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Option 1: Rotation of a rigid body

A uniform pulley of mass m and radius r hangs freely from a light string attached to its centre O
and to a fixed point P. Another light string is attached to the rim of the pulley and then wound round
it with its free end attached to a fixed point Q, as shown in Fig. 1.

The two strings shown are vertical.

Fig. 1

(i) Write down the tensions in the two strings. 2]

The string through P then snaps and the pulley falls, with the other string unwinding.
(if) Explain why, in the subsequent motion, the string through Q remains vertical. [2]

(iii) Write down the equation of motion for the centre of mass and a rotation equation for the pulley
at time ¢ when it has turned through an angle 6.

Hence show that the angular momentum of the pulley when it has made one complete

revolution is .
m1/%ﬂgr3. [12]

(iv) The remaining string now breaks. Explain why the angular momentum of the pulley at time ¢
is proportional to t before the string breaks but remains constant afterwards. Describe briefly
the behaviour of the linear momentum of the pulley before and after the string breaks.  [4]
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Option 2: Vectors

The forces (j — k) and (i + 2k) act through the points with position vectors (i + 5j) and (cj + 4k)
respectively, where c is a constant, relative to an origin O.

(i) Find the resultant force and show that the sum of the moments of the forces about O is
(2¢c - 5)i-3j+ (c + Dk.

Hence find the value of ¢ for which the forces reduce to a single force. [7]

With this value of c, the forces act on a stationary sphere whose centre is fixed at the origin but
which can turn freely about any diameter. The moment of inertia about any diameter is /.

(i) Write down the equation of the line about which the sphere rotates. Find the angular velocity
vector and the angular momentum of the sphere at time . [4]

In another case, a third force (i + Bj — 2Kk) acting through the point with position vector (Ai — j + k)
is added, where A and B are constants and ¢ has the same value as in part (i).

When the set of three forces is applied to the same stationary sphere, the sphere rotates about the
line r = A(6i + 2j — k) and after a time T has elapsed, the sphere has kinetic energy

4172
21

(iii) Find the values of A and B. [9]
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Option 3: Stability and oscillations

D a B I J/\
Cc/
E

Fig. 3

In Fig. 3, ABC is an elastic string of natural length a and stiffness k. At the end C is a bead of
mass m which can slide freely along the vertical wire DE. At B, the string passes through a fixed
smooth ring and the end A is fixed. ABD is horizontal and AB = BD =a.

(i) Taking DC as a distance x, find the potential energy of the system. Show that there is one
position of stable equilibrium. [7]

(ii) Find the period of small oscillations about this position of equilibrium. [6]

When the elastic string is shortened (for example by cutting a piece off one end and refastening),
the position of equilibrium is moved. Suppose the string is shortened by d, where d = a¢e and ¢ is
very small.

(ili) Show that the stiffness in the string is now approximately k(1 + &). [31

In the special case for which mg = ka, you are given that the new position of equilibrium is at
x =X, where
de

1
(XOZ +02)2= .
a—d—xo

(iv) Assuming further that x;, = a + Be, show that the position of equilibrium moves a distance of

approximately ae (l + ;71—5) [4]
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Option 4: Variable mass
As a mound of mud slides from rest down a slope inclined at an angle « to the horizontal, it picks
up more mud that is initially at rest. When it has slid a distance x, its total mass M is given by

M =m(l + kx) where k and m are constants. The sliding resistance to movement is modelled as a
frictional force with coefficient of friction pu.

(i) Show that the speed v at time ¢ satisfies the differential equation
. dv 2 .
(l+kx)va—x—+kv = (1+ kx)(sinox — pcosa)g. [8]

(i) By differentiating (1 + kx)%? with respect to x, show that the solution of the differential
equation is v2=A(+kx) + B( + kx)2, where A= i—i(sina — pcosa) and B is a constant to
be determined. [8]

(iii) Show that when x becomes very large, the acceleration of the mud tends to a constant value.

(4]
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2612 Final Mark Scheme
Question 1
(¥
Tension in OP = mg, tension in other = 0 B1,Bl1
(iD)
Forces on centre of mass are vertical B1, B1
(iii)
2
mg —T = mi, Tr=19=’"2’ 0, x=r0; MI1Al, M1A1, Bl
0 390 _ .4 489 MI1A1, MI, Al
2 2 3r
When =21, 0= ,|°8% Ml
3r
r’ 27gr’
Angular momentum = O=m 3 at =27 | MI1Al, ag
(iv)
. 2gt
Ang mom before /0 = > hence prop to t B1
r
No tangential force on pulley after, hence constant Bl
Linear mom before = x =rf= x = %fi Bl
After, % = .| 287 4 ot (in freefall) Bl
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Question 2

(i)

1} 0 0) (-1

Y rxF=|5x 1 |+ cx 0
0)\-1 4 2
-5 2c 2¢-5

=1 [+[-4]|=] -3 |=M,
1 c c+1
-1
> F=1]|=R
1
Single force if RM,; =0, = c¢=3

(ii)
Direction of rotation r = A(i—3j+4k) when ¢ =3
i s j+4k

dr

w=(i-3j+4k)t/ 1
Iw = (i — 3j+ 4k )t =angular momentum

(iii)

3-B
New sum of moments M, =| 242
AB+5
3-B 6
Equating | 24-2 =/1_IT 2
AB+5 -1

Using KE = %IQ2

AT AT
Equating T = 27

=>P=1=21=1
Hence B=-3 and A=2

Ml

Al, Al

Bl

M1, M1Al

F1
M1

F1
F1

M1Al

MIF1

M1

MI1Al

M1
Al (both)
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Question 3
(i)

2
V =—mgx +%k(x/x2 +a’ +a —a)

1
= —mgx +—2—k(x2 +az)

Vi=0=—-mg+kx = xzng

V'=k>0 .. stable
(i)

Energy equation is

%mxz —mgx +—;—k(x2 + a2) = constant

Diffwrt¢: f+E=g, pen'od=2n'\/%

m
(iii)

=M:>E=ka=kl(a—a£)
nat length
k
k=% o ka+e)
a(l-¢) 1-¢
(iv)

1
2

(%’ +a2)% ~(2a° +2af¢) =~ a2+ O(¢)

dx,  aga+pfe) -a’
a-d-x, a—-ac—a-pPc P+a

+ O(¢)

—-a

S p+a= ﬁ:>ﬂ=—a(l+71§—)

Eqm position moves ga(] + _.1_)
V2

MI1Al
Al

MiAl
M1, Bl [7]

MI1AlAl

M1,F1,A1(cao) [6]

B1

MIE] [3]

M1, for sub x, =a + fe

M1, for using £ <<1 in expansions
Al, both values

El, ag [4]
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Question 4
(1)
—d—(Mv)—M sina — uMgcosa a_,4 MI1A1Al, Bl
ar £ AR TR ’
mvdi((l+kx)v) = Mg(sina - ucosa) M1A1
X

(1 +kx)v%+kv2 =(1+kx)(sina — pcosa)g MI1Al,ag [8]
(ii)
—d-(v2(1 +kx)2) =2(1+ kx)(v(l +kx)d—v+kv2) MI1Al
dx dx

=2(1+kx)(1+ kx)(sina — pcosa)g | Ml

=2(1+ kx)’(sina — pcosa)g Al
v2(1+ k)’ :52];(1+kx)3(sina—ycosa)g+c M1
c=—32;(sina—ycosa)g MI1Al

B

v2=A(1+kx)+(l+kx)2, A=-c, B=c 1 Al, ag (8]
(i)
As x > o0, V2 OCA(1+kx) M1A1
Acceleration = v% oc % = constant MI1Al, ag [4]
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Report on the Units Taken — June 2003

2612 Mechanics 6

General Comments

There were only 24 candidates for this paper this year but the standard was very good. It is difficult to reach
any general conclusions with so few candidates, but given the high sophistication required for this paper
they did themselves justice and can feel proud of their achievements. Question 1 was the least popular and
question 4 the best answered.

Comments on Individual Questions

Q.1

Q.2

Q.3

Q4

Rotation of a rigid body

The candidates answered the first two parts of this question on a falling pulley very well. Writing
down the equation of motion was found distinctly harder as, indeed, was solving it. Usually in a
problem like this, candidates prefer to use energy ideas (whether asked for or not). For some reason
this time they didn’t.

(i) mg, 0
Vectors

In the last few years the calculation of vector products in this paper has been done very well and this
year is no exception. Finding the moments of the forces in part (i) proved no problem and candidates
were then able to relate the moments to the concepts of angular momentum and angular velocity.
Introducing a further force and energy ideas caused some difficulties but many handled them quite
well.

()e=3 (i) r=A(i—3j+4k) (iii)4=2,B=-3.

Stability and oscillations

Finding the equilibrium position in this stability question did not cause the candidates much trouble in
parts (i) and (ii). Similarly, finding the new stiffness in the shortened string in part (iii) was well done.
Candidates then found the approximations required in the last part rather more taxing but many
worked their way through the problem successfully.

(ii) period = 27r\/%

Variable mass

This was easily the best answered question on the paper with many candidates deservedly scoring full
marks. They were able to derive the equation of motion and then show clearly how to solve it. The
only part that caused problems for a few was in the final part, where they had to show that the
acceleration tended to a constant value.

(i) B=-A.
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