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Section A (36 marks)

3x+2

1 Express —
P x(x2+1)

in partial fractions. [6]

2

1
2  Show that (1 +2x)3 =1+ %x —=x"+ ..., and find the next term in the expansion.

Ol

State the set of values of x for which the expansion is valid. [6]

3  Vectorsaand b are givenbya=2i+j—kand b =4i-2j+Kk.

Find constants A and pu such that Aa + ub = 4j — 3k. [5]
4  Prove thatcotff —cota = M [3]
sin o sin 3
5 (i) Write down normal vectors to the planes 2x —y+z=2and x—z = 1.
Hence find the acute angle between the planes. [4]

(ii) Write down a vector equation of the line through (2, 0, 1) perpendicular to the plane 2x —y + z =2.

Find the point of intersection of this line with the plane. [4]
6 (i) Express cos 6 + /3 sin 6 in the form R cos(6 — o), where R > 0 and « is acute, expressing o in
terms of 7. [4]

(ii) Write down the derivative of tan 6.

177:
3 1 de—\/g
(cos O +v3sin0)>2 4~

Hence show that J [4]

0
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3
Section B (36 marks)
7  Scientists can estimate the time elapsed since an animal died by measuring its body temperature.

(i) Assuming the temperature goes down at a constant rate of 1.5 degrees Fahrenheit per hour,
estimate how long it will take for the temperature to drop

(A) from 98 °F to 89 °F,
(B) from 98 °F to 80 °F. [2]

In practice, rate of temperature loss is not likely to be constant. A better model is provided by Newton’s
law of cooling, which states that the temperature 6 in degrees Fahrenheit ¢ hours after death is given
by the differential equation

de
5 = k(6-8)).

where 6, °F is the air temperature and k is a constant.

(ii) Show by integration that the solution of this equation is 6 = 6, + Ae™ where A is a constant.

[5]
The value of 6 is 50, and the initial value of 6 is 98. The initial rate of temperature loss is 1.5 °F
per hour.
(iii) Find A, and show that k = 0.031 25. [4]

(iv) Use this model to calculate how long it will take for the temperature to drop
(A) from 98 °F to 89 °F,
(B) from 98 °F to 80 °F. [S]

(v) Comment on the results obtained in parts (i) and (iv). [1]

[Question 8 is printed overleaf.]
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8 Fig. 8 illustrates a hot air balloon on its side. The balloon is modelled by the volume of revolution

about the x-axis of the curve with parametric equations

x=2+2sinf, y=2cosf+sin20, (0<06<2nm).

The curve crosses the x-axis at the point A (4, 0). B and C are maximum and minimum points on the

curve. Units on the axes are metres.

d
(i) Find ay in terms of 6.

d
(ii) Verify that ay =0 when 6 = %n, and find the exact coordinates of B.

Hence find the maximum width BC of the balloon.

(iii) (A) Show thaty = xcos 6.

(B) Find sin 0 in terms of x and show that cos® 6 = x — %xz.

(C) Hence show that the cartesian equation of the curve is y2 =x - X

(iv) Find the volume of the balloon.

[4]

[3]

[7]

[3]

OCRY

RECOGNISING ACHIEVEMENT

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable
effort has been made by the publisher (OCR) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will be

pleased to make amends at the earliest possible opportunity.

OCR is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of University of Cambridge Local Examinations Syndicate (UCLES),

which is itself a department of the University of Cambridge.

© OCR 2009 4754A Jan09



OCR¥

RECOGNISING ACHIEVEMENT

ADVANCED GCE
MATHEMATICS (MEI)

4754B

Applications of Advanced Mathematics (C4) Paper B: Comprehension

Candidates answer on the question paper

OCR Supplied Materials:
¢ Insert (inserted)
e MEI Examination Formulae and Tables (MF2)

Other Materials Required:
* Rough paper

Tuesday 13 January 2009
Morning

Duration: Up to 1 hour

ki = 7 =3 = B bad

Candidate
Forename

Candidate
Surname

Centre Number

Candidate Number

INSTRUCTIONS TO CANDIDATES

You are permitted to use a graphical calculator in this paper. .
Final answers should be given to a degree of accuracy appropriate to the Examiner’s Use Only:
context.
1
INFORMATION FOR CANDIDATES
The number of marks is given in brackets [ ] at the end of each question or 2
part question.
The insert contains the text for use with the questions. 3
You may find it helpful to make notes and do some calculations as you read
the passage.
You are not required to hand in these notes with your question paper. 4
You are advised that an answer may receive nho marks unless you show
sufficient detail of the working to indicate that a correct method is being used. 5
The total number of marks for this paper is 18.
This document consists of 4 pages. Any blank pages are indicated.
6
Total

© OCR 2009 [T/102/2653]

Write your name clearly in capital letters, your Centre Number and Candidate Number in the boxes above.
Use black ink. Pencil may be used for graphs and diagrams only.
Read each question carefully and make sure that you know what you have to do before starting your answer.

Answer all the questions.
Do not write in the bar codes.

Write your answer to each question in the space provided, however additional

paper may be used if necessary.

RP-8F14

OCR is an exempt Charity

Turn over



2

For
Examiners

1  Show how the value d = 8 on line 32 is obtained. [2] Use

3  Onlines 43 and 44 it is suggested that the volume of fuel in the tank in Figs. 2.1 and 2.2 could
be calculated using the values of / and 6.

Calculate the volume of fuel in the case where 7 =5 and 0 = 30°. [31
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For
Examiners

4 A fuel tank in the shape of a cuboid is shown below. Use

50 cm

S

It is partly filled with fuel and inclined at an angle to the horizontal. The side view is shown
below.

80 cm

Calculate the volume, in litres, of fuel in the tank. [31
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4

5 (i) Explain clearly how the equation on line 72 can be simplified to give the quadratic equation
on line 74. [1]

(ii) In line 76 only one root of the quadratic equation is given. Find the other root and explain
why it is not relevant in the context of this problem. [3]

6  On line 90 it is stated that if H = A = 10 then equation (4) gives a volume of 37.5 litres. Use
equations (3) and (4) to show how this volume is derived. [3]

For
Examiners
Use
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Measuring the volume of fuel in a tank
Introduction

In many cars, aeroplanes and other vehicles, there is a display which provides information about
various aspects of the engine system. This includes, for example, the temperature of the engine,
the rate of fuel consumption and the volume of fuel remaining in the tank. This information is
generated from measurements made by electronic sensors.

This article is concerned with the mathematics involved in calculating the volume of fuel in a fuel
tank using measurements made by sensors in the tank.

When positioning sensors in a fuel tank, there are two major factors to consider. These are the shape
of the tank and the possible orientations to the horizontal that the tank might experience during
motion.

The shapes of fuel tanks in aircraft wings are determined by the shape of the wings. Consequently,
aircraft fuel tanks have complex shapes and advanced mathematical techniques are required in
order to calculate the volume of fuel in the tanks. In contrast, the fuel tanks in cars are not tightly
constrained by the shape of the car and so can have relatively simple shapes.

Aircraft often fly at extreme angles to the horizontal. The sensors in the fuel tanks need to be
positioned in such a way that they can always give meaningful measurements which can be used to
calculate the volume of fuel in the tank.

Two shapes of tanks are considered in this article: a cylindrical tank, as an approximation to the fuel
tanks used in some cars, and a trapezoidal tank, as an approximation to those used in some aircraft.
Cylindrical tanks

On level ground

Fig. 1 shows a vertical cylindrical tank with radius 20 cm and height 50 cm containing fuel to a
depth of d cm.

0em . N

dcm

— —

Fig. 1

The relationship between the depth, d cm, and volume, V litres, of the fuel is given by the formula

1 2
= — 2 .
\% 1000><7t>< 0°xd
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3

For a cylindrical tank in this position, a sensor inside the tank would need to measure only the
distance between the surface of the fuel and the top of the tank in order to calculate the volume of
fuel.

The system could be set so that, if the volume of fuel drops below a certain amount, a warning light
comes on. For example, if the critical volume is set as 10 litres, the warning light comes on when
d=28.

On a shallow incline

Figs.2.1 and 2.2 (a vertical section) show the tank with its base inclined at an angle 6 to the

H-h
horizontal, where tan 6 = 0 PQ represents the surface of the fuel; PP’ and Q'Q are parallel to
the base of the tank.

Fig. 2.1 Fig. 2.2

The part of the tank between PP’ and Q'Q is divided into two congruent halves by the surface of the
fuel. Therefore the volume of the fuel in the tank can be calculated by adding the volume of the
cylinder ABQQ' to half of the volume of the cylinder Q'QP’P. It follows that the volume, V litres,
is given by

V:%MH+hy (D)
Two sensors could measure the distances DP and CQ. These measurements could then be used to

calculate the volume of fuel in the tank. Alternatively, one of these sensors could be used together
with a different sensor which measures 0 to calculate this volume.

Table 3 shows some possible values of 4, H and 6 for which this tank is three-quarters full. Notice
that when 6 = 32.0°, the surface of the fuel touches the top of the tank at D.

h 37.5 35 32.5 30 27.5 25

37.5 40 42.5 45 47.5 50

0 0° 7.1° 14.0° | 20.6° | 26.6° | 32.0°
Table 3

In this case, and for any other volume of fuel in the tank, there is an angle of inclination beyond
which equation (1) will no longer apply.

30

35

40

45
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On a steep incline

Fig. 4 shows a vertical section of the tank inclined at a steep angle to the horizontal.

Fig. 4

Sensors designed to measure the distance of the surface of the fuel from D along DA and from C
along CB would no longer provide useful information.

This is not a serious issue for cars with such tanks since the steepest roads have an angle of inclination
of only about 15°.
Fuel tanks in aircraft

In aircraft, the shapes of fuel tanks are determined by the shape of the wing. Calculating the volume
of fuel in such tanks requires advanced modelling and computational techniques.

A trapezoidal tank is considered below as an approximation to an aircraft fuel tank. The calculations
give an indication of the way in which the volumes of such shapes are calculated.

Trapezoidal tanks

On level ground

Fig. 5 shows a trapezoidal tank; it is a prism with an isosceles trapezium cross-section.

430}']

D

!

G
F
100 cm /

40 cm
Fig. 5
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The capacity of this tank is

% % 20 % (30 + 40) x 100cm® = 70 litres.

Fig. 6 shows the cross-section of the tank when it contains fuel to a depth of y cm.

30 cm

/ | Lo
ol \

-y

40 cm

Fig. 6

The shaded area, A cm?, in Fig. 6 is given by

1 y
A== ( —Z).
2><y>< 80 2)

The volume, V litres, of fuel in the tank is given by

V:%xyx(SO—)é)x%. 2)

A sensor in this tank could be set so that, if the volume drops to 10 litres, a warning light comes on.
This happens when y satisfies the equation

1 y
5><y><(80——)><— 10.

This equation simplifies to
y* — 160y + 400 = 0.

By solving this equation, it can be shown that the warning light comes on when the depth of the
fuel drops to 2.54 cm.

On a shallow incline

The tank in Fig. 5, containing fuel, is now tilted about the edge AE. Fig. 7 shows a vertical section
of the tank.

65

70

75
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The two ends of the tank and a cross-section parallel to them are shown in Fig. 8. The distance of
the cross-section from the end AEJD is xcm, where 0 < x < 100.

30 cm 30 cm 30 cm

R - . f—

nemy | \

A" 20m " E =~ 40em B=—"""%m ~F
Fig. 8

The relationship between y, as shown in Figs. 7 and 8, and x is given by

H-h
100 ©

y=H - (3)

Fig. 9

To calculate the volume of fuel in the tank in Fig. 7, you can think of the region occupied by the
fuel as being made up of a large number of thin trapezoidal prisms like the one shown in Fig. 9. It
can then be shown that the volume, V litres, of fuel is given by

v 1 2(s0-2)ax )

For example, if sensors indicate that H = 20 and & = 0, then equation (3) gives y = 20 — %x.

Equation (4) then gives a volume of 36% litres.

Similarly, if H = & = 10, then equation (4) gives a volume of 37.5 litres. Since in this case the tank
is on level ground, the volume could have been found using equation (2).

© OCR 2009 4754B Ins Jan09
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On a steep incline

Fig. 10 shows a vertical section of the tank at a steeper angle of inclination to the horizontal.

The techniques required to calculate the volume indicated in Fig. 10 are similar to those used in
deriving equation (4). Sensors measure the distances BR and CQ which are needed in order to 95
calculate this volume.

In conclusion

Sensors in aircraft do much more than measure the volume of fuel in the tank. When designing

and testing tanks for use in aircraft, sensors provide information about the movement of fuel in the

tank. It is crucially important to ensure that, at all times, fuel is being sucked from the tanks into 100
the engines. Sensors allow the designers and engineers to ensure that the shapes of the tanks meet

these crucial requirements.

© OCR 2009 4754B Ins Jan09
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Mark Scheme
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4754 (C4) Applications of Advanced Mathematics

Section A
1 3x+2 A4 Bx+C
x(X2+1) x (241 Ml correct partial fractions
= 3x+2=AW+1)+(Bx+C)x Ml
x=0=2=4 Bl , ,
coefft of x*: 0=A+B=>B=-2 1;/[11 eqlllatlng coeffﬁglgnts
coefft of x: 3= C at least one of B,C correct
- 3x2+2 :%+ 32—2x Al
x(x*+1) x (x*+1
[6]
12
2(i) i _q, 1 37 3 2 Ml binomial expansion
(I+2x)7 =1+ 3 2 2! (2 Al correct unsimplified expression
22,
sgx—g¥ +- simplification
2 4, o«
—1+§X—§X +... El WWW
1, 2.5
(30
Nextterm _3 3~ 3 3
- 31 (2x)° M1
40
BT Al
Valid for -1 <2x <1
= Y <x<Y B1
[6]
3 4j-3k=4a+ub
= AQRi+j—K)+ u(4i-2j+ k) M1
= 0=21+4u Ml equating components
4= —2u Al at least two correct equations
3=-A+u
= A= 2u2A=4=A=2 u=-1 é%’Al
4 LHS =cot f—cot &
_cosfi cosa M1 cot = cos / sin
sinf  sina
_sinacos f—cosasin
B sinasin B Ml combining fractions
_sin(a— /)
~ sinasin p El www
OR
Rps= SM@—p) simacosfi cosasinf M1 using compound angle formula
singsin f sinasinf sinasin S M1 splitting fractions
=cot f—cot a 1[531] using cot=cos/sin
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4754 Mark Scheme January 2009
2 1
5() Normal vectors | _; |and | Bl
1 -1
Angle between planes is 6, where
c0sd 2x1+(=1)x0+1x(-1) Ml scal.'flr prpduct .
\/22 IEIEE \/12 0+ (1) Ml f‘l;l(c)hrr;l% (111111\{;;)5 of scalar product divided by
=1N12
= 0="73.2° or 1.28 rads Al
[4]
.. 2 2
(”) r=0|+A] -1
| | B1
2+24
= -2
1+4
_ M1
= 22+2H)-(A+A+H=2
= 5+64=2 Al
= A=-% Al
So point of intersection is (1, Y2, Y2 ) [4]
6(1) cos@++/3sind = rcos(d—a)
= Rcosfcosa + Rsinfsina 1]\3/[11 R:2_ )
— Reosa =1, Rsina =3 equating correct pairs
= R*=1"+(\3)*=4,R=2
tan & =3 Ml tan & =3 o.e.
= a=mn/3 Al
(4]
(i) derivative of tan &is sec’8 Bl
z 1 1 T
3 do=|3—sec’(6->)dO M1 ft thei
IO (cos @ ++/3sin )’ Io 45 X era
1 V4 5 1 . . .
=| —tan(d——) Al ey [tan (80— m/3] ft their R,o(in radians)
4 371, R
=% (0-(3)
=3/4 * El Www
[4]
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Section B
7() (4) 9/1.5=06hours Bl
(B) 18/1.5 =12 hours Bl
(2]
(i) i—f:—k(@—&o)
deo . .
= j = J—kdt M1 separating variables
00, Al In(6—6,)
= In(@-6,)=—kt+c Al ki+e
__—kt+c
0-0,=c Ml anti-logging correctly(with c)
0=0,+Ade™* El _ e
0 [5] A=e
(iii) 98 =50 + Ae’ Ml
= A=48 Al
nitially 99— 19850y = 48k = 1.5
RS ==L MI
El
=  k=0.03125%
[4]
(iv) (4) 89 =50+48¢ %> M1 equating
= 39/48 = ¢ 003125t Ml taking Ins correctly for either
= ¢=1n(39/48)/(-0.03125) = 6.64 hours Al
(B) 80 = 50+ 48¢ "> M
= 30/48 — 670,03]25t Al
=  t=1In(30/48)/(-0.03125) = 15 hours
[5]
(V) Models disagree more for greater temperature loss | Bl
[1]
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8(1) %zzcosza—zsine, 5—2:2cos0 B1, Bl
dy dyldo Ml substituting for theirs
dx  dx/do
d_y:200529—25in6’ZCOSZH—SinH Al oe
dx 2cosd cosd [4]
(“) When 6:7'[/6 d_y_COSﬂ'/3—Sinﬂ'/6
dx cosz/6
_l2-12 El
V32
Coords of B: x =2 + 2sin(nt/6) = 3 M1 for either
y =2cos(n/6) + sin(n/3) = 3V3/2 Al,Al exact
BC =2x 3v3/2 =33 Blft
[5]
(iii) (4) y=2cosf+sin26
=2 cos 6+ 2 sin Hcos O M1 sin2@= 2 sin O cos O
=2cos @(1 +sin 6)
=xcos 6 * El
(B) sinf="% (x —2)
cos’0=1—sin’0 Bl
“1-Y%(x-2) Ml
=1-Yx’ +x-1
=(x—Vax?) * El
(C) Cartesian equation is * = x*cos’ 0 M1 squaring and substituting for x
2 2
= x(x—Yax")
_ 3 4y El
x —Vax [7]
. 4
iv = 2
(iv) v jo Ty dx
M1 need limits
=7Z'J.4(x3 —lx“)dx
0 4
1 1 LT
:ﬂ[—)f——xs} Bl |:lx4 _ix5:|
4 20 |, 4 20
=mn(64—-51.2)
=12.8m=40.2 (m’) g; 12.87 or 40 or better.
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Comprehension
1|4 M1
i
75 El
d=—=7.96
T
2 1 Ml
v=m20%h +5(7z202H —720°h)
:l(zzozﬂwzozh)cnf = 2007z (H +h) em® Ml | divide by
2 1000
1 El
=§7Z'(H + h) litres
3 | H=5+40tan30" or H=h+ 40tand Bl or evaluated
1 1
v=—m(H+h)=—_x(10+40tan30") M1 | including
5 5 substitution  of
values
=20.8 litres Al
4 M1
V=%x80x(40+5)
x30 cm’® = 54 000cm’ 1;‘/[11 x30
= 54 litres
5 | (i) Accurate algebraic simplification to give y* —160y +400 =0 Bl
(i1) Use of quadratic formula (or other method) M1
to find other root: d =157.5 cm. Al
This is greater than the height of the tank so not possible
El
6 | »=10 B1
Substitute for y in (4) :
y=—L 3750 Ml
1000 Jo
| El
V= x37500=37.5*

[18]

17




Report on the Units taken in January 2009
4754 Applications of Advanced Mathematics (C4)

General Comments

This paper was of a similar standard to that set in January 2008. The Section A was slightly
more difficult than last year. The Comprehension was well understood and the marks were
generally high.

As usual in the January session, a high standard of work was seen. All questions were
answered well by some candidates. The paper was accessible to all and a large number of
candidates were able to obtain full credit in many areas.

Some candidates failed, once again, to give sufficient working when establishing given results-
often losing unnecessary marks. Questions involving ‘show that’ need to show all stages of
working. The work with algebra was also often disappointing-particularly the use of brackets.

It is vital that candidates’ scripts for paper A and the Comprehension paper are attached to each
other using treasury tags before being sent to the examiner.

Comments on Individual Questions
Paper A
Section A

1) The majority of candidates started with the correct partial fractions.
3x+2 =A(x*+1)+Bx+C(x) was often seen when multiplying up the fractions
although correct work often followed. The commonest mistake was a failure to
assemble the final fractions correctly.

2 3-2x . . . 2 2x+3
—+— often incorrectly being given as——

x x +1 x x*+1

2) The Binomial expansion was usually well understood and used appropriately.
The main errors were failing to fully establish the given result and either missing
out the validity or including equality signs in it.

3) This vector question was usually successful, but occasionally omitted. Most
candidates used simultaneous equations to find the values of A and p but others
found the values by inspection and then checked their results. Many scored full
marks.

4) The trigonometric proof was more successful than this type of question has
been in the past, although some candidates do not offer logical arguments for
their proofs - often working with ‘both sides’ in a confused manner.

5) (i) This was usually correct although occasionally the correct answer, 73.2°, was
subtracted from 180° or 90°.

(ii) Although it did not affect their marks on this occasion, r = was often omitted

before the vectors. Provided that they started correctly, this part was usually
completed successfully. 64 =-3, /= -2 was a relatively common error.

13



Report on the Units taken in January 2009

6)

(i)

(ii)

Section B

7)

(i)
(ii)

(iif)

(iv)

(v)

(ii)

(iif)

(iv)

The first part was usually successful. Many candidates omitted the R when
stating Rcosa =1 or R sina =V3 but were not penalised as they proceeded
correctly. a was usually given correctly in terms of «.

This was less successful. The derivative of tan § was often correct - quite often
being found from first principles. Much then depended upon candidates
realising the connection between parts (i) and (ii). Good candidates gave
completely correct solutions although for some the numerical factor changed to
4 or 2 or 2. Weaker candidates often missed this part out.

The times were almost always right.

Although most candidates separated the variables correctly, the constant was
occasionally omitted. When anti-logging, ¢ **“was often seen as

e +core™™ +¢°. On this occasion, the answer was given so they had to be
clear about their use of A=¢“ (or equivalent) to obtain full marks.

A = 48 was usually found, but when finding the value of k there were two
common errors. These were either using 1.5= -48k (and omitting the (-)1.5) or

substituting for t=1 in 96.5=50 +A ¢ ¥ and not using the differential.

This was usually correct provided the values of 89 and 80 were substituted.
Some attempted to take the logarithms of negative numbers in their incorrect
working.

Discussions of Newton’s law of cooling or that the temperature changed over
time were common. Some only referred to one model. They were required to
comment on the time difference between the two models becoming increasingly
different as the temperature loss became greater.

The correct method was usually seen. There were some sign and coefficient
errors but the answer was often completely correct.

Many failed to verify that dy/dx =0 as they did not substitute values for

cosmn/3 —sinn/6. Some solved the equation in (i) to find the value of 4. This was
unnecessary, but equally valid. Although the method for finding the co-ordinates
was usually correct, often the value of x was omitted and the value of y was not
always given in exact form.

This section was usually well done although there were some confused
arguments. There were occasional long solutions in (C) when squaring
y=2cos# +sin26 and then substituting back for x using part (B). The main error
was squaring term by term.

This was well answered. The commonest mistake was losing the © before the
final line.
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Report on the Units taken in January 2009

Paper B: The Comprehension

Candidates should be advised to think carefully before entering their answers in the spaces on
the Comprehension answer sheet as their working is often confused or crossed out.

1) This was usually correct but as the value of d was given, d=8 was not enough to
establish the result.

2) The working was often confused but the answer was usually derived.

3) There were some confused solutions but many were right. Common errors
included prematurely rounding the value of H and giving the final answer as
20.8 cm? rather than litres.

4) A fairly common error was using the formula from Question (2) to find the
volume even though this was not a cylinder. Others could not find the area of
cross section correctly or did not give their final answer in litres as required.

5) (i) This was usually correct but some candidates gave a commentary and did not
show the algebra as well.

(i) The second root was usually found. The commonest error was to compare the
value found with the capacity of the tank, or not specifically compare it to the
height or y. ‘“Too big’ was not explicit enough.

6) This was often fully correct but many found y as a different function of x (often

10x) which caused them problems. A few had variables such as y or H in their
integral with respect to x.
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