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The differential equation

is to be solved.

(i) Write down the auxiliary equation. Show that —2 is a root of this equation and find the other two
roots. Hence write down the complementary function. [6]

(ii) Find the general solution. [3]

Whenx =0,y =0and whenx =In2,y=0. As x — oo, y tends to a finite limit.

(iii) Show thaty = —2e™* +3¢™ — 1. [6]
(iv) Show that y = 0 only when x = 0 or In2. Show also that the graph of y against x has only one

stationary point, and determine its coordinates. [5]
(v) Sketch the graph of the solution for x > 0. [4]

The differential equation

ay CcosXx + ysinx = xcos’x
is to be solved for |x| < %n subject to the condition that y = 1 when x = 0.
(i) Find the solution. [10]
(ii) Sketch the solution curve. [2]
Now consider the differential equation

y ) )
a COS X +ySlI'l)C =XCOSXSsinx

for |x| < %n, subject to the condition that y = 1 when x = 0.

(iii) Use Euler’s method with a step length of 0.1 to estimate y when x = 0.2. The algorithm is given
byx . =x +h, y_ =y +hy. [6]
r+l r r+1 r r

(iv) Use the integrating factor method and the numerical approximation

0.2
J xtanxdx = 0.002 688
0

to estimate y when x = 0.2. [6]
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3  An oil drum of mass 60 kg is dropped from rest from a point A which is at a height of 10 m above a
lake. The oil drum is modelled as a particle that moves vertically. When it is x m below A, its speed
is vms™!. Before it enters the water, the forces acting on it are its weight and a resistance force of
magnitude ivz N.

(i) Show that
Y dv 1
240g —v2dx 240

and hence find v? in terms of x. [9]

(ii) Show that the speed of the oil drum as it reaches the water is 13.71 m s7!, correct to two decimal

places. 1]

After it enters the water, the forces acting on the oil drum are its weight, a resistance force of magnitude
60v N and a buoyancy force of 90g N vertically upwards.

Assume that the initial speed in the water is 13.71 ms™! and that the oil drum moves vertically.
(iii) Show that 7 seconds after entering the water its speed is given by v = 18.61e™ — 4.9. [8]

(iv) Calculate the greatest depth below the surface of the water that the oil drum reaches. [6]

4  The simultaneous differential equations

dx
— = 3x—y+7

dr
% =2x-y+2
are to be solved for r > 0.
(i) Find the values of x and y for which % = % =0. [2]
(ii) Show that
%+4%+5x=5. [5]
(iii) Find the general solution for x. [6]
(iv) Find the corresponding general solution for y. [3]
Whent=0,x=4andy=0.
(v) Find the solutions for x and y. [3]

(vi) Sketch the graphs of x against ¢ and y against #, for ¢ > 0. Explain how your solution to part (i)
relates to your graphs. [5]
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1) &’ +2a>-a-2=0 Bl
(2)’ +2(=2)* =(-2)-2=0 El Or factorise
(a+2)(a’-1)=0 M1 Solve
a=-2,%1 Al
y=Ae” +Be ™ +Ce" M1 Attempt CF
F1  CF for their three roots
[6 |
. 2
(i) PI y= " -1 M1 Constant PI
Al Correct PI
GS y=-1+4e”" +Be ™ +Ce" FI GS=PI+CF
[3 ]
(1) e* —oasx —> o M1 Consider as x —
so finite limit= C =0 F1  Must be shown, not just stated
x=0,y=0=0=-1+4+8B M1 Use condition
x=In2,y=0=>0=-1+;4+1B M1 Use condition
Solving gives 4 =-2, B =3 M1
y=-2e" +3e -1 E1 Convincingly shown
[6 |
(iv) y=—2e" - -1
y=0se"=1orl M1 Solve
< x=In2or0 El Convincingly show no other roots
@ _ 4e™ —3e " =e " (4e -3)
dx
dy — .
—=0oe"=3ase " %0 M1 Solve
dx
< x=In% E1  Show only one root
Stationary point at (In4, Al
[5 ]
(v) y B1 Through (0, 0)
T/«n@vﬁz Bl Through (In 2, 0)
> x Stationary point at their answer to
L Bl (iv)
] S S Bl y—>-lasx—>»

s
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2(1) ? + ytanx = xcosx M1 Rearrange
X
I =exp I tan xdx M1 Attempt IF
=explnsecx Al Correct IF
=secx Al Simplified
di( ySecx) =x M1 Multiply and recognise derivative
X
ysecx=1x>+4 M1 Integrate
Al RHS
Divide by their IF (must divide
(142 y
y=0Gx"+A)cosx F1 constant)
x=0,y=1=>4=1 M1 Use condition
y=(Ex* +1)cosx F1 Follow their non-trivial GS
10
(i) i“ B1 Shape correct for -tz <x<{7w
/’ \ Bl Through (0,1)
—i2 /2 >
2
i) ) = Xcosxsinx — ysinx MI Rearrange
cosx
y'(0)=0 B1
y(0.1)=1 B1
¥'(0.1) =-0.090351 B1
1(0.2) =1+0.1x-0.090351=0.990965 M1 Use of algorithm for second step
Al 3sfor better
6
(iv) =secx M1 Same IF as in (i) or attempt from
scratch
i(ysecx)=xtanx Al
dx
x=0.2 02
[y sec x]’x:o = L X tan xdx M1 Integrate
Al Accept no limits
1(0.2)sec(0.2) —1xsec0 =~ 0.002688 M1 Substitute limits (both sides)
= y(0.2) = 0.982701 Al  Awrt 0.983
6
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. dv 1.2
3(1) 60vd—:60g—;v M1 N2L
X
A1l Correct N2L equation
v a1 Bl  Convincingly sh
240g —v' dx 240 onvincingly shown
v 1
dv = dx
J.24Og—v2 I240 M1 Integrate
—lln‘240g—v2‘ =L ie Al ln‘240g—v2‘ seen
2 240
Al RHS
X Rearrange, dealing properly
240g —v* = de'* MI with constant
x=0,v=0= 4=240g M1 Use condition )
_x 9
v =240g(1—e ') Al Cao
.. _10 .
(11) x=10:>v=\/240g(1—e 20) ~13.71 El  Convincingly shown 1
d
(iii) 60;‘; — 60g —60v—90g MI N2L
d 1 d 1
—Vz——g—vor—v+v=——g Al Correct DE
dt 2 dt 2
Solving DE (three alternative methods):
dv
_[ — = j— dt M1 Separate
v+ ) g
ln|v +4 g| =—t+k M1 Integrate
Al LHS
Lo gt Rearrange, dealing properly
vhag=de ML ith constant
or
a+l=0=>a=-1 M1 Solve auxiliary equation
CF Ae™ M1 CF for their root
Pl _1 M1 Attempt to find constant
28 Pl
v=Ade' -1g Al All correct
or
; M1 Attempt integrating
I=e¢
factor
d
E(etv) =——ge M] Multlply
ev=——ge' + 4 M1 Integrate
;1
v=Ae —Eg Al All correct

v=137l,t =0=13.71=4 - %g = 4 =18.61
v=18.6le" —4.9
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Use condition

Complete argument
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(iv) At greatest depth, v=10
et = 213345
18.61

1.3345
D@m:L (18.61e™ —4.9)dt

1.3345

=[-18.61e™ —4.9¢]

Al

Ml
Al

Set velocity to zero and attempt
to solve

Integrate

Ignore limits

Use limits (or evaluate constant

Ml and substitute for 7)
=7.17m Al All correct 6
46) -3x-y+7=0 c>x:1 B1
2x—y+2=0 y=4 Bl

(2]

(i) X=-3x-y
=-3x-2x-y+2)
y=-3x+7-x
X=-3x-2x-3x+7-x-2
= X+4x+5x=35

M1 Differentiate

M1 Substitute for y
M1 yinterms of x,x
M1 Substitute for y

El Complete argument

(iii) a*+4a+5=0
=>a=-2%i

CF e (Acost+ Bsint)

PI xzézl
5

GS x=1+e*(Acost+ Bsint)

M1 Auxiliary equation
Al
M1 CF for complex roots

F1 CF for their roots

B1

GS =PI + CF with two

Fl arbitrary constants

6]

(iv) y=-3x+7-x

x=-2e(Acost+ Bsint)+ e (—Asint + Bcost)

y=4+e”"((A- B)sint —(A+ B)cost)

M1 yinterms of x,x

Differentiate their x (product
rule)

A1l Constants must correspond

Ml

5]

) 1+A4=4
4-4-B=0
A=3,B=1
x=1+e?(3cost+sint)

y=4+e ' (2sint —4cost)

M1 Use condition on x
M1 Use condition on y

A1l Both solutions

B

(vi)

»
»

As the solutions approach the asymptotes, the
gradients approach zero.

Bl (0,4)
Bl —1
B1 (0,0)
Bl —4

B1 Must refer to gradients
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Report on the Units taken in January 2009
4758 Differential Equations (Written Examination)

General Comments

Many candidates demonstrated a good understanding of the specification and high levels of
algebraic competency.

When sketching graphs, candidates are not expected to do any detailed analysis, but they
should identify features which have been given or obtained in the question.

Comments on Individual Questions

1) (i) This was generally done very well, although some candidates made errors in
the other roots of the auxiliary equation.

(i) Most candidates correctly identified the particular integral. Some
unnecessarily tried a linear or quadratic expression; this often resulted in a
correct answer but was more time consuming and error-prone.

(iii) Many candidates stated one of the arbitrary constants is zero without
explanation. For a given answer some explanation must be given. Most
candidates successfully calculated the other constants.

(iv)  Many candidates found the coordinates of the stationary point. Some were
unable to justify that there are only two roots, often wrongly assuming it was
sufficient to substitute the values of x and show y = 0.

(v) The sketch was often broadly correct, but sometimes did not label the
relevant details — the given conditions and the calculated stationary point.

2) (i) This was often done well, but some candidates made a sign error leading to
an integrating factor of cos x rather than sec x. Candidates are advised to
check their integrating factor carefully to avoid such an error.

(i) The sketches were often poor. Detailed curve sketching was not required, but
candidates were expected to indicate the initial condition and give some
indication of scale on the x-axis.

(iii) The numerical solution was generally well done. However some candidates
gave a list of incorrect numbers with no evidence of method for which no
credit can be given.

(iv)  Some candidates struggled to make any progress. Many made some
progress by using the correct integrating factor. However, few completely
correct answers were seen as candidates often failed to deal correctly with
the initial condition.
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Report on the Units taken in January 2009

3)

4)

(i)

(ii)

(iif)

(iv)

(vi)

Many candidates were able to write down a correct equation of motion, but

dv
some did not realise that the acceleration can be expressed as Va. Most

could solve the differential equation, although a few candidates omitted the
constant. It is vital for candidates to realise the importance of including the
constant and dealing properly with it when rearranging their solution.

Candidates who solved the differential equation correctly almost always
completed this calculation correctly.

Most candidates were able to write down a correct equation of motion and
solve it, although some again omitted the constant of integration.

Most candidates integrated the velocity but some omitted the constant of
integration or made errors in calculating the constant.

Almost all candidates correctly calculated the values of x and y.

The vast majority of candidates took a correct approach to the elimination of
y but some made algebraic errors in the process.

Most candidates correctly found the general solution, but some made errors
in the roots of the auxiliary equation.

It was pleasing to see the vast majority of candidates using their general
solution and the first differential equation to find y. To find the corresponding
solution, candidates should not construct and solve a new differential
equation and only a few candidates used this incorrect approach.

Generally candidates were able to use the given conditions to find the
solutions.

The sketches were often done well, but some candidates omitted to identify
the key features, in particular the initial conditions and the asymptotes.
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