Proof by induction - exam questions

Question 1: June 2007
(a) Show that

1 k+1  k+2
TERTE) AT 3 marks
( w+1f) 2k 2(k+1) (3 marks)

(b) Prove by induction that for all integers n > 2

| 1 | 1 n+1
(1 _ 2_2) (1 _3_2) (1 _ 4_2) (1 _n_2> = (4 marks)

Question 2: Jan 2006

(a) Prove by induction that

24+ (3x2)+ @x2) 4.+ m+ 12" =p2"
for all integers n > 1. (6 marks)

(b) Show that

2n
Z (r+1)2r = p2rrtl ) (3 marks)
r=n+1
Question 3: Jan 2008

Prove by induction that for all integers n > 1

n
Z(r‘z + 1)) =n(n+1)! (7 marks)
r=1
Question 4:Jan 2009
Prove by induction that
2x1 22x2 23x3 2" xp 2"t

= — 1
2><3+3><4+4><5+ +(n+1)(n+2) n+2

for all integers n > 1. (7 marks)

Question 5: June 2008

(a) Explain why n(n + 1) is a multiple of 2 when # is an integer. (1 mark)
(b) (1) Given that
f(n) = rz(r:2 +95)

show that f(k + 1) — f(k)., where k is a positive integer, is a multiple of 6.
(4 marks)

(i) Prove by induction that f(n) is a multiple of 6 for all integers n > 1. (4 marks)




Question 6: June 2010

(a) Show that ! — k+ 1 = 2 :
(k+2) (k+3)! (k+3)!
(b) Prove by induction that, for all positive integers n,
nopxor 2H+1

Question 7:Jjan 2010

The sequence uy. uy, ujy.... 1s defined by
up =2, wpyy = 2up+ 1
(a) Prove by induction that, forall n > 1,
u, =3 x 2"

(b) Show that

n

Z U, =ty — (n+2)

r=1

Question 8: June 2006
(a) The function f is given by

f(n) = 15" — 8"~ 2
Express
f(n+1)—8f(n)
in the form k x 15" .

(b) Prove by induction that 15" — 8"~ 2

Question 9: Jan 2007

(a) Prove by induction that, if n is a positive integer,

(cos @ +isin0)" = cosnl) + isinnl

6
(b) Find the value of (cos%ﬂ— 1sin %) .

(c) Show that
(cosO +1isinO)(1 +cost) —isinf) =1+ cosO + isin0

(d) Hence show that

T .. mb6 T .. m©6
(1+cosg+151n€) —k—(l—i—cosg—lsmg) =0

is a multiple of 7 for all integers n = 2.
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Proof by induction - exam questions - MS

Question 1: June 2007

‘ 2
kF+1) -1
sy | |1- 1 2 Rl ) : L
o (k+1)7 ) 2 (k41 2k
_E 42k k+1 N
(k +1)l 2k
- _k+2 Al 3 AG
2(k+1)
(b) | Assume true for n =k, then
oL 1) | '
[1—7][1——2]...[1— - M1
. 27 3 ; [k+1)'/
_ k+2
2(k+1) Al
1 3
True for n = 2 shown 1-—=— Bl
22
B, = F,,; and P, true E1l 4 only 1f the other 3 marks earned
Total T
Question 2: Jan 2006
4(a) | Assume result true for n=1k
3
3 (r+1)27 " =k2*
r=1
+l
S (r+1)2 =k2F +(k+2)2" MIAL
r=1
=2 (k+k+2) ml
=2%(2k+2)
=2"1(k+1) Al
n=1 2x2°=2=1x2 B1
F; = By and R 1s true El Provided previous 5 marks earned
(h) _Z,t:r +1}2P—1 ->(r +1}2:-—1 M1 Sensible attempt at the difference between
r=l r=l 2 sertes
=25 23 _p2" Al
=n(27 -1)2" Al AG
Taotal




Question 3: Jan 2008

5 | Assume result true for n=1~
E+l
Then E(r‘! +1)r!
:([k+1)3+1][A-+1)1+Fc[k+1}! MI1A1
Taking out(k +1)! as factor ml
=(k+1)(k* +2k+1+1+k) Al
k=1 shown (I’ +1)11=2
1xX21=2 Bl
P, =P, and P, true E1l 7 If all 6 marks earned
Total 7
Question 4: Jan 2009
6 | Assume result true forn =%
Then ;1 2" xr SC If no series at all indicated on LHS,
= (r+1)(r+2) deduct 1 and give EO at end
2k +1 2" k+1)
= + —
k+2 (k+2)(k+3) MiAl
- 2" (k+3+k+1) _ M1 Putting over common denominator (not
(k+2)(k+3) mcluding the —1, unless separated later)
251 2(k+2)
YN Al
(k+2)(k+3)
E+2
= 2 -1 Al
kF+3
1 2!
ﬁ':l:LHS=§,RHS=?—1 Bl
F, = F,, and F, true El 7 Must be completely correct
Total 7
Question 5: June 2008
7(a) | Clear reason given E1l 1 Minimum O x E=E
b)) [k+l)((k+1]3+5]—k[k1+5} M1
=3k" +3k+6 Al
B +k=k(k+1)=M(2) El Must be shown
f(k+1)-f(k)=M(6) El 4
(ii) | Assume true forn==k
f(k+1)-f(k)=M(6) M1 Clear method
~f(k+1)=M(6)+1f(k)
=M (6)+M(6) Al
=M (6)
True forn=1 Bl
P(n)— P(n+1)and P(1) true E1 Provided all other marks earned in (b)(i1)
Total



Question 6: June 2010

6(a) 1 k+3
(k+2)1 (k+3)! Ml
Result Al 2
(b) | Assume true for n =k
Forn=Kk+1
- rx2 i 2" +{k+1)2“’- _
= (r+2)1 = (k+2)1" (k+3) MI1A1 If no LHS of equation, MI1AO
—1- 2%—1[ I k4l ] mi m1 for a suitable combination clearly
((B+2)1 (k+3)1) shown
k2
=1- Al clearly shown or stated true forn =k + 1
(k+3)
True for n=1 B1 Shown
Method of induction set out properly El G Provided previous 5 marks all earned
Total 8
Question 7:Jjan 2010
7(a) | Assume true for n=k
tp =2(3% 257 —1) 41 M1A1
=3x2F -1 Al 2" not necessarily seen
True for n=1 shown B1
Method of induction clearly expressed El 5 Provided all 4 previous marks earned
n n )
M) | Du,=>3x2"" —n
r=1 r=1
= 3(2" - 1) —n MI1A1 M1 for summation, ie recognition of a GP
=u,, —(n+2) Al 3 AG
Total 8
Question 8: June 2006
6(2) | f(n+1)—8f(n)=15""1_g"!
-8(15" —8"?) MIAL1
=15"*1_g 15"
=15" (15-8) M1 For multiples of powers of 15 only
=7.15" Al 4 For valid method ie not using 120" etc
() | Assume f(n)is M(7)
Then f(n+1) —8f(n) = 7x15" M1 Or considering f(n+1)—f(n)
f(n+1) =M(7)+M(7)
=M(7) Al
n=2: f(n)=15*-8°=224
= Tx32 Bl n=1B0
P(n)=P(n+1) and P(2)true El 4 Must score previous 3 marks to be
awarded E1
Total 8




