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Hyperbolic Functions

Hyperbolic and inverse
hyperbolic functions and
their derivatives; applications
to integration.

Hyperbolic functions

The proofs mentioned below require expressing hyperbolic functions
in terms of exponential functions.

To include solution of equations of the form asinhx+bcoshx =c.
Use of basic definitions in proving simple identities.

Maximum level of difficulty:

sinh(x+ y) = sinh xcosh y+cosh xsinh y .

The logarithmic forms of the inverse functions, given in the formulae
booklet, may be required. Proofs of these results may also be
required.

Proofs of the results of differentiation of the hyperbolic functions,

given in the formula booklet, are included.
Knowledge, proof and use of:

cosh? x—sinh’ x =1
1—tanh® x = sech® x
coth’ x—1 = cosech’ x
Familiarity with the graphs of
sinhx, coshx, tanhx. sinh™ x. cosh™ x. tanhx.




Introduction

When studying the complex numbers chapter,

we have established that
ig —if
for all 8, Cos = M
6 i6
and Sing=5__%
2i
These two functions have an equivalent in the real set of numbers
For all x, H = Cosh(x)  "read cosh(x)"
K. A0 Sinh(x)  "read shine(x)"
Property 1:  |Forallx, Cosh(x)+ Sinh(x)=e¢"

Prove it:
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Properties and graphs

y=cosh(x)

ey

Cosh: R —[1,40) 7

e'+e

X —

Cosh is an EVEN function
forall x, Cosh(—x) = Cosh(x)
Consequence: the graph of Coshis symmetrical
around the line x=0
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y=sinh(x)

Sinh-R > R

e*—e”
X —

Sinh 1s an ODD function
forall x, Sinh(—x) =—-Sinh(x)
Consequence: the graph of Coshis symmetrical
around the origin
(Rotational order 2)



There are four other hyperbolic functions derived from these. just as there are four

trigonometric functions. They are:

sinh x ‘ .

tanh x = than x
cosh x

cosechx=— 1 ‘cosheck x’

sinh x

sech x= 1 ‘sheck x’
cosh x

cothiz=—1 ‘coth x’
tanh x
1 -
0

5 4 3 2 1 0 2 3 4 5 6 7

y=tanh(x)

Tanh: R —>]-L11[
Sinh(x) e —e™

Cosh(x) & +e™
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An other expression of tanh

e€—-e' e-e° e e'-1
tanh(:c)= x —-X - X —X XT: 2x
e +e e +e e e +1
2x
e —1
tanh(x) =—;
e +1



Usual identities

You should know these identities and
you need to be able to prove them using the exponential form of cosh and sinh.

Cosh®(x)— Sinh*(x) =1

Sech®(x) =1-Tanh*(x)

Cosech?(x) = Coth*(x) -1

Using the exponential form of these functions, prove the above identities




Other identities

smh 2x = 2smh x cosh x
sinh(x =+ y)=smmhxcosh y +coshxsinhy PETTINT. S
cosh(x* y)=coshxcosh y+sinhxsinh y =2cosh” x—1
—1+2sinh? x

Using the exponential expression of Cosh and Sinh,
Prove the following identity

sinh (x— y)=sinh xcosh y —coshxsinh y
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Exercises:

Show that cosh 3x = 4cosh® x — 3cosh x.

2 tanh x

Show that tanh 2x = =
1+ tanh~ x
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Calculus

Differentiating hyperbolic functions

d & -
'E Cosh(x) = Sinh(x) o| Cosh(x)dx = Sinh(x)+c
cdiSinh(x) = Cosh(x) o[ Sinh(x)dx = Cosh(x)+c
B .
OiTanh(x) =1-Tanh’x = Sech’x of Tanh(x)dx = _[ a ) dx =In(Cosh(x))+c
dx y Cosh(x)

Proof of some of these results:

o % Cosh(x) = % (ex + e_x) —e¢" —e " = Sinh(x)
o % Sinh(x) = % (ex - e_x) —e +e = Cosh(x)
. i Betiial)= d [ Sinh(x) _ Cosh(x)x Cosh(x)— :S'mh(x) x Sinh(x)
dx dx\ Cosh(x) Cosh™x
R T
iT anh(x) = Cash (%) :S'mh (x) —1—Tanh*(x)
dx Cosh™x
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Exercises:

Differentiate the following expressions:

(b) cosh?3x.

(a) cosh3x. (¢) x*coshuy.

cosh 2x
(d) e

(¢) xtanhx. (f) sech x [hint: write sech x as ( cosh:r)-l].

(g) cosech x.

Differentiate these functions with respect to x.

(a) cosh 4x (b) sinh 5x (c) sinh xcosh x (d) sinh” x
_ : 1 1 4+ sinhx
(e) v/cosh x (f) In(sinh x + cosh x) (8) T P (h e

cosh x + sin x
cos x + sinh x

(j) e*coshx

(i)

Find the following indefinite integrals.

(a) [ sinh 3x dx (b) [ sinh x cosh x dx (c) f cosh” x dx

(e) [ x? cosh 2x dx () f e* cosh x dx

(d) f xsinh x dx

Evaluate the following definite integrals, correct to 3 significant figures.

In 2 In 5
(b) f sinh 4x dx (©) / cosh 2x dx
0 L

1
(a) [ cosh 4x dx
0 In 3

2 2 1
(d) [ sinh” x dx (e) f x cosh 2x dx () [ sinh? x cosh x dx
0 1 0

X T[URLX 35—

@

XTUIS X +X7S0IXT (9)
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0 (1 9'61 (3) 78S (p)
91’8 (9) 9.1 (@) 799 (v)

Y+x €40t @)

¥+xzysoox§ —xz yuis (£ + )2 (9)
Y+ X yuis — xysod x (p)

Y+ (x +xysod x yus) & (9)
¥+xzuso ¥ (q)

Y+x¢ ysod £ (e)

xz® ()
(X yuis + x soo) ®
XUUIS XSO0 7 =
Z(X 4sod + x)
XUUISZ — Xysoo ¥
X ysoo z + xquis)
XTUISZ + X YS0d

()

xys
1 g =22/T (@)
¥ uis
Xysodxyquis g (p) Xz yson (2)

XSUsed§ (q)  xpyuist (e)

XTOIXTPS0I— (3)

X500 —z qasyy P
xguIse (o)

XIPasx+xquel (3)

XEUSOIXEqUIS9 (q)



Inverse hyperbolic functions

y=arccosh(x)

y= arcsinh(x)

Cosh™ (x) = Arccosh(x): [1.4%) > R*

; Sinh™'(x) = Arcsinh(x): R—>R
x > y=Cosh (x)

x =y =Sinh"'(x)
with x = Sinh(y)

with x = cosh(y)

o
4 2 o 2 4
y=tanh(x)
-2 Tanh™(x) = Arctanh(x): ]-L1[—>R
x >y =Tanh™ (x)
e Ll with x =Tanh(y)
44
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The logarithm expressions of the inv. hyp. functions

The log expressions are established using the following basic properties:

Cosh(y)+ Sinh(y)=¢’
and Cosh® (y)—Sinh*(y) =1

Forallx, sinh'x=In(x+ 1+ x2).
Forx=1, cosh™'x= In(x +vx2—-1).

1
For -1 < x< 1, tanh™' x = %1n1+i.

Proof:
y =Sinh™(x) means Sinh(y)=x
We are going to use these to properties
eCosh(y)+Sinh(y)=e’
oCosh’*(v)—Sinh* (v) =1
Cosh(y) = \/1 + Sinh*(y)
so Cosh(y)+ Sinh(y) =e* becomes
J1+ Sinlt (y) + Sinh(y) = &
m +x=¢€ and finally by composing by In

y= ]n( V1+x? —x;]
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You need to be able to prove these identities

y =Tanh™(x) so x=Tanh(y)

2y i
We have established that :Tanh(y) = eﬂr 1 =X
e’ +
By making e* the subject:
e” —1=x(e*” +1)
(1-x)e” =1+x
5, 14X
g7 =——
1-x
2-}':]_[[[“_:{) }'Zlhl(l_h—xj
1-x 2 \1l-x



Exercises:

7 | Express as natural logarithms.
a arsinh 2 b arcosh 3 ¢ artanh2

8 Express as natural logarithms.

a arsinhv2 b arcosh 5 ¢ artanh0.1

9 | Express as natural logarithms.

a arsinh (-3) b arcoshg" € artanh-%
10 Given that artanhx + artanhy = In v3, show that y = Z;x_;jl_
Preambule to solving equations
COSh(X)=a W'Ifh e | anh(x):a with ae R T(JH/’J(X)=(J with —1<a<1

) ) ; v . is equivalent to:
is equivalent to: is equivalent to: q

x =%Cosh™'(a)

| 1+a
ﬂn(aﬂ/rl) x=ln(a+1+a’) *‘=51ﬂ(;]

x = Sinh™'(a) x =Tanh™ (a)

X

-

Il
B
——
Q
[+
Q

k
I
[a—
S—
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Solving equations involving hyperbolic functions

« Solve, for real values of x,

6sinhx — 2coshx =7

- Solve 2cosh?x — Ssinhx = 5, giving your answers as natural logarithms.

- Solve cosh 2x — Scoshx + 4 = 0, giving your answers as natural logarithms where appropriate.
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Exercises:

Solve the following equations, giving your answers as natural logarithms.

1

2

8

9

3sinhx + 4coshx = 4

7sinhx — Scoshx = 1

30coshx = 15 + 26sinhx

13sinhx — 7coshx + 1 =0

cosh2x — Ssinhx = 13

2tanh?x + Ssechx — 4 =0

3sinh?x — 13coshx + 7=0

sinh2x — 7sinhx =0

4coshx + 13e* =11

10 2tanhx = coshx
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(Zr+ DU =x
gup=x‘(8ju=x
R A s F
(gesz|m=*0=*
(Sip=pup=x
(grxui=x
(LIr+PIul=X

C
(Erre)u-s

(§)u=x

pup = x()u = x
cu =2x
0=x(f)u=x

uw L =20 - - - Y

- NN o



Calculus of inverse hyperbolic functions

d _ 1

o — Cosh™(x)=—— J. dY—COSh "(x)+c
dx x*—1 V' —
d _ 1 1 ¥

o — Sinh'(x) = —— of —— dx=Sinh(x)+c
dx 1+x° N1+ x7
d g 1 | "

o —Tanh™ (x)= 5 ~dx = Tanh '(x)+c
dx 1-x  1-x

In formulae book
1. Differentiate the following:
(a) tanh™ % (b) siuh_l%. (c) cosh™ %
(d) e*sinh'x.  (e) %cos;h'1 "

dy - .
2. If y=xcosh™ x, find o when x=2. giving your answer in the form @ + Inb. where a
) X

and b are irrational numbers.

(g[\+z]1rf+§/“+_z 4

IS e 1
¥ [-11303‘7—_51\ @) Sl —
X
91— % A6 A6
—= ) = (@ @
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Exercises:

1. Evaluate the following integrals:

dx c dx 3 dx
(a) . (b) | —. (&) |——
I\/xl+9 *Jx?-16 Y Jax? +25
dx i dx 3 dx
d) | — (e) ; (1) :
IV9-f2+49 T J(x+1)+4 " J(x-2)°-16
d.T d_\‘
(2) ; (h) ,
‘[\/xz+4x+5 '[\/xz—l\'—fz

J+il_qsoa () 2+(7+x) L quIs (3)

I-x
T %1—“‘303 @ 3+ﬁ1_mf!‘s ©) J+%l_qms% P
J+% [_I[[T[S‘% (9) J+%1_T[SOD (q) )+T'{. Lurs (e)
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