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Section A (36 marks)

Show by means of a difference table that a quadratic function fits the following data points.

x | =3 -1 1 3

y | -16 |2 |4 2

[3]

Obtain the equation of the quadratic function, expressing your answer in its simplest form. [S]

Use the formula for the difference of two squares to show that

(Vo T )(VasT++x) =1 ) 2]

A spreadsheet shows /50001 as 223.6090 and +/50000 as 223.6068.

Use the spreadsheet figures to obtain values of /50001 — /50000

(A) by subtraction,
(B) by using (*)

Comment on your results. [5]

For the integral

0.8
1=f 1—x dx
0

find the trapezium rule and mid-point rule estimates with 2 = 0.8 in each case. Use these estimates
to obtain a Simpson’s rule estimate. [4]

Given that the mid-point rule estimate with 2 = 0.4 is 0.784069 to 6 significant figures, obtain a
second Simpson’s rule estimate. Without doing any further calculations, give a value for 7 to the
accuracy that is justified. [4]
An approximation to cosx, where x is small and in radians, is given by

cosx=1-0.5x%
Find the absolute and relative errors in this approximation when x = 0.3. [4]
The formula

cosx=1-0.5x + kx*

gives a better approximation if k is suitably chosen. By considering x = 0.3 again, estimate k. [2]
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S Astudent is investigating the iteration

X =x2-3x +3
r r

r+1

for different starting values x;,.

Determine the values of X, and X, in each of the cases Xy = 3, Xy = 2.99, Xy = 3.01.

Evaluate the derivative of x2 — 3x + 3 at x = 3.

Comment on your results. [7]
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Section B (36 marks)
Show that the equation
Vsinx ++/cosx = 1.5, (*)
where x is in radians, has a root in the interval (0.2, 0.3).

Perform two iterations of the bisection method and give the interval within which the root lies, the
best estimate of the root, and the maximum possible error in that estimate. [6]

Now perform two iterations of the secant method, starting with x, = 0.2 and x; = 0.3. Give an
estimate of the root to an appropriate number of significant figures.

Comment on the relative rate of convergence of the bisection method and the secant method. [6]

You are given that equation (*) also has a root a which is 1.298504 to 6 decimal places. An
iteration to find this root produces the following sequence of values.

r 0 1 2 3 4
X 14 1.314351 | 1.298887 | 1.298504 | 1.298504

By considering the values of x. — «a, show that this iteration displays second order convergence
making it clear what that means. [6]

[Question 7 is printed overleaf.]
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7 A function f(x) has values, correct to 6 significant figures, as given in the table.

X 04 -0.2 0.1 0 0.1 0.2 04
f(x) | 0.601201 | 0.711982 | 0.765298 | 0.816603 | 0.865314 | 0.911308 | 0.994506

(i) Obtain three estimates of f'(0) using the forward difference method with 4 equal to 0.4, 0.2, 0.1.
Show that the differences between these estimates are approximately halved as /4 is halved.  [4]

(i) Obtain three estimates of f'(0) using the central difference method. Show, by considering the
differences between these estimates, that the central difference method converges more rapidly
than the forward difference method. [4]

(iii) D, and D, are two estimates of a quantity d.

(A) Suppose that the error in D, is approximately half of the error in D,. Write down
expressions for the errors in D, and D, and hence show that d = 2D, - D,.

(B) Now suppose that the error in D, is approximately a quarter of the error in D,. Show that

4D, - D
d= % [5]

(iv) Use the results in part (iii)(A) and part (iii)(B) to obtain two further estimates of f'(0). Give an
estimate of f'(0) to the accuracy that you consider justified. [5]
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