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A solution is sought to the differential equation

§+4y+4y=2e7%,

(i) Find the complementary function. [3]

-2 ¢

(ii) Explain why an expression of either of the forms ae > or ate™ cannot be a particular
integral of the differential equation. State a correct form for the particular integral and hence
show that the general solution is

y=(A+Bt+1)e ¥,

where A and B are arbitrary constants. [6]

(iii) It is given that y = 0 when ¢ = 1 and that y = 0 when ¢ = 3. Calculate the constants A and B and
write the particular solution in factorised form. [5]

(iv) By reference to the previous answer, write down the particular solution in the cases
(A) y=0whent=2and y=0whent=7,
(B) y=0only when=1.

Write down an example of a particular solution which is never zero. Justify your answer. [6]

A radioactive element X decays into the radioactive element Y which decays into the stable
element Z. The decay can be modelled by the differential equations

dx
—=-0.1x, 1
™ x $))
dy
~=0.1x-0.2 2
dz
—=02 3
dr Y, 3

where x, y and z are the masses (in milligrams) of X, Y and Z respectively at time  seconds.
When t =0, the n'lass of X is 25 mg, and there is no Y or Z present.

(i) Solve equation (1) to find x in terms of ¢. Sketch a graph of your solution. [4]
(ii) Use your solution for x to solve equation (2) to find y in terms of ¢. [7]1

(iii) Calculate the range of times for which the amount of Y is increasing. Sketch a graph of the
mass of Y against time, showing the maximum value. [4]

(iv) Without solving equation (3), show that x + y + z is constant. Hence find z in terms of ¢, and
verify that this satisfies equation (3) and the initial conditions. [5]
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3  The solution to the differential equation

— =, l—+x

ax V257 * 7

is to be investigated, first by means of a tangent field and then numerically.

a

(i) Show that x = O is an isocline. Show that all other isoclines are of the form y =-—. [4]
X

Solution curves are to be drawn through the points (-2, 0) and (0, —1).

(i) Sketch sufficient isoclines in order to produce the tangent field and hence sketch the two
curves. [8]

A numerical solution is now sought using Euler’s method. The algorithm is given by x, ; =x,+h,

d
yr+1 = yr + hf(xr’ yr), thre f(x,y) = Exz'

(iii) Apply the algorithm for two equal steps, starting from the point (0, 0), to estimate the value
of y when x = 0.4. If the estimate is recalculated with a smaller step length, will the estimate
be less or greater? Explain your reasoning. [8]

TURN OVER for Q 4
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4 Three differential equations are being studied for x > 0. The first is

dy  y_ x
—+4+==e’. 1
el ()
(i) Use the integrating factor method to find the general solution of equation (1). [6]
_ X
(ii) Given that y = 1 when x = 1, show that the particular solution is y = (i——l)ii—l—.
x

Use the approximation e* = 1 + x, for small x, to describe the behaviour of y as x tends to zero.
Sketch a graph of the solution. [6]

The other two differential equations are

'dy x
—+y=¢e", 2
L Tr=e )]
dy x x

—+ye =e”. 3
1 e e 3

(iii) Use a method other than the integrating factor method to find the general solution of equation (2).
[5]

(iv) Equation (3) can be solved by a different method from equations (1) and (2). Use this method
to find the general solution of equation (3). {31
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Markscheme

2610 MEI Differential Equations June 2003
(1) g?+4a+4=0 Ml
o = —2 (repeated) Al
CF y=(A+Bf)e™ F1  CF for their roots (y in terms of ¢)
(ii) They are the same form as t.he CF so satisfy homogeneous ] BI justiﬁes ?hat it will not satisfy DE (may use e
equation, hence will not satisfy the non-homogenous equation. substitution)
Pl y=at’e™ Bl correct form
(2a-8at+4at*)e™ +4(2at—2at*)e™ +4at’e™ =2¢7 M1 differentiate twice and substitute
2aeY =27 M1 compare coefficients
a=1 Al
y=(A+Bt+1*)e™ El
[6 ]
(i) (4+B+1e?=0 Bl
(A+3B+9)e® =0 Bl
M1 solving
A=3,B=—-4 : Al
y=C@-4+) = -1)1-3)™ Al must be factorised (cao)
5]
() (4) y=@-2)-T)e™ 2411
2 -2 .
(B) y=(t-De 2411.
eg. y=({"+De? Bl  quadratic with negative discriminant xe ™
Bl showing never zero

eg ’+1>0,e¥>0=>y>0
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2(i) solve by separating variables or CF M1
x= A e-O.ll Al ¢ l
accept answer on
t=0,x=25=>x=25¢"" Al P Y
25'\ Bl  sketch with initial condition and tending to 0
1
. [4
(i)  2,02y=25¢""
a+02=0 M1
CF y = Be™* Al
Pl y=ae®" Bl correct form
—0.1ae Y +0.2ae %Y =25¢ VY = g =25 M1 differentiate, substitute and compare coefficients
y=25¢"" +Be™* Al
1=0,y=0=>25+B=0 Ml
y=25(e—0‘11_e—0.11) Al
l 7
(i) % 50=-25""+5¢°" >0 e <2 Ml
=1<10In2=6.93 Al
Vou =25(271-272)=6.25
y
625 B1 general shape
, Bl through origin and maximum labelled
T
[4
(V) L(x+y+2)=-0.Ix+(0.1x—-0.2y)+02y =0
= x+ y+z = constant El
hence x+ y+z=25 Ml
:>Z=25(1-26_0'u+e_01’) Al
£ = 5¢0 —5e* =02y El verify satisfies DE
dr
El verify satisfies conditions

t=0=z=25(1-2+1)=0




Markscheme

so value of y greater
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31 x=0=2- (L -1 sox=0isanisocline B1
2 — constant = /4 +x%y? = constant => (xy)” = constant Ml
= xy = constant : Al
=>y=2ifx#0 El
[4
(i) Ml
Al isoclines
Ml
Al direction indicators
Ml
Al curve through (0,1)
Ml
Al curve through (-2,0)
[
(i) x y y’' M1 attempt algorithm once
0 0 0.2 Al  y(0.2)
0.2 0.04 0.20016 M1 y’(0.2) evaluated correctly to at least 4dp
04 0.080032 M1 attempt algorithm for second step
Al y(0.4) (not 0.08 unless working shown)
gradient increases away from origin Bl
more steps mean gradient increases more Bl
Bl-
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40 [=exp(fLdr) Ml
=exp(lnx)=x Al
x3L+y=xe” M1  multiply
xy = I xe“dx M1 integrate
=xe*~ |e*dxr=xe" —e" +c Al
_xe’ —e +c Al
x
[6
(i) x=Ly=1l=>l=(e-e+c)/l=c=1 Mi :
_x-De+l El
x
-1 1
e’ =~ l+x> y= M M1
x
=x Al
so y—>0asx—>0 Al
y
Bl
[6 |
(iii) complementary function + particular integral B1  correctly identify method
CFa+l=0=>a=-1 MI
y=Ae” Al
Pl y=ae* = ae” +ae* =¢* =>a=1 Mi correct form of Pl, differentiate, substitute,
) compare coefficients
GS y=Ade™ +{e” Al
[5 ]
(V) 2_e*(1-y) M1 factorise
li_’_; = Ie"dx M1 separate variables and attempt integration
Al

~Infl- y|=e"+c=> y=1-4e™
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General Comments

The performance of the candidates in this examination was very good with substantial numbers scoring high
marks. They were well prepared and answered questions confidently and quickly. It was very noticeable that
careless errors this time were rather scarce — an unusual but welcome result.

Comments on Individual Questions

Q.1

Q.2

Q3

Q.4

In this question on the solution of the second order linear differential equation, the complementary
function in part (i) was routinely found correctly by the vast majority of candjdates. The explanations
why neither ae™ nor are™ can be in the particular integral were not too good, but were balanced by
the completion of the general solution anyway. Finding particular solutions given initial conditions
was well done. The final part was much more tenuous in quality with many unable to suggest a
solution which was never zero.

(i) y=(4+Be™™; (iii) y=(@-D-3)%;
(iV)(4) y=(-2)-Te ™, B)y=@-1)’e™.

On the whole the solutions of the three equations representing radioactive decays of elements X to Y
and then to Z were also presented well. As in question 1, the difficulty came in the final part, in this
case to explain why x + y + z is constant without resorting to solving the equations. The answers often
a demonstration that z satisfied the initial conditions.

(i) x=25¢"; (i) y=25("" -e%); (iii) r<10In2; (iv) z=25(1-2e7"" +e*%).

This question on isoclines was without doubt the least popular question on the paper and the worst
answered. Very few candidates indeed drew any isoclines at all in part (ii) although a (usually)
rudimentary attempt was made at the tangent field. The numerical solutions were often poor
handicapped by layout A systematic approach to such problems yields high dividends.

(iii) 0.080032.

This question was extremely well answered with the appropriate method chosen to solve the three
different equations presented. The occasional omission of the integration constant caused problems for
some but most had little trouble. In part (ii), finding the behaviour of the solution near zero and the
sketch were done very well. Candidates were only required to observe that y tends to zero as x tends to
zero for which the linear approximation for e* is sufficient. It is acknowledged that the quadratic
approximation is required to give the correct linear approximation to y. However on their sketch
candidates were only required to indicate that the solution approaches the origin, but not how it
approaches the origin.

(i) y=L(xe"-e"+c); (i) y=de™+3e"; (iv) y=1-4e* .
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