%(0.53863+0.62632) =1.5825 to 4d.p.

Numerical solutions of first order differential equations
continue to be a good source of marks with most candidates
showing full working with clear substitutions into relevant
formulae. Unfortunately, more candidates than usual made
arithmetical errors in calculating the value of k. Very few
candidates failed to give their final answer to the specified
degree of accuracy.

Question 2: Exam report
a) Aparticular integral y = p + gxe >
@ _ ge > —2gxe ™ = (q - 2gx)e >
dx
2
d Z =-20e > —2qe > + 4qxe
dx
= (—4q +4gx)e >
2
9Y W g ge
dx®  dx
_2x —2X —2X -2X
(-4 +4ax)e ™ +(q-2gx)e ™ —2p—2qxe ™ =4-9e Most candidates were able to find the correct values of

(-3q)e™ —2p=4-9e*
so —-3g=-9 and -2p=4
g=3 and p=-2
Yo = —2+3xe7*
¢ The auxiliary equation is
A*+1-2=0
(1+2)(41-1)=0
y, = Ae?* + Be”

A=-2o0r A=1

e The general solution isy = (3x+ A)e ™ + Be* -2
c)Whenx=0,y=4s0 4=A+B-2
L =2 —2(3x+ A)e > + Be*

dx
dy

When x —» oo,d— — 0.This means that B=0 (and A=06)

X
because if B # 0,Be* ———x

Note that (3x + A)e ™™ =3xe ™™ + Ae ¥ ———0

X—>00

Solution: y = (3x+6)e ™ -2

A+B=6

the constants p and g so that the given expression was a
particular integral of the differential equation. An even
higher proportion of candidates scored full marks for their
general solution in part (b) as examiners allowed follow
through on incorrect values for p and g. However, less
than 20% of the candidates scored full marks for their
answers to part (c). This was almost entirely due to no
explicit consideration being given to the value of xe ™ as
X —> 00. More surprisingly, a significant minority of
candidates could not correctly deal with the boundary

d
condition—y — 0 as X — o as they had an e* termin
dx

their final answer.
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Question 3:

Exam report

a)f x?In xdx=1x3 In x—j 1x3><1dx
3 3 X

:lx3 In x—.|' lxzdx
3 3

=1x3 In x—1x3+c
3 9

b) '[: x? In xdx is an improper integral because

the function f (x) = x* In x is not defined for x = 0.

c)rx2 In xdx:Exﬂn x—%xa} =

a

= 1e3><1—1e3 - 1a:‘lna—la3
3 9 3 9

:ge3—(la3 In a—laSJ
9 3 9

lima®lna=0 and lima®=0 so
a—0 a—0

¢ . ¢ 5 2 3
L X~ In xdx exists and J‘O x“In xdx=§e

Part (a) was, as expected, very well answered with candidates
clearly showing the method of integration by parts. In part (b),
a significant number of candidates were not explicit in
explaining that the integrand was not defined at x = 0. It was
pleasing to see in part (c) that more candidates than usual
replaced the lower limit by, for example, a, carried out the
integration and then considered the limiting processasa — 0.
However, a significant number of candidates did not

specifically consider lima®Ina.

a—0

Question 4:

Exam report

dy
dx
An integrating factor is

+Cot(x)xy =Sin2x 0< x<%

j Cot(x)dx
=€

| — eIn|Sin><\ — Sinx

(because for 0 < x <%,sin x> 0)
The equation becomes:
Sin(x)%+ Cos(x)y = Sin(2x)Sin(x)
%(yx Sinx) = 2Cos(x)Sin?(x)
y x Sinx = 2 j Cos(x)Sin?(x)dx
[REE :% f?

yx Sin(x) = Zx%Sin3x+c

y:ESin2x+ °
3 Sin(x)
2
Whenx:z,y:l soizg(iJ +2c
6 2 2 3\2
l=1+20 c=E
2 6 6

Solution: y = gSin2x+_7
3 6Sin(x)

This question was answered well with most candidates able to
show that they knew how to find and use a correct integrating
factor to solve a first order differential equation. The majority
of candidates then correctly used substitution or inspection to
complete the integration. Those candidates who tried to
integrate by parts often made errors or did not appreciate that
two applications were required. The minority of candidates
who correctly expressed sin2x sinx as the difference of two
cosines generally had less difficulty in completing the
integration correctly.
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Question 5:

Exam report

a) y = In (1+ 2Tanx) (if y = In(u) then &Y. — ”—J
dx u
dy  2Sec’x
dx 1+ 2Tanx
Let's call v = 2Sec’x = 2Cos ?(x) then
dv

= 2x—2x~-Sin(x) x Cos~(X)
X

ay %(ﬁ 2Tanx) — 2Sec’(2Sec’x)
o (1+2Tanx)?
b)y(0)=In(1+0)=0

y‘(O):%:Z and y"(0)=0;14:—4

In(1+2Tanx) =0+ 2x—gx2 +...
In(L+2Tanx) = 0+ 2x —2X* +...
¢)In(l-x) = —x—%x2 +.u

In(L+2Tanx)  2X—2X*+..  2—2X+...

A majority of candidates were able to differentiate the given
function correctly to find the first and second differentials
although some made the second differentiation more
complicated than was needed by first expressing their answer
for the first derivative in terms of sin2x and cos2x. Candidates
should be aware that the expression for the derivative of sec x
is in the formulae booklet.

In part (b), most candidates displayed good knowledge of
Maclaurin’s theorem but only those who had made no errors
in earlier differentiations could score both marks for showing
the printed result. It is pleasing to report that there was an
improvement in candidates explicitly reaching the stage of a
constant term with higher order terms in each of the
numerator and denominator before taking the limitasx — 0
in the final part of the question.

In1-x) ikt —1-ixe
2 2

. In(1l+ 2Tanx)
so lim———— % =—

x>0 In(l—x)
Question 6: Exam report
a)u=ﬂ—2x S0 ﬂ=u+2x

dx X
2 2
d_u:d X—Z o) d sz—u+2
dx dx dx®  dx

By substituting in the equation:

(x3 +1)(d—u+2)—3x2(u +2x)=2-4x°
dx

x3(cji—u+2x3+d—u+2—3x2u—6x3 =2-4x°

X dx
(x3+1)d—u—3x2u:0 or (x3+1)d—u:3x2u
dx dx
b) Separating the variables:
2 2
TR S P -
udx (x*+1) u (x*+1)

Inu = In(x3+1)+c
Let's Writec=In A
Inu=In(A(x*+1)) and  u=A(X’+1)

u :ﬂ—Zx: A(x® +1)
dx

Y _ A+ At 2x
dx

y:llle4+Ax+x2+B

dx

Part (a) was generally answered correctly, with most
candidates showing sufficient detail in reaching the printed
result. Those candidates who attempted to integrate using the
method of separation of variables were generally more
successful than those who attempted to use an integrating
factor; a missing negative sign in the initial statement of the
integrating factor involving an integral was the most common
error. However, it was disappointing to see that a large
number of candidates could not deal correctly with the
constant of integration when simplifying to u = g(x). A number
of candidates also then did not include a second arbitrary
constant when integrating to find y = f(x) and so it was
relatively common to see general solutions to the second
order differential equation not containing two arbitrary
constants.
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Question 7:

Exam report

C,:r=2Sing 0<o<Z
C,:r=Tang ose<%
a)r =2Sing

r’ =2rSing

X*+y?=2y or xX*=2y-y°
b)i) Solving simultaneously:

r =2Sind =Tand
25ing—>M% _
Cosé

SinH(Z—L) =0
Cosé
so Sin@=0 or Cos@ :%

0=0oro==
3
Whend=0, r=Tand =0 0(0,0)

When Hzg,r =Tand =+/3 P(\@,%)

ii) When H:%,r — 25in6 =2 A(\/E,%)

When 0=%, r=Tand =1 B(l,%)

J2>1, Ais further away from the pole.
iii) » Area bounded by the arc OP of C, is

_ El - 2 _ z =2 _ 2
A _j03§(28m49) do = [*2sin’6d6 = [ *1-Cos26d6

A= {0—%Sin20f =(%—£]—(0) S

0

e Area bounded by the arc OP of C, is
71 1 .=
—|3= 2 ——|s 20—
A= , Tan’0do = zjo 1+Tan’0-1d6

1 z \/§ V4
Az =E[Tan9—9]g :7_6

The area between the two curves is the difference
between Aand A,

V4 \/§ £+£:ﬁ 3\/5

This final question tested polar coordinates and proved to be
the most demanding question on the paper. In part (a), it was
pleasing to see that the majority of candidates were able to
use a correct method to find the cartesian equation. Those
candidates who attempted to square both sides of the polar
equation were generally less successful than those who started
by multiplying both sides by r. In part (b)(i), a large number of
candidates only considered the solution to cosB = 0.5 when
solving 2sinB = tanB and so failed to prove that the curves only
met at the two points. Those candidates who attempted to
verify that the curves intersected at the pole often substituted
0 = 0 rather than r = 0 into the two equations, but then often
failed to give a final statement. In part (b)(ii), candidates

V4
generally substituted 8 = — correctly into the two equations
4

but a significant minority then did not give a full justification of
whether A or B was further away from the pole. Although only
the better candidates understood the relevance of part (b)(ii)
in finding the required area in part (b)(iii), many candidates
were able to make good progress in this part of the question. It
was, however, disappointing to see some solutions that did
not even use the correct formula for the area of a sector in
polar coordinates. Those candidates who applied the correct
formula were often able to write sin’ in terms of cos26 and
carried out the subsequent integration correctly to find the
area bounded by C; and the line segment OP. A significant
number of candidates, however, could not find a correct
method to integrate tan’0. The most successful method was to
use the identity tan’0 = sec’0 - 1 although some other
candidates found the correct area bounded by C, and the line
segment OP by using integration by parts. Although a
significant number of those candidates who obtained the
correct values for the two areas went on to subtract these
values to obtain the correct final answer, some others added
their correct values and so failed to gain the final two marks.

A = —_— = ee———— —_—— —
AR 3 4 2 6 2 4
Grade boundaries
Grade A* A B C D E
Mark Max 75 69 64 55 46 38 30
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