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Section A (54 marks)

Answer all the questions

(a) A curve has polar equation r = ae % for 0 < 0 < &, where a and k are positive constants.

The points A and B on the curve correspond to 8 = 0 and 6 = & respectively.
(i) Sketch the curve.

(ii) Find the area of the region enclosed by the curve and the line AB.

1

(b) Find the exact value of jz 1 3
03+4x

(¢) (i) Find the Maclaurin series for tanx, up to the term in x°.

4h
. ) . . . n
(ii) Use this Maclaurin series to show that, when 4 is small, J tan x
h

g .
(a) You are given the complex numbers w = 3e 2" and z=1-+3 ]
(i) Find the modulus and argument of each of the complex numbers w, z and % .

.ow ..
(ii) Hence write . in the form a + bj, giving the exact values of a and b.

(b) In this part of the question, n is a positive integer and 6 is a real number with 0 < 6 < P

dx = 3h+7H.

. -1jeo . Lie . . o . . .
(i) Express e 2% 4 e2)% ip simplified trigonometric form, and hence, or otherwise, show

that
. 1
1+ei8 = pe2i? cos%@.

Series C and § are defined by

C=1+ " cosf + " cos20 + " cos30+...+ " cosno,
1 2 3 n

S=|"lsing+|"|sin20+| " |sin30+...+| " |sinneé.
1 2 3 n

S
(ii) Find C and S, and show that C = tan %n@.
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4 2 &k 2 -2 -6
3 LetP=|1 1 3| (wherek+#4) and M=|-1 3 1].
1 0 -1 1 -2 =2
| -1 2 4
(i) Find P~" in terms of k, and show that, when k = 2, P™'=3| 4 —6 —10|. [6]
-1 2 2
43 (2 2
(ii) Verify that |1 (,|1|and| 3 |are eigenvectors of M, and find the corresponding eigenvalues.
1) \0 -1
[4]
4 -6 -10 -2 4 4
(iii) Show that M"=|2 -3 —5[+2"'[-3 6 6 (8]
0 O 0 1 -2 =2
Section B (18 marks)
Answer one question
Option 1: Hyperbolic functions
4 (i) Show that arcoshx = ln(x 2 1) . (5]
39 |
(1) Find —————dx, giving your answer in the form alnb, where a and b are rational
25V4x* -9
numbers. [5]
) cosh x . |
(iii) There are two points on the curve y = ~————— at which the gradient is 5.
2 + sinhx

Show that one of these points is (ln(l + \/5), %\/E), and find the coordinates of the other point,

in a similar form. [8]
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Option 2: Investigation of curves

This question requires the use of a graphical calculator.

5

Cartesian coordinates (x, y) and polar coordinates (r, 8) are set up in the usual way, with the pole
at the origin and the initial line along the positive x-axis, so that x = rcos 8 and y = rsin 6.

A curve has polar equation r = k + cos 6, where k is a constant with kK = 1.
(i) Use your graphical calculator to obtain sketches of the curve in the three cases
k=1,k=15andk = 4. [5]
(ii) Name the special feature which the curve has when k = 1. [1]

(iii) For each of the three cases, state the number of points on the curve at which the tangent is
parallel to the y-axis. [2]

dx
(iv) Express x in terms of k and 6, and find 46 Hence find the range of values of k for which there

are just two points on the curve where the tangent is parallel to the y-axis. (4]

The distance between the point (r, 6) on the curve and the point (1,0) on the x-axis is d.

(v) Use the cosine rule to express d in terms of k and 8, and deduce that k? < d?> < k?+ 1.

[4]

(vi) Hence show that, when £ is large, the shape of the curve is very nearly circular. [2]
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1(a)(i)
(—\ B1 Correct shape for 0<0<1z
4 > B1 Correct shape for
B o A 2 %7[ <0< rx Requires decreasing r
on at least one axis
Ignore other values of 0
g M1 For [(e™%)*de
(ii) Area is I%rz dﬁzj %az(e_k‘g)2 deo J(e ) ] .
0 A1 For a correct integral expression
) 7 including limits (may be implied
- { _ 4 g2k } by later work) (Condone
4k 0 MA1 reversed limits)
_i(l 2hr) Ob’Faining a multiple of ¢2* as
= an Al the integral
4
(b) LI 5 1 M1 For arctan
jz—zdx { arCtan[ xj } A1A1 or —_ and 2
03+4x 2\/_ x/_ 0 2\5 \/g
1
:?amar{ [j M1 Dependent on first M1
OR M1 For any tan substitution
Putting 2x =+/3 tan @ A1
(1
Integral is —de A1 L
g JO e For j de
M1 For changlng to limits of ¢
= A1 Dependent on first M1
1243
©)(i) | f(x)=tanx, £(0)=0
f'(x) =sec’ x, f'(0)=1 B1
f"(x)=2sec’ xtanx, £"(0)=0 o
£"(x) =2sec’ x + 4sec’ xtan® x, f"(0)=2 M1 Obtaining " (x)
; A1l For £"(0) and f"(0) correct
tanx:er%(Z)Jr--- (=x+ix’+.) B1 ft ft requires x* term and at least
' 4|one other to be non-zero
(i) | (* tanx 4
j . dx “J (1+1x%)dr M1 Obtaining a polynomial to
" h integrate
|: 4h
= x+1x* }
9 A1 ft
. h s For x + %x3
— 64 — 1
=@ ) = (h+5h7) ft requires at least two non-zero
=3h+7H terms
A1 ag
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2(a)(i) |w|=3, argw=-Lz Deduct 1 mark if answers given
, arg 2 B1 : ..
C9 areseln in form r(cos @+ jsin ) but
|Z| A8 3 B1B1 modulus and argument not
wl_3 w 1 1 1 stated.
—|=5, ag—=(5n)-(-37m) =47
‘ z ‘ : z 2 ’ ! B1B1 i 5 Accept degrees and decimal
approxs
(1) %=%(cos%7r+jsin%ﬂ) M1
3 3
=—F=+t—F= Accept V1.125 ++/1.125]
CREYER A " P !
oo |©
= (cos 30— jsin0) + (cos3 0 + jsin30) M1 For either bracketed expression
=2cos+0 A1
1+e/f = e%%g(eéjg + e%jg) M1
:eEJH(Zcos%H) A1ag
4
OR 1+¢'% =1+ cos@ + jsin@
2 ..
=2cos’ 20+ 2jsin1-0cos -0 M1
:2cos%0(cos%9+jsin%9)
= Ze%jg cos%& A1
(i) . n e [T 2je Y njo
C+jS=1+ leJ +2eJ +...+neJ M1
=1+’ M1A1
— e g L Using (i) to obtain a form from
2 M1 which the real and imaginary
C =2" cos(3n6)cos" 10 parts can be written down
A1
S=2" sin(%n&)cos’léé A1
s 2" sin(%n@) cos” %6 sin(%n&) an(Ln)
_= = =tan(—-n 1 :
c 2" cos(%n&)cos”%@ Cos(%nﬁ) 2 B1 ag Allow ft from C+jS:e7"6J « any
7 |real function of n and @
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3(@) |detP=1(6-k)-1(4-2) M1
=4-k A1
-1 2 6—k
P 4 a4k k- M1 Evaluating at least three
4k M1 cofactors
-2 2 A1 ft Fully correct method for inverse
-1 2 4 Ft from wrong determinant
When k=2, P'==| 4 -6 -10
-1 2 2 B1ag _
6| Correctly obtained
(i) 4) (0 4 2) (2 2
M|1|=[0]|=01]| M|1|=|1|=1|1 .
| 0 1 ol lo 0 M1 For one evaluation
2 4 2
M| 3 |=| 6 |=2] 3
-1) -2 -1
Eigenvalues are 0, 1, 2 A1A1A1
4
OR M1 Obtaining an eigenvalue (e.g. by
solving -1*+31%-21=0)
Eigenvalues are 0, 1, 2 A2 Give A1 for one correct
A1 Verifying given eigenvectors,
linking with eigenvalues
correctly
(iii) 4 2 2 00 0
B1B1 For{1 1 3 |and{0O 1 0
1 0 -1 00 2"
4 2 23)0 0 0 -1 2 4 seen
M”=|1 1 31|/0 1 0 1 4 -6 -10 (for B2, these must be
1 0 -1llo o 27 1 2 2 M1A1 consistent)
02 2 Y~1 2 4 For sD"s™" (M1AO if order
:%o 1 3x2" (| 4 -6 -10 51 wrong)
00 =28 )J\-1 2 2 4 2 20 0 0
4-2" —6+2""  —10+2""! ol 1 3|4 -6 —10
=[2-3x2"" —343x2" -543x2" M1 2100 —flear o
P -2" 2" A1
Evaluating pr t of 3 matri
=2 -3 =5[+2""|-3 6 6
0 0 0 1 -2 =2 A1 ag
8
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OR Prove M" = A+2"'B by induction

When n=1, A+B=M B1

Assuming Mf = A+25'B |

M = AM +25'BM M1A2
=A+2¢12B) A1A1
=A+2FB A1

True for n=k = Truefor n=k+1;

hence
true for all positive integers n A1

Jan 2007

or M =MA+2*"MB

Dependent on previous 7 marks
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4 (i) |If y=arcoshx, x=coshy =%(ey +e7) M1 4 and + must be correct
eZy—ery-f-l:O M1
,_ 2xtv4x’ -4
T2 M1
=xtyx? -1 A1
Since y>0, ¢’ >1, so ¢’ =x+x* -1
arcoshx:yzln(x+\/x2—l) A1 ag
5
(i) J3-9 1 { 1 ) 1% M1 For arcosh (or any cosh
—dx= —arcosh(—j } substitution)
25 V4x* -9 2 3 15 ATAT 1 2x
| 5 For — and ==
= arcosh 2.6 — arcosh ) 2
(or 2x=3coshu and |Lidu)
=§( 1n(2.6+\/2.62—1)—1n(§+,/%—1)j MA jZ
) (or limits of u in logarithmic
=E(1n5—1n3) fOFm)
=33 At
5
OR M2 For In(kx + Vk*x* - ...)
Give M1 for In(kx+ vk, x* - ...)
39
[ LinQx + V42" —9) } A1A1 For L and In2x +V4x? - 9)
2.5
2 9
:%11’115_%11’19 (OI’ 1n(x+ X —Z)
:%In% A1
(iii) | dv _ (2 + sinh x)sinh x — (cosh x)(cosh x) M1 Using quotient rule
& (2 + sinh x)? A1 Any correct form
_ 2sinhx -1
(2 + sinh x)?
dy 1 . . 2
—=— when 18sinhx—-9=(2 h
dy g L nem IesmY (2 +sinh.x) M1 Quadratic in sinhx (or product of
sinh? x — 14sinh x +13=0 two quadratics in ")
sinhx=1, 13 M1 Solving quadratic to obtain at
When sinhx =1, coshx=+2, x=In(l +2) least one value of sinhx (or e*)
o > M1 Obtaining x in logarithmic form
Point is ( In(1 + \/E), g J (must use a correct formula for
A1 a arsinh)
When g
sinhx =13, coshx=+/170, x =In(13 ++/170) SR B1B1 for verifying y :%\/5
L v d
Point is ( In(13 + 4/170), ﬂ} A1A1 an 1
15 8 ayzg when len(1+\/§)
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Alternatives for Q4 (i)

Jan 2007

coshln(x+\/x2—1)=%(eln(x+‘/z)+e_ln(”\/z)) M1
1 [2 1
= (x+Vx —-l+——)
2 x++x? -1 M1
PN s
- A1
Since In(x++vx*-1)>0, arcoshx = In(x++/x* —1) A
If y=arcoshx then
1n(x+\/x2—l)zln(coshy-i-w/coshzy—l) M1
= In(cosh y +sinh y) M1
since A1
sinhy >0
M1
=In(e”
= In(e”) "
=y
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5 (i)
(’\ B1 General shape correct
k=1 u z B1 Cusp at O clearly shown
(:\ > B1 General shape correct
k=15 0
- B1 ‘Dimple’ correctly shown
f\ N
k=4 ©c
B1
(ii) |Cusp B1
(iii) |When k=1, there are 3 points
When k=15, there are 4 points
When k=4, there are 2 points B2 Give B1 for two cases correct
(V) | x=kcos® +cos’ 6 B1
%:—ksinﬁ—ZcosﬁsinQ B1
=—sin&(k + 2cosd)
=0 when =0, =, or cosé’:—%k M1
. . .
For just two points, k>2 A1 Allow £ > 2
(V) | d?=r*+1>-2rcosd M1
= (k + cos0)? +1—2(k + cos @) cos @ A1
=k*>+1-cos’0 (=k*>+sin’0)
Since 0<cos’0<1, M1 or 0<sin?6<1
K <d*<k*+1 A1 ag
(V) |When kis large, Vk* +1~k, 50 d ~k M1
Curve is very nearly a circle,
with centre (1, 0) and radius k A1
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Report on the units taken in January 2007

4756 - Further Methods for Advanced Mathematics (FP2)

General Comments

There was a wide range of performance on this paper, with about a quarter of the candidates
scoring 60 marks or more (out of 72), and about a quarter scoring less than 30 marks. The
standard integrals involving inverse trigonometric and hyperbolic functions were handled
particularly well, but marks were often lost through carelessness when differentiating
trigonometric functions. Many candidates used very long methods to find eigenvalues, and
some were unable to complete the paper as a result.

Each of the three questions in Section A had an average mark of about 11 or 12 (out of 18). In
Section B, Q.4 (on hyperbolic functions) was chosen by almost all the candidates, and the
average mark was about 10.

Comments on Individual Questions

1

Polar curve and Maclaurin series

In part (a)(i) the curve was usually sketched correctly, although it sometimes spiralled in
the wrong direction and often went through the origin. In part (a)(ii) most candidates used

J'%r2 d@ with the correct limits, although a substantial minority forgot to square r even

though they had written it down. The work was very often completed correctly, but the
integration of e 2 proved to be surprisingly challenging with factors of k going astray

1 1 _ .
and answers such as T 2k0 or even ———e?**1 were quite common.

—2k6 +1
The integral in part (b) was usually found confidently and correctly; the only difficulty was

with the factor A in front of the integral.
2.3

In part (c), the method for finding the Maclaurin series was well understood, but the triple
differentiation of tan x very often went wrong. The first derivative was sometimes written

>— oreven 2 before proceeding, making the work much more difficult
Ccos” x 1+ cos2x

than is necessary. Some strong candidates observed that f"(x)=2f(x)f'(x), and

obtained " (0) =2 very efficiently. When the Maclaurin series had been found correctly,

the final part (ii) was usually also completed correctly.

as

Complex numbers

Part (a) was well answered; most candidates were able to work with modulus and
argument correctly, although solutions were quite often spoilt by careless errors (such as
an incorrect argument for z).

The identity in part (i) was usually handled successfully.

In part (iii), almost all candidates realised that they should consider C + jS, and there

were very many fully correct solutions. However, a fair proportion of candidates failed to
recognise the resulting series as binomial, and were determined to use the formulae for a
geometric series, thereby losing most of the marks for this part.
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3

Matrices

In part (i) almost all candidates knew a method for finding the inverse matrix, and the
process was very often completed accurately.

In part (ii), it was expected that, for each of the given vectors e, the candidates would
evaluate Me and see that this is a multiple of e. Many did this, but a large number of
candidates found the characteristic equation, then the eigenvalues, and finally the
eigenvectors. This did sometimes yield the correct results, but it must have been very
time-consuming. Another common method was to write (M- Al)e =0 and use one

component to find 4 ; however, this does not establish that e is an eigenvector unless the
other two components are checked, and this was rarely done.

Many candidates knew how to answer part (iii) by forming the product SD” S, although

the order of the product was often wrong, and inaccuracies in evaluation frequently
prevented the emergence of the given answer.

Hyperbolic functions

Most candidates knew how to tackle the standard proof in part (i), although few gave the
correct reason (arcosh x > 0 ) for discarding the other root.

The integral in part (ii) was very often found correctly, although the factor 1 was quite
frequently omitted.

In part (iii) the differentiation was usually done correctly. Setting the gradient equal to %

gives a quadratic in sinhx which was often solved correctly; then the logarithmic form of
arsinh was usually correctly employed to obtain the values of x. Many wrote the gradient

in terms of € and e, and rarely made any further progress; and a common error was
to equate the gradient to zero instead of % . Some made heavy weather of finding the

values of y; from sinhx =1 and x =In(1++/2) they evaluated coshx as cosh(In(1++/2))

instead of using 1+ sinh? x .

Investigation of curves

There were only a few attempts at this question, and all of these scored less than half
marks.
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