Second order linear differential equations

Specifications

Differential Equations -
Second Order

Solution of differential
equations of the form
d’y dy
a ‘1, +bi+m'=0, where
3 dx
a. band care integers, by

using an auxiliary equation
whose roots may be real or

COITIP'CX. Including repeated roots.
Solution of equations of the Finding particular integrals will be restricted to cases where f(x)is of
form the form €, coskx, sinkx or a polynomial of degree at most 4, or a
dy dy linear combination of any of the above.
oS by
dx” dx - &
where a. band care integers SOlutj.Oll Of diffefential Level of difficulty a::uchcated by:-
bv fln(ﬁﬂg the eql‘lations Of the fornl: (a) Given x° d_T‘:—2_‘L' =x use the substitution ¥ =¢
: 2 2y !
compl_ement_ar\,lr function and d’y dy . L IR RV
a particular integral > +P—+0y=R drt - dr
dx” dx e ‘
find y in terms of 7
where P, O, and R are Hence find y in terms of
functions of x. A substitution 1
will always be given which (b) (1—.&%—3_\-%:0 use the substitution ;;:%
= ooy - X X X
reduces the differential
equation to a form which can to show that 92 = 12'“’:
- direct integration be directly solved using the A
- Separating variables ie : . - .
- i ae other allal}‘l’lcal methods 1n and hence that u = A — where 4 1s an arbitrary constant.
Integrating factor e 1=t
18.4 and 18.5 of this '
specification or by separating ~ Hence find y in terms of x
vanables.
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Back to the first order linear diff . equations

Consider the diff. equation: a% +by = f(x) where a and b are real numbers
X

Method 1: To solve this equation, we can re-arrange it in the standard form and
use an integrating factor.

Find the general solution of the followiong equation:

3 é+ Sy=x
dx

Method 2: This method is an alternative to using an integrating factor.
There are two steps in this method

dy
Step 1: Find the general solution of the REDUCED equation: a—+b1 =
This is called the COMPLEMENTARY function dx

(_ﬁ}
Step 2: Find a PARTICULAR INTEGRAL which satisfy : ad; +by = f(x)
X

The GENERAL solution of the original equation is the sum of the complementary function
and the particular integral.
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Let's establish the method to resolve step 1:

aj.;

az +by = f(x) 1s a differential equation where a and b are real numbers
X

. dy
The reduced equation is : aE+by =0

If a function y = 4™ is a solution of the reduced equation,

what equation is satisfied by A?

y=Ae” and - 48 A2e™
dx

The differential equation becomes:
a(A2e™)+bde™ =0
Ade** (aA+b)=0
This means that a1 +b=0
This equation is called the AUXILIARY equation.

The complementary function is y = 4e™* where Ais solution of a1 +b =0

Pane 3



summary: [ 4

aZ + by = f(x)1s a differenrial equation where a and b are real numbers.

dy

a E +by =0 1s called the reduced equation.

eThe complementary function is y = 4e™ with A € R and where
A 1s the solution of the AUXILIARY equation ai+b=0
e Finding the particular integral:
@ if f(x)= P(x),apolynomial, then y,,= Q(x) is a polynom1al of the same degree.
@ if f(x)=aCos(kx)+ bSin(kx), then y,; = A cos(kx)+ BSin(kx)
® if ' (x)=ae™, then Vo =A™ (or yp = Axe™ ifk =)

Example 1: Note: A and B are not arbitrary contants,
they have to be worked out

Find the general solution of the followiong equation:

dy

3 a + 5_}’ =X ¢ Complementary function
The auxiliary equation is 34+5=0 so A= —%
_Ex
The complementary function is y = 4e 3
eParticular integral
The "right-hand side" function is a polynomial of order 1
A particular integral has the form y=ax+5

y=ax+b id =a
dx
The equation becomes: 3(a)+5(ax+b)=x
Sax+3a+5b=x
e 1
Sa=1 5
This gives :
3a+5b=0 b .-
25
eGeneral solutions:
—~1 3
y=4e > +—x——— A€ R
57 25

Pane 4



Example 2: : Find the general solution of the diff.eq.%+y =sin x.

; 1L
« Find the CF and a PI of the differential equation 2% —y=3e?". Hence write down the GS.

. . . dy 2 . i
« Solve the differential equation o 2y =2x"+3, given that y(0)=5.
X
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Exercises:

1) Find the general solution of the following differential equations:

(a) -fll+31—9\' +1 (b) 2%—)-':\’—3
X X
dy
(¢c) §+31 =sinx+2cosx (d) -———1 =2C0Sx
(e) g—1+31 =3e™ ®H %—3_1' =3e™"
X X
d
(g) d—1+41 =8x+e "
2. (a) Find the complementary function and a particular integral of the differential equation
L 3y=6.
dx -

(b) Hence obtain the solution satisfying the condition y(1)=0.

3. (a) Find the complementary function and a particular integral of the differential equation

%—21 —e**,

(b) Hence obtain the solution satisfying the condition y(0)=2

4. Solve the differential equation
4 + y =sin2x,
dx
subject to the condition y(0)=1.
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Second order linear diff. equ.

The method studied with first order linear diff. equations can be extended to second
order linear diff. equations:

d’y ,dv o .
a dr1 +b g +cy = f(x) is a differential where a,b and ¢ are real numbers.

The AUXILIARY equation associated with this equation is al* + bA+c =0

The reduced equation is a d1 +b dy +

=0
&

Complementary functions: (= General solution of the reduced equation)

Because the auxiliary equation is quadratic, three cases are possible:
(and you need to know them by heart)

Casel: aA* +bA+c=0 has two distinct solutions 4 and A,.

The complementary function is y = 4™ + Be™ AeR,BeR

Case2: aA’ +bA+c=0 has equal/repeated solutions, / To know by
The complementary function is y = (4x+ B)e™ AeR,BeR

Case3: aA” +bA+c¢ =0 has two conjugate solutions 4 = p +iqg and 7

The complementary function is 1 = ¢” (A Cos(gx) + BSin(gx)) AeR,BeR
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Exercises:

1. (a) Write down the general solution of the differential equation

2. Find the general solution of each of the following differential equations.

d’y dv d Y _odv,
(a) dxz _d__6 y=0. (b) 2ot y=0.
d’y _dy d’v dy
(c) ™ -6d— 10y =0. (d) 4 ZE—+ Oy =
d’y _dy d’y _dy
e) 252 16 15y =0. £r 62 =0.
(e) Y () o3 Og
3. (a) Find the general solution of the differential equation
d Y_.=o.
d.\“

4.
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(b) Hence find the particular solution satisfying the boundary conditions y(0)=1 and

N LS )
(22

(b) Hence find the particular solution which is such that

Solve the differential equation
d’y | dy
d? dx

+4y=

subject to the conditions that y =1 and

0

dy
a—luhcn x=10.

0.

y=1and —q—-=0“hen =i

dx

3+ .2=4(q) cg+p=4 (¢
i - ¥
ag+F=4 (3) .Emsg-pzsoay. - 2=4 (9)
xg ) X v X L

 2g+w)=41 (p)
x¢

2lg+w)=4 (@

xgmsz—xgsod=A (q)

rza{x—”:.t’ :

g
{\ursg+\soay) a=4 (9)

w2 + 5V = 4 (e) -

xgmsg+xgsodp =4 (8)
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Particular integrals:

a Z;':' +b ;ﬁ +cy = f(x)is a differenrial equation where a,b and c are real numbers.
3 X

e Finding the particular integral:
@ if f(x)=P(x),apolynomial, then y,,= O(x) is a polynomial of the same degree.
@ if f(x)=aCos(kx)+bSin(kx), then y,, = 4 cos(kx)+ BSin(kx)

® if f(x)=ae™, then Yoor =A4ée” (or Vo = Axe™ or Vo = Ax*e™)

The general solution of a dé}: +b Ls +cy=f(x)
dx” dx

is the sum of the complementary function and the particular integral:

Yo =Ye T Vpr

Example: Find the general solution of the diff. equation: 3‘ i‘ 6y =2e**
Y- X

the auxiliary equation: A* —4A-6=0
A=3o0or A=-2
Vo = A€’ + Be™*
The particular integral: y = ae™

4ae™ —2ae™ —bae™ =2e”

b 1
—4ae”* =2e™" soa=-—

b | =

-
2x

I Dy 1 Yy
Yo =—7€ y=Ae" +Be™" ——e”
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Have a go: v

—2e 'sinx+cosx+2sinx

2(1—e™ )sin x +cos x.

Solve the differential equation

2
dy ,dy
—+2——+2y=5cosx
e dx

subject to the conditions that y =1 and g—l =0 when x=0.
"
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Exercises:

1. The complementary function of the differential equation

d’ v, dv

dx” dx

is (4+ Bx)e®. Ineach of the following cases find a particular integral. and hence write
down the general solution of the differential equation in these cases.

(@) f(x)=e, (b) f(x)=4x"+6, (c) f(x)=25sinx

+4y=f(x)

2. The function y(x) satisfies the differential equation
d’y  dy
o 7 6 E‘; +9 y= e
(a) Find the complementary function.
(b) Show that there is a particular integral of the form y = ax’e’*. and find the appropriate
value of a.
(c) Hence write down the general solution for y(x).
3. Find a particular integral for the differential equation
d? vy dy 4
dy? dx
4. Solve the differential equation
dy dv ,
dx'- _d‘\’_"l =4

subject to the conditions that y =0 when x=0 and y - -2 as x > =,

5. Find the solution of the differential equation

< : Kool B
d v dy x{az,\?+x£a{‘\g+p]_.t (2)

—=—4—+5y=8sinx
d-r"' d.T

xXuse +

satisfying the conditions that y =0 and % =0when x=0.
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Second order linear diff. equ. with variable coefficients

G;—‘ + P(x) % +Q(x)y = R(x)1s a differential equation where P, Q and R are three functions of x.
dx X

Note:This is the equation written in its standard form.

These equation are solved using SUBSTITUTION.
The substitution to use will be given in the question.

After substitution, the equation obtained will be solved using either of the techniques
seen in this chapter or the previous one (integrating factors).

Example:

The function y(x) satisfies the differential equation
d’y 2dy
—+=—=—=0, x>0
dy®  x dx .

. ..y ks - .
(a) Show that the substitution d_ = reduces the differential equation to
+

du  2u
-—+—=0,

dx  x
(b) Hence find the general solution for « in terms of x.

(¢) Deduce the general solution for y(x).

(d) Find the particular solution for y(x) which is such that ¥ (1)=0 and y (x) =1

as X — oo,
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Exercises:

. :
1) The function y(x)satisfies the differential equation i‘:’; o X 5 % =0 where x > 2.
x p—

a)Show that the substitution % = ureduces the differential equation to a__¥ oo

x—2

b) Find the general solution for u(x).
c)Hence find the general solution for y(x).

¢ )
-

2)The function y(x) satisfies the differential equation Sin(x)% —2Cos(x) % =0,0<x<7.

.. ay . :
a) Use the substitution E = u to transform the diff.eq. to one of first order in u.

Find the general solution for # and show that it can be expressed as

u=C(-Cos(2x)) where C 1is an arbitrary constant.

b)Given thaty =7 and % =1 whenx = %,ﬁnd y(x).

&y v _ s

3)a) Use the substitution % = u to transform the diff.eq. o 2—=¢
X

into a first order linear differential equation in u.
b)Obtain an integrating factor for the diff.eq in u, and hence show that the general solution is

3 p . .
u=e" + Ade” where A4 is an arbitrary constant.

¢) Given that y=0 and ho'd =0 when x=0, find y in terms of x.
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If you want more practice: Miscellaneous questions

In questions 1-10 solve each of the differential equations, giving the general solution.

1 g;’; 65‘2+5y—]0 2 3—;1;*83—:+12y—36x
3 §%+g—z—lzy=12€2‘ 4 t‘::llx?32}+2dx 15y =5

5 3%—8{%+]6y=8x+12 ﬁ'j;v g;+y=25c052x
7 ;%+81y=1593“ g'd@+4y—smx

9 2%-4%4—5_);:2512—7 ::;3; Zg+26y—e‘

In questions 1-5 find the solution subject to the given boundary conditions for each of the
following differential equations.

dy , dy _ _ dy _ _
1 gx—2+5£+6y—129‘ y—landdx—Oatx—O

Zy 24 = dy "
2 dxz = 12e y—2anda—6atx—0
=19 _d - 0 oo
3 H?  dx —42y =14 y—()andd—x—-ﬁ-atx—(}
4 d2y+9_y—1651nx y=]andg—£=83tx=0

d-y N dy N
5 a2 4—+Sy~sm:x+4cnsx y—()andd—x~0atx—0

7 Use the substitutiony = %to transform the differential equation

dw dy
xpz+ @ -4y -

&z _4dz_

4y = 0 into the equation i Y&

d¥y

— 4y = 0, giving y in terms of x.

8 Use the substitution y = % to transform the differential equation

&y d’z | ,dz
+ + 2)== + + 5L 4 2z=077,
xr— e 2x(x 2) 2(x + 1)°y = ax? de 2z=¢
o -y dy 2 e
Hence solve the equation x* = + 2x(x + Z]Ef + 2(x + 1)’y = e %, giving y in terms of x.

9 Use the substitution z = sin x to transform the differential equation

o

dy dy d’y

el 3y = 5 i = g2
cos x5 + sin x-* — 2y cos’x = 2 cos’ x into the equation —= a2 -2y =2(1 - 29,
g d’ dy s y
Hence solve the equation cos 2 e 2y cos’x = 2 cos® x, giving y in terms of x.
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