SLBS

MATCHINGS

You are given a list of n “jobs” and n “people” together with their preferences and, usually, an initial matching.  You have to assign the “jobs” to the “people” so that all the “jobs” are being done by “people” who are prepared to do them. (Sometimes known as “The Marriage Problem”)
Example
A college dramatic society has six helpers:

Andrew, Donna, Henry, Karl, Nicola and Yana.

They are to be matched to six tasks:

Props, Lighting, Make-up, Sound, Tickets and Wardrobe.

The table indicates which tasks each person is able to do.

	Name
	Tasks

	Andrew
	Wardrobe, Props, Tickets

	Donna
	Tickets, Make-up

	Henry
	Lighting, Make-up

	Karl
	Sound, Wardrobe, Lighting

	Nicola
	Sound

	Yana
	Lighting, Tickets
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(Read pp 195-198)
Ex 7A pp 198-200

A matching in a bipartite graph is a subset of edges such that no two edges have a common vertex.

Initially Andrew, Donna, Henry and Karl are matched to the first task in their individual lists.  This can be shown on the bipartite graph in a distinctive way by either using coloured pencils or a ‘squiggly’ line.
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A maximal matching is a matching in which the number of edges is as large as possible.  e.g.







A complete matching is a matching which pairs every vertex on the left with a vertex on the right. (Number of vertices on each side must be the same in this case and equal to the number of edges)  e.g.
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Ex 7B pp 202-203
ALTERNATING PATHS

It joins an unmatched vertex on the left to an unmatched vertex on the right.  The edges in the path are alternately in and not in the matching.

The edges you go along from left to right are not currently in the initial matching but the ones you go along from right to left are the ones currently in the initial matching.  e.g.
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The diagram shows an initial matching M

To find an alternating path for M:


Select D as an unmatched vertex


Take first edge as D to R


R is matched with B, so second edge is R to B


Take third edge as B to Q


Q is unmatched so we have achieved breakthrough
We have an alternating path:
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This can be written as:


D      (      R      =      B      (      Q       (breakthrough)



  (
         (

     “can do”       “is being





done by”

On an alternating path, the number of edges not in M is one more than the number of edges in M.

We change the status of all the edges in the alternating path.

Those that were in the matching are now not to be used whilst those that were not in the matching now are to be used. (You are just re-allocating the jobs)

So,
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becomes
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Using our notation:


D      (      R      =        B      (      Q     (breakthrough)

becomes


D      =        R      (      B      =        Q     

Add DR & BQ

Remove RB

THE MAXIMUM MATCHING ALGORITHM

This improves an existing matching, if possible, by first establishing an alternating path between vertices not in the current matching.  The status of the edges are then changed to produce an improved matching.

(If the current matching is maximal, no alternating path will be found)

Step 1
Start with any non-trivial matching M

Step 2
Search for an alternating path

Step 3
Construct a better matching M( by changing the 


status of the edges in the alternating path and 


return to Step 2 with M( replacing M

Step 4
Stop when no alternating path can be found.  The 

matching is then maximal.

You will need to use an alternating path for each unallocated person.  The matching should be changed each time you find an alternating path.

You may want to use a decision tree diagram to help you investigate the possible paths.

An alternating path increases the number of matchings by 1

Example
Returning to the college dramatic society and the initial matching:

Step 1





Step 2
As N is unmatched, we use N as the starting point 

of an
 alternating path.




We choose one of the possibilities (in this case ending at M)


N   (   S   =   K   (   L   =   H   (   M

Step 3
Change status (c.s. is an accepted abbreviation)

c.s.
N   =   S   (   K   =   L   (   H   =   M

Add NS, KL & HM

Remove SK & LH
(Leave AW & DT)

This now gives us the following matching:




Returning to step 2, we choose Y as it is unmatched.



Y   (   L   =   K  (   W    =    A  (  P 

c.s.

Y   =     L  (  K   =    W   (   A   =   P
Add YL, KW & AP

Remove LK & WA
(Leave DT & HM)
Hence matching becomes:






This is now a complete maximal matching.

So,
Andrew does Props


Donna does Tickets


Henry does Make-up


Karl does Wardrobe


Nicola does Sound


Yana does Lighting

Problem solved!

Note:

Remember to state which people are doing which jobs at the end!

If more than one alternating path has to be found (because there is more than one unmatched person), then the next alternating path must take into account the new matching formed by previous alternating paths.

Alternating paths must be listed clearly.

Example




The diagram represents eight seats in a railway carriage, which are numbered 1, 2, 3, 4, 5, 6, 7, 8.  These are the last eight seats available on a special sightseeing trip.  The booking clerk has to arrange the seating for the final customers.

Six customers make the following requests.

Ms A wants an aisle seat facing the engine (6 or 7)

Mr B wants a window seat (1, 4, 5 or 8)

Rev C wants a seat with his back to the engine (1, 2, 3 or 4)

Mrs D wants an aisle seat (2, 3, 6 or 7)

Miss E wants a seat facing the engine (5, 6, 7 or 8)

Dr F wants a window seat with her back to the engine (1 or 4)

Initially the clerk assigns:


A to 6, B to 5, C to 4, D to 2, E to 7 and F to 1

The day before departure Mr and Mrs G join the trip.  They ask to sit next to each other (1 and 2, or 3 and 4, or 5 and 6, or 7 and 8).

The clerk reassigns the seats using, as far as possible, the original seat assignments as the initial matching.

a)
Choose two seats for Mr and Mrs G and, using a bipartite 
graph, model the possible seat allocations of the other 
customers.

b)
Indicate, in a distinctive way, those elements of the 
clerk’s original matching which are still possible.

c)
Using your answer to part (b) as the initial matching, 
apply the maximum matching algorithm to find a final 
matching.

Solution

a)
Let Mr G have seat 7 and Mrs G have seat 8


Miss E can no longer sit in seat 7

b)






c)
Choose E as it is unmatched

Hence
E    (   5     =      B    (   4     =    C    (   3

c.s.

E    =     5    (     B     =    4    (    C     =   3

Add E5, B4 & C3 

Remove  5B & 4C

Hence matching becomes:






Hence the final matching:


A to 6


B to 4


C to 3


D to 2


E to 5


F to 1


Mr G   to 7


Mrs G to 8

Ex 7C pp 209-211
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