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1 The equation x3 + 2x2 + 8x ~ 5 = 0 has roots &, $ and 7.

(i) Write down the values of o+ S+ ¥, B+ Yo + aff and afy. 3]
(i) Find a? + g%+ vy [2]
(iii) Show that (8y)% + (y)? + (o) ? = 84. [3]
(iv) Find a?B + a2y + B2y + B0 + y2a + y2B. (4]

(v) Find a cubic equation with integer coefficients which has roots
2a + By, 2B + yxand 2y + af. [8]
2 (i) Prove that arsinhx = In(x + v x2 +1). [5]

2
(ii) Find J ————=dx, giving your answer in logarithmic form. [S]
0 V4x2+9 _ '
(iif) Given that f(x) = arsinh (4 + x), find f'(x) and f”(x). [3]
(iv) Find the Maclaurin series for arsinh (% + x), as far as the term in x2. [3]
rh
(v) Hence show that, when 4 is small, J xarsinh(% +x)dx = %h3. [4]
-h ] .
1 1; - . .
3 (i) Express € 2_19 —e2? jn trigonometric form, and show that (1 —e"’)2 =—4¢l? sinz%a. [6]
(if) For a positive integer n, series C and S are given by
Cc=1- (Zln)cosa + (22'1)00520— (23'1 )cos 36+...+cos2né,
S= —(Zln)sino +(2;)sin20—(2;)sin36+... +sin2n6.

Show that AC =(—4)" cosnb sin2”( %6), and find a similar expression for S. [9]

(iii) Given that w= ew, is a cube root of 1, state the three possible values of ¢ with —7 < ¢ < =,
and find the possible values of (1 — w)®. (51
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(a) A curve has polar equation r = ksin 26, for 0 =< 6 < 2z, where £ is a positive constant.

(i) Sketch the curve, using a continuous line for sections where r > 0 and a broken line for
sections where r < 0. [3]

(ii) The point A has cartesian coordinates (~‘£—§ k, %k).
Find the polar coordinates of A, and hence show that A lies on the curve. [3]

(iii) Find the area of one loop of the curve. [5]

. 3 . .
(b) A conic has polar equation 22 = 3+2cos 6, where a is a positive constant.
r .

(i) Sketch the conic. (4]

The point P(R, ¢) lies on the conic, with 0 < ¢ < %n, and the line PO (where O is the origih)
meets the conic again at the point Q.

18a
ii) Show that OP+0Q=——+—5—. : 3
(ii) Q 9 dcosy 3]
(iii) Given that PQ = 3a, find ¢. [2]
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) ~ - 5 MIl Correct formula and substitutin
Za2 - (Za)z - ZZ aff =(-2)" - 2(8) numbers &
=-12 Al cao
2
WS @py? = (S apf - 2055 MIAL
=82 —2(5)(-2) =84 Al (ag)
3
(iv) Za2ﬂ=(zaxzaﬂ)“3aﬂ7 MiAl
= (~2)(8) - 3(5) Mi Dependent on previous M1
=_31 Al cao
4
M Y @a+pr)=2)a+) ap BI
=4
> (2a+ fr)2p + ya)
= 42 aff + ZZ a*B+ (aﬂy)Za MI1Al M1 requires not more than one error
=—40
Qa + By)(2B + ya)2y +apf)
=8(afy) + 42:(a/9)2 + 2(aﬂy)z a’ +(afy)® |M1A2 M1 requires not more than two errors
— 28] Give Al for 3 terms correct
Equation is Mi Dependent on at least M1
y3—4y2—40y—281=0 Al cao AO0if* =0’ is missing
8

SR: Give B4 for exactly correct answer
obtained by approximate (or no)
working
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2(1) |x= 1(e” -€™?) (where y=arsinhx) Mi
e’ ~2xe? -1=0 Ml
4,2
ey=_2xqi’__24._x___t.4_ (:xi-“xzqi,l) Ml
e’ =x+vYx?+1 (since & >0) Al
y=In{x+ Vvxl+ 1) Al (ag) 5|Not dependenton previous Al
OR If x =sinh y then ,xz N 1‘ —cosh y M OR Differentiating both sides M1
- Method for differentiating
+vx* +1=sinh y + cosh Mi
TNE IRy In(x + Vx% +1) M1
=5(e" —e”)+5(e” +e7)=¢" MIAI Both derivatives correct and
by to b 1
arsinh x = y = In(x + Vx% +1) Al shown o be equa Al
Considering constant M1
Showing constant is zero Al
(ii) 5 ] 1 2212 M1 For arsinh, or any sinh substitution
.[o 4x’ 49 dx:[; mh?Jo Al For arsinhZx or 2x=3sinh@
Al For factor L or jldB
=Larsinh? 2 2
Ml Using arsinh x = In(x + Vx? +1)
5|SR:arsinh % = In(4 + V4?2 +3%) M1A0
OR M2 Integral of form In(ax + V672 +¢2 )
J‘z______ [ ln(2x+1/4x + )] AlAl For L and In(2x+v4x* +9)
A [or In( 5]
. N or In(x+x*+2
=3(In9-1n3)=LIn3 Al
iii -1
) f'(x):{(-;—+x)2+l} : Bl
, ) { . 2 }_% Ml Requires linear factor and power — 3
) =-G+nG+x"+1 Al 3|SR: MIAO for correct differentiation
1
of {(§+Jc)2 +1}z
@) f(0)=1n3, £'(0)= % , I°(0) = ‘1%65‘ M1 Evaluating (at least two) when x =0
Maclaurin series is
arsmh(—+ x)=In3+= x - Tz?x + ... A2 ft Give Al for two terms correct
3|For In3 accept arsich% or 1.09 to 1.1
or ft a wrong value of arsinh 3 clearly
stated earlier
W) h 3 2 In (iv) and (v) coefficients must be
I'= _[_,, (xIn3+$x" ~ 125 s X+ ) dx Ml non-zero to qualify for ft
(42 m3eie et e | AlLf R |
~h M1 Substitution of limits, and cancellation
z(%hzln3+%h3 2soh )= (_hzh‘3 zsoh ) of termns in A and A*
= %hs Al (ag) Allow ft from a + 2 x + bx*
4 Not dependent on previous Al
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33 -Ljg  ij# - . .
@ e 2’ — e’ =(cos%G—Jsm%G)—(cos%0+15m%0) Mi One term correct
=-2jsin+6 Al
A Vil dig - P e e
1—ei? _ezjg(e 219 e’J9)= 2je?’ sinlg MI1Al Or 2sin1-6(sin 8 — jcos16)
(1-ei?)? = —4e¥sin’ Lo MI1Al (ag)
6
OR (1-e/)? =1-2¢i® +¢2?
=(1-2cos@ + cos28) + j(—2sin & + sin 26)
=2cos? 6 —2cosf + j(2sin G cos @ — 2sin §) M1Al Expressing in terms of siné, cosé
= 2(cos@ — 1)(cos & + jsin B) and e'® only (M1AO if one error)
= (-4sin> Lg)e’’ MlAl M for using 1—cos @ = 2sin> 16
() | C+js Mi
Forming C + jS (in any form
=1- 2n el + 2n eHl — 2n e 4. +eM? Al ¢ )
1 2 3
=(1-¢ef)*" MI1Al M1 for recognising binomial
_ (- 4¢# sin? Lo)" M1
=(-4)"eMsin’" Lo Al
Equating real parts, Ml
C =(—4)" cosnfsin*" 1.6 Al (ag)
Equating imaginary parts,
S =(~4)"sinnfsin*" 16 Al
9
(i) {g-0, +27x Bl
. sl 3
(1-w)® =(1-¢?)° =(—4c"’ smz—;—¢) Ml
= 643 % sin®L Al For general ¢ or with ¢=(¥)2x
79 3
When ¢=0, (1-w)®=0 Bl
For other methods (or no working)
When g=227, (1-w)°=-640)( L) =27  |Al give B2B1 for —27, —27
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@O __
/~ S r
\ \
\ \
N . \\
N N B1 For one loop
~ ~ \
e Bl For two further loops
[ o
‘\ RN Bl Fully correct with continuous and
I A broken lines
hY
\ )
. 1
(N < ’Jl
(ii) V302, (3742 »/5
r=y(FR’ G0 = Bl Accept 0.866k
2k
= j_ ~J— so =1rx Bl Accept 1.05
Polar coordinates are ({3—k, %n)
ksin20=k sin(% T)= k(—’/zé_-) =r Bi Requires an exact and convincing
50 A lies on the curve - argument using correct coordinates
(iii) | Area of one loop is M1 Integral of sin? 20
1e 1e . :
RN 240132 (371 _ Al Correct integral expression
jo L(ksin26)’do =1Lk jo (1-cos46)do (limits required)
1 . .
= 11?[6 - Lsindo]" AlAl For [sin?20d0=1(6-Lsin46)
.5 Al cao Accept 0.393k2
g Not dependent on previous two Al'’s
(b)) Bl One intercept correct (intercepts can be
P implied from a table)
\ Bl Any ellipse (or circle)
N
- p7) >
3a /g“' Bl Ellipse with origin as RH focus
B1 Fully correct, intercepts indicated
SR: If a is missing, BOBIB1B] can
be awarded
(if) 3a 3a
= Q= —— B1
3+2cos¢ 3+2cos(¢—x)
OP+0Q=—22 4 3@ Ml
3+2cos¢g 3-~2cos¢
_3a(- 2cos @) +3a(3+ 2cos ¢) 18a Al (ag) One intermediate step required
(3+2cosg)3-2cosgd) 9—4cos’ ¢
(i) | pQ =32 when 18a =3a(9 - 4cos? #) M1
cosg = g
p=1n Al Accept 0.524
6
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General Comments

The candidates demonstrated a wide range of ability on this paper, with about 20% scoring 50 marks or
more (out of 60) and about 30% scoring less than 30 marks. Almost all candidates answered questions 1 and
2, then about 60% chose question 3 and about 40% chose question 4. Some candidates did appear to have
insufficient time to complete their three questions.

Comments on Individual Questions

Q.1

Q2

Q3

Q.4

Roots of a cubic equation

This was the best answered question, with half the attempts scoring 18 marks or more (out of 20) and
about 30% scoring full marks. Parts (i), (ii) and (iii) were usually answered correctly. In part (iv),

those who considered Zaz aff were usually successful, but many candidates considered Zaz a’

and experienced more difficulty, as it was then necessary to find Za3 . The principles involved in
finding the new cubic equation in part (v) were well understood, but many algebraic and numerical
slips were made; in particular the term (@), which occurs in the product of the new roots, was
frequently lost at some stage in the working.

(i) -2, 8, 5; (i) —12; (iv) -31; (v) ¥y’ —4y*> —40y -281=0.
Hyperbolic functions

This question was also well answered, with half the attempts scoring 14 marks or more. Part (i) was
well understood, although many candidates lost a mark for failing to explain why one of the roots can
be rejected. The integral in part (ii) was usually found correctly. In parts (iii) and (iv) the methods for
finding a Maclaurin series were well known, but there were many errors, usually in finding the second
derivative. In part (v), quite a few candidates neglected the third term of the series, rather than
including it and showing that it makes no contribution to the definite integral.

) tn3; (i) F@={E+ 0?1}, F@=-Grofda? e},

: 3 18 2
(iv) In3+sx—55x" +....

Complex numbers

This was the worst answered question, with half the attempts scoring 5 marks or less. In part (i), the
first result was usually correct, but the second result caused great difficulty. Some candidates
answered part (ii) quickly and confidently, but the majority either omitted it completely or tried to
make it into a geometric series. In part (iii) many candidates earned 2 marks for the values of ¢ and

the zero value of (1—w)®, but few saw how the result in part (i) could be used to complete the

question.
(1) —2jsin%9; (i) §=(-4)" sinaninz"%H; (iii) ¢ =0, i%ﬂ, (1-w)l=0, -27.

Polar coordinates

The average mark for this question was about 11. In part (a)(i) the loops were usually correctly drawn,
although the continuous and broken lines were not always in the right places. Parts (a)(ii) and (iii)
were answered well. In part (b)(i) most candidates drew an ellipse, but the intercepts on the axes were
very often wrong; in particular the origin was frequently at the centre of the ellipse. Part (b)(ii) was

12
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often omitted, and few candidates answered it successfully. The final part (b)(iii) was often answered
correctly.

(a)(ii) (gk, %ﬂ'); (iii) %ﬂ'kz; (b)(iii) %ﬂ'.
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