Rates of Change:  An application of differentiation
The gradient function, 
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, of a curve measures the rate at which the curve increases or decreases. 

Many questions in mathematics involve finding rates and these types of questions involve differentiation.  Usually they involve differentiating with respect to time.
Introductory example (examination style question):

A cup of coffee is cooling down in a room.  At time t minutes after the coffee is made, its temperature is x°C, where


[image: image2.wmf]30

1875

t

xe

-

=+

.

i)  
Find the temperature of the coffee when it is made.

ii)
Find the temperature of the coffee 15 minutes after it is made.

iii)
Find how long it will take for the coffee to cool down to 70°C.

iv)
Find the rate at which the temperature of the coffee is decreasing after 5 minutes.

Solution:

(i)  At the time when the coffee is made, the value of t is 0.  So to find the temperature of the coffee when it is made, we substitute t = 0 into the formula:
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(ii)  To find the temperature of the coffee after 15 minutes, we substitute t = 15 into the formula: 
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(iii)  We now are given that x = 70 and we wish to find t.  We therefore have to solve the equation:
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First subtract 18 from both sides:
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Next divide by 75:
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To undo the exponential we take natural logs:
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Work the log out:
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Multiply by 30:
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Therefore the temperature of the coffee is 70°C after 11.0 minutes.

(iv)  To find the RATE at which the coffee is cooling after 5 minutes we need to differentiate:

Remembering the rule for differentiating exponential functions we get:
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Substituting in t = 5, gives:
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So the temperature is decreasing at a rate of 2.12°C per minute at this time.

(Note:  
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dt

 is negative as the temperature is decreasing).

Practice question (adapted from past AQA examination question)
A biologist is studying the growth of a population of rabbits.  A proposed model for the size of the population, P rabbits, t months after the study started is
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a)  Use this model to find, to the nearest whole number, the size of the population:


i)  after 6 months;


ii) after 12 months.

b)  Find the time, in months, when the population first exceeds 1000 rabbits.

c)  Find the rate at which the population of rabbits is increasing after 18 months.
Solution:
a)  
(i)
To find the population after 6 months, we substitute t = 6 into the formula:



P = 

(ii) To find the population after 12 months we substitute t = ……. into the formula:

P =

b) 
We need to solve the equation: 
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Divide by 20:


Taking natural logs:


Now find t:

c)  
To find the rate at which the population is increasing we need to differentiate.


Notice that the formula for P can be rewritten as 
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Therefore, the formula for 
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So after 18 months, 
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Therefore after 18 months, the population of rabbits is increasing at a rate of  ……… rabbits per month.


Connected Rates of Change:  Use of the Chain Rule
This part is the most complicated part of the differentiation work in C3.

Introductory example (past examination question AQA)

In a timing device, sand falls through a small hole to form a conical heap.  As the cone forms, the height, h cm, remains equal to the base radius, r cm, of the heap.
a)  The volume of the sand after t minutes is V cm3.  Explain why 
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b)  The sand falls through the hole at a rate of 3 cm3 per minute.  Find the rate at which the height of the heap is increasing at the instant when h = 2.  Give your answer to 2 significant figures.

Solution:
a)  Recall from GCSE that the volume of a cone is 
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Since we know here that r = h, the volume can be expressed as 
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b)  In these kind of questions it is important to follow the following steps:

Step 1: first of all write down mathematically what information we are told and what we want to find out.

· We are told the rate at which sand falls through the hall, i.e. we are told 
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(note the clue is in the units cm3 per minute).

· We want to find the rate at which the height increases, i.e. we want 
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dt

.

Step 2:  We then use the chain rule to link what we are told with what we want:

Here:
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Step 3:  Find an expression for the linking term

Notice that we can find an expression for the linking term 
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 by differentiating 
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We get 
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So our linking equation becomes:  
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Step 4:  substitute numerical values into the linking equation
We are told that 
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3 and that h = 2.  Therefore:
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i.e.
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 cm per minute (correct to specified accuracy)

Examination question (AQA)

At a time t minutes, a circular puddle has radius r cm and area A cm2.  

a)  Find 
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 in terms of r.

b)  The radius is increasing at a rate of 3 cm per minute.  Find the rate at which the area is increasing at the instant when the radius is 50cm.
Solution:

a)  The formula for the area of a circle is ……………… .  Therefore 
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b)  Follow the steps given in the previous example.

Step 1:  
You are told …



You want to find …

(remember to look at the units for clues).

Step 2:  The linking equation, using the chain rule is:




=                ×







told      linking term     want 

Step 3:  In part (a) we had an expression for 
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Step 4:  Substitute in the numerical values 
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 and r = 50:
Further examination style question:
The volume of a spherical balloon is decreasing at a rate of 25cm3/s.

Find the rate at which the radius is decreasing at the instant when the radius of the balloon is 2cm.  Give your answer correct to 2 significant figures.

The formula relating to volumes of spheres is: V =


Differentiate this:  
Told the value of 
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Want to find 
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The linking equation is:





=                ×





told      linking term     want 

The linking term is …

Substitute in gives:  
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