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1 A car travels over a rough surface. The vertical motion of the front suspension is modelled by the
differential equation
d2y
—= + 25y =20cos 5¢,
dr? Y

where y is the vertical displacement of the top of the suspension and ¢ is time.

(i) Find the general solution. [8]

d
Initially y = 1 and = = 0.

dr
(ii) Find the solution subject to these conditions. [4]
(iii) Sketch the solution curve for 7 = 0. [4]

A refined model of the motion of the suspension is given by

&’y dy
) + 25 + 25y = 20 cos 5¢.

(iv) Verify that y = 2sin 5¢ is a particular integral for this differential equation. Hence find the general
solution. [6]

(v) Compare the behaviour of the suspension predicted by the two models. [2]

2  The differential equation

dy sinx
— 43y =
xdx Y X
is to be solved for x > 0.
(i) Find the general solution for y in terms of x. [9]

As x — 0, y tends to a finite limit.

(ii) Use the approximations sinx = x — éx3 and cosx ~ 1 — %xz (both valid for small x) to find the
value of the arbitrary constant and the limiting value of y as x — 0. Hence state the particular

solution. [6]
(iii) Show that, when y = O, tanx = x. [2]

An alternative method of investigating the behaviour of y for small x is to use the approximation
sinx ~ x — %xz' in the differential equation, giving

1.3
dy x—gx‘
—+3y=
xdx Y X

(iv) Solve this differential equation and, given that y tends to a finite limit as x — 0, show that the
value of the limit is the same as that found in part (ii). [7]
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3 (a) An electric circuit has an inductor and a resistor in series with an alternating power source.
The circuit is switched on and after ¢ seconds the current is / amps. The current satisfies the
differential equation

d/
2— + 41 = 3 cos 2t.
dr

(i) Find the complementary function and a particular integral. Hence state the general solution
for I in terms of ¢. [8]

Initially the current is zero.
(ii) Find the particular solution. [2]

(iii) Calculate the amplitude of the current for large values of #. Sketch the solution curve for
large values of t. [4]

(b) The displacement, y, of a particle at time ¢ satisfies the differential equation

You are not required to solve this differential equation.

The particle initially has displacement zero. The displacement has only one stationary value,
which is where y = %. Also the velocity of the particle tends to zero as t — co.

(i) Without solving the differential equation, use it to find

(A) the gradient of the solution curve when ¢ = 0; [2]
(B) the value of ¢ at the stationary value of y; [31
(C) the limit of y as t — oo. [2]
(ii) Hence sketch the solution curve for ¢ > 0, illustrating these results. [31

4  The simultaneous differential equations

T Tx+ 6y + 2e
dy .
— =—12x-10y + 5sint
7 X y sin
are to be solved for ¢ = 0.
(i) Show that
d? dx
d—tf +37 +2x= 14e™3 +30sin. (5]

3t

(ii) Show that this differential equation has a particular integral of the form x =ae ™" —9cost + 3 sint,

where a is a constant to be determined.

Hence find the general solution for x in terms of t. [8]
(iii) Find the corresponding general solution for y. [4]
(iv) Show that, for large values of 7, x = y when tan ¢ = k, where k is a constant to be determined. [4]

(v) Find the ratio of the amplitudes of y and x for large values of t. [3]
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