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Option 1: Rotation of a rigid body

A uniform cylinder of mass m and radius a is spinning with angular speed @ about its horizontal
central axis. When it is placed gently on a rough plane inclined at an angle o to the horizontal, it
immediately begins to slip and simultaneously begins to move up the plane. At time ¢ later, the
speed of the centre of mass of the cylinder parallel to the surface is x and the angular speed is 6.
The coefficient of friction between the cylinder and the plane is p.

(1) Write down the equation of motion for the linear motion of the centre of mass of the cylinder
and the rotation equation about the central axis. [6]

(ii) Show that the distance moved by the cylinder while still slipping up the plane at time ¢ is given

by
;2
x= %(ucosa -sina),
and find an expression for the angular speed at time . (7]

(iii) Show that the cylinder ceases to slip after a time

aw
—. [4]
3ugcosa—gsina

In the special case when o = 0 and the plané is horizontal, the distance moved while slipping is
2 2 R _
a‘w

, the loss of energy is and the frictional force is umg. [You are not required to

L

" 18yg
establish these results.]

(iv) Verify that the loss of energy is greater than umgL. Give an explanation of this result in terms
of the mechanics of the situation. (3]

Option 2: Vectors

A system of forces F}, F, and F acts on a rigid body and the sum of the moments of the forces
about the origin O is M.

(i) Show that, if the system of forces reduces to a single force, F, then F M=0. (4]

In a particular case, F; = (2i + 2j + 3k), F, = (-i + Aj — k) and F; = (2i + k) where A is a
constant. The three forces act at the points with position vectors (i + j), (i + j + k) and (j + k)
respectively relative to O.

(ii) Find the resultant force F in terms of A, and show that the sum of the moments of the forces
about the origin is (3 —A)i—j+ (A — Dk. [6]

(iii) Find the value of A for which the three forces reduce to the single force F and find the line of
action of F in this case. (10]
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Option 3: Stability and oscillations

Fig. 3

Two light rods AB and BC, each of length /, are smoothly jointed at B and are placed on a smooth
fixed cylinder, as shown in Fig. 3.

The radius of the cylinder is a and its axis is horizontal. The rods each carry a mass m at their free
ends A and C, and B moves along the vertical line through O. In a general position, the angle OBA
is equal to 6.

(i) Show that the potential energy V, relative to O, can be written

V= 2mg(‘i -1 cose).
sin@

Show that a position of equilibrium occurs where a cos 6 = I sin3 6.
Explain, graphically or otherwise, why this equation has only one solution for 0<0< %n.

Show further that the position of equilibrium is stable. [8]

(ii) Show that if the rods are in equilibrium with 9= 47, then I = 2a. [2]

In the rest of the question / = 2a and the rods move so that 9= %ft + ¢, where ¢ remains very small.

. 1 1
(iii) Show that smez$a+¢—%¢2) and cosez$(1—¢—%¢2).

Deduce that, near equilibrium, V = 4mga~2¢>. [71
(iv) You are given that, near equilibrium, the kinetic energy T= 2ma2¢2.

Show that the system moves in approximate simple harmonic motion and find the period of
oscillation. 3]
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Option 4: Variable mass

A particle falls under gravity from rest in a stationary cloud. It picks up mass as it falls through the
cloud. The rate at which the mass of the particle increases is equal to mkyv where m and v are the
mass and speed at time ¢ and k is a constant.

(i) Write down the equation of motion for the particle. [2]

(i) Write down an expression for F”l Using this and the equation of motion, show that

' dv 2
—+kvi=g,
de 8

where x is the distance fallen in time . [4]
(iif) Solve the equation in part (ii) to show that

V2= %(1 — 72k, [9]

(iv) Explain what happens to the speed and mass as time increases. [5]
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Question 1
1 MR —mgsino = mi M1A1l
1ma’ =—Fa=-pRa MI1Al
mgcosf = R MIAl [6]
(i1) mxX = pymgcosa — mgsina Ml
x = gt(pcosa —sina) Mi1Al
12
x=g7(pcosa—sina) Al
6 = —2ugcosa M1
a
: 2ugtcosa
O0=0-—"—— MI1Al [7]
a
(iii) X% =af when rolling starts Ml
gt(ucosa —sina) = aw —2 ugt cosa MI1Al
[ = e Al [4]
3ugcosa — gsina
(iv)
2 2 2 .2
umgL = m‘:: < ma6a) = loss of energy Bl
Work done is equal to product of
frictional force and relative distance moved by
surfaces in contact. B1
i.e. difference between a6 and L. Bl 3]
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Question 2

(i)

(i)

sum of moments about O of forces =M
moment of resultant F about QO =rxF=M
FM=F.(rxF)=0

3
F=F +F,+F,=|2+4
3
1 2 3
L{x|2|=]-3
0/ \3 0
1) (-1 -1-4
1{x} 4 |= 0
1) \-1 A+1
0} (2 1
1[{x]0]=] 2
1 1 -2
(3—4
sum= M= -1
A-1

(iii) FM =0=3(3— A)+(-1)2+ 4)+3(4-1)=0

= A=4
1 3
line of action r =| a |+A| 6
b 3
1 3 -1
alx|6{=]|-1
b 3 3
3a-6b=-1
3b-3=-1
6-3a=3
a=1,b=2/3
3
+A| 6
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Question 3

M

(i)

PE = mg(OB-ABcos0) rel to O for each mass

V=2mg[ .a —lcosB)
sinf

V'= 2mg(— a.cose + lsine)

sin’ 0

=0 when /sin’ 0 = acosf

I .
Compare curves y = cos@and y =—sin’ 0
a

to show one solution only
sin® 0 +2sin6 cos’ 0
sin* @

V"= 2mg(l cosf + a[

> 0 since all terms are >0in 0 <6 <%

hence stable equilibrium

_ r—qQ0 - a__L —
when 0 =%,V —0..ﬁ—2ﬁ:>l-2a

(1))  sin@ =sin(Z +¢) = %(cosq& +sin¢)

z%(l+¢—¢7z),nea:¢=0
1

a2+ -4) 2 V2(1- g+ 4 +47)

sin@

~2(1-¢ + %), near ¢ = 0

cosf = %(COS¢ —sing¢)

~J(1-¢~4%), near ¢ =0

Hence, Vz2mga\/§(1—¢+2;—z_1+¢+¢72)

(iv)

~ 2mga\/§(2¢2) ~ 4mga\/§¢2

T+V = constant and hence
2ma’’ + 4mga\/§¢2 ~ constant
¢ + %Tg\/iqﬁ ~0

a
1.e.SHM of period 27
P 2g\/§
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Question 4

) N2 gives %(mv) =mg

(i)

(iii)

(iv)

am _

dt

m —i(mv)—mé3+v2n—
=4 dt  dt’

ﬂ:vi‘iz vg‘i+kv2=g

dr dx dx

With w = v?, d—w+2kw=2g
dr
d 2kx 2kx
—\we = 2ge
& fue)o2g
welt = 4+ £
Whenx =0, w=v'=0, - 4=-%
— v _ 81 a2k
w=vy _k(l e )

Emphasise that x and ¢ increase together,
either physically or mathematically.

As x >, ¥ 0, .'.v—)\/%
1 dm

——=kv,. Inm=kc+In M
m dt

where m=Matx=0, .. m= Me"

S.om—>00 as X —>»
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Report on the Units taken — June 2002

2612 Mechanics 6

General Comments

The number of candidates for this paper this year was a disappointing 39. The small number however was more than
made up for in quality as I feel this is the best group of candidates I have seen for this paper for a good number of
years. There were very few really weak ones with most scoring very high marks indeed. Having well over a quarter of
the entry score 55 or more out of 60 is testament alone to the high standards achieved. I congratulate the candidates and
their teachers for a job well done.

It seems a little churlish to criticise on this occasion but even excellence can be improved!

Comments on Individual Questions

Q.1

Q2

Q3

Q4

Most candidates made an excellent start to this question on the slipping of a rough cylinder on an inclined slope.
Sometimes they needed a couple of attempts to get going but once under way they recognised the topic and soon
almost completed the question. The very last part caused some difficulty in that the candidates were unable to
explain how energy was lost in the slipping phase and relate it to the distance moved.

(ii) o —2ELc0%
By far the most difficult part of this vector question for the candidates was the standard bookwork in part (i).
They had the greatest difficulty in explaining clearly the condition for a system of forces to reduce to a single
couple. They were very confident at applying the condition though and the vast majority went from this hesitant
start to complete the rest of the question with some ease. The inevitable mistakes that were made revolved
around the need to maintain accuracy especially in the finding of vector products.

(i) F=31+Q2+A)j+3k (iii) 4=4,r=(1+DI+(1+22)j+ (%u) k.

The technique used by the candidates in dealing with this question was most impressive. As in question 2 there
were those who had problems maintaining accuracy but on the whole this was a very well answered question by
those who attempted it. The candidates understood the mechanics and applied the necessary tests with some

confidence. Expanding (sin6)™" for values of @ near to % was somewhat hesitant but usually completed

eventually.

(iv) 2x \/2:;—4; .

This question on a particle picking up mass from a stationary cloud was completed quickly and easily by the
majority of candidates. They understood the principles and applied them with confidence and clarity. The
equation in part (ii) was most often solved using the method of separation of variables with the correct boundary
conditions applied. Part (iv) required candidates to explain what happens as time increases. Many used the result
in part (iii) for this either not noticing (or disregarding) the fact that the result in (iii) expresses variation in
distance not time. This requires a crucial extra step in the explanation.
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