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1. Prove that � � � � � �22
3
11
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2
������
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(5)

2. � � .11lnf
x

xx ���

(a) Show that the root �  of the equation f(x) = 0 lies in the interval 43 ��� .
(2)

(b) Taking 3.6 as your starting value, apply the Newton-Raphson procedure once to f(x) to
obtain a second approximation to �. Give your answer to 4 decimal places.

(5)

3. Find the set of values of x for which 

.
2

1
3 �

�

� xx
x

(7)

4. � �  ,552f 23
����� ppxxxx ℝ.

The equation f (x) = 0 has (1 – 2i) as a root. 

Solve the equation and determine the value of p.
(7)

5. (a) Obtain the general solution of the differential equation

.1.0
d
d tS

t
S

��

(6)

(b) The differential equation in part (a) is used to model the assets, £S million, of a bank
t years after it was set up. Given that the initial assets of the bank were £200 million, use
your answer to part (a) to estimate, to the nearest £ million, the assets of the bank
10 years after it was set up.

(4)
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6. The curve C has polar equation

44
,2cos22 �

�
�

� ��
�

� ar .

(a) Sketch the curve C.
(2)

(b) Find the polar coordinates of the points where tangents to C are parallel to the initial line.
(6)

(c) Find the area of the region bounded by C.
(4)

7. Given that z = �3 + 4i and zw = �14 + 2i, find

(a) w in the form p + iq where p and q are real,
(4)

(b) the modulus of z and the argument of z in radians to 2 decimal places
(4)

(c) the values of the real constants m and n such that

i2010 ���� nzwmz .
(5)
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8. (a) Given that tx e� , show that
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(5)

(b) Use you answers to part (a) to show that the substitution tx e�  transforms the
differential equation

3
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d
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d
d xy
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.e2
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d
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(c) Hence find the general solution of
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(6)
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1. The displacement x of a particle from a fixed point O at time t is given by .sinh tx �

At time T the displacement .
3
4

�x

(a)  Find .coshT
(2)

(b)  Hence find Te  and T.
(3)

2. Given that xy arcsin�  prove that

(a)  
� �

,
1

1
d
d

2xx
y

�

�

(3)

(b)  � � .0
d
d

d
d1 2

2
2

���

x
yx

x
yx

(4)

     Figure 1

3.

Figure 1 shows the curve C with equation .cosh xy �  The tangent at P makes an angle �
with the x-axis and the arc length from A(0, 1) to P(x, y) is s.

(a)  Show that .sinh xs �
(3)

(a)  By considering the gradient of the tangent at P show that the intrinsic equation of C is
s = tan �.

(2)

(c)  Find the radius of curvature � at the point where 
4
�

� � .

 (3)

�

A

O

y

x

P(x, y)
s
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4. .dsin2
0��
�

xxxI n
n

(a)  Show that for n � 2

� � 2

1

1
2 �

�

���
�

�
�
�

�
� n

n

n InnnI � .

(4)

(b)  Hence obtain 3I , giving your answers in terms of �. 
(4)

5. (a)  Find ∫√(x2 + 4) dx.
 (7)

The curve C has equation .422
�� xy

(b) Use your answer to part (a) to find the area of the finite region bounded by C, the
positive x-axis, the positive y-axis and the line x = 2, giving your answer in the
form qp ln� where p and q are constants to be found.

(4)

     
          Figure 2

6.

The parametric equations of the curve C shown in Fig. 2 are

� � � � .20,cos1,sin ������� ttayttax

(a)  Find, by using integration, the length of C.
(6)

The curve C is rotated through 2�  about Ox.

(b)  Find the surface area of the solid generated.
 (5)

2�a

y

xO
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7. (a)  Using the definitions of xsinh  and xcosh  in terms of exponential functions, express
xtanh  in terms of xe  and .e x�

(1)

(b)  Sketch the graph of .tanh xy �

(2)

(c)  Prove that artanh �
�

�
�
�

�

�

�
	

x
xx

1
1ln

2
1 .

(4)

(d)  Hence obtain 
xd

d (artanh x)  and use integration by parts to show that

� artanh x  dx = x artanh x + � �21ln
2
1 x�  + constant.

(5)

8. The hyperbola C has equation .12

2

2

2

��

b
y

a
x

(a) Show that an equation of the normal to C at � ��� tan,sec baP  is

� � .tansin 22
�� baaxby ���

(6)

The normal at P cuts the coordinate axes at A and B. The mid-point of AB is M.

(b)  Find, in cartesian form, an equation of the locus of M as �  varies.
(7)

END
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1. 0at   1,
d
d 2

���� xyyx
x
y .

Use the approximation 
h

yy
x
y 01

0d
d �

��
�

�
�
�

�  with a step length of 0.1 to estimate the values of y

at 1.0�x  and ,2.0�x giving your answers to 2 significant figures.
(6) 

2. (a) Show that the transformation

1
i

�

�
�

z
zw

maps the circle 1�z  in the z-plane to the line i1 ��� ww  in the w-plane.
(4)

The region 1�z  in the z-plane is mapped to the region R in the w-plane.

(b) Shade the region R on an Argand diagram.
(2)

3. Prove by induction that, all integers n, 1�n ,

�
�

�

n

r
nr

1

2

2
1 .

(7)

4. .1at   2
d
d,0,

d
d

d
d

2

2

����� x
x
yyx

x
yy

x
y

Find a series solution of the differential equation in ascending powers of (x – 1) up to and
including the term in (x � 1)3.

(7)

5. ��
�

�
��
�

�
�

26
67

A .

(a) Find the eigenvalues of A.
(4)

(a) Obtain the corresponding normalised eigenvectors.
(6)
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6. The points A, B, C, and D have position vectors

kjdkjicjibkia ��������� 4,23,3,2
respectively.

(a) Find ACAB � and hence find the area of triangle ABC.

(7)

(b) Find the volume of the tetrahedron ABCD.

(2)

(c) Find the perpendicular distance of D from the plane containing A, B and C.
(3)

7. .
2
5,

011
203
11

)( �
�
�
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�
�
�

�

� �

	 x
x

xA

(a)  Calculate the inverse of A(x).
(8)
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B .

The image of the vector 
�
�
�

�

�

�
�
�

�

�

r
q
p

 when transformed by B is 
�
�
�

�

�

�
�
�

�

�

4
3
2

.

(b) Find the values of p, q and r.
(4)
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8. (a) Given that �iz e� , show that 

�p
z

z p
p cos21

�� ,

where p is a positive integer.

(2)

(b) Given that

CBA ��� ��� 2cos4coscos4 ,

find the values of the constants A, B and C.

(7)

The region R bounded by the curve with equation ,
22

,cos2 ��

���� xxy  and the x-axis is

rotated through 2� about the x-axis.

(c) Find the volume of the solid generated.

(6)

END
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number Scheme Marks

1. � � �� � �
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11 1 1

22 11 M1
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1

1 B1

� �� � � � nnnnnn
���

�

�
�
�

�
���	 1

2
1121

6

� �82
6

2
�� nn

M1 A1

� �� �       22
3
1

��� nnn A1 (5)

(5 marks)

2. (a)
x

xx 11ln)(f ���

� � 2347.013ln3f 3
1

�����

� � 1363.014ln4f 4
1
����

� � � �4f and 3f  are of opposite sign and so � �xf  has root in (3, 4) M1 A1 (2)

(b) 6.30 �x

� �
2

11 f
xx

x ��� M1

� � 381  354.06.3 f �� A1

� � 04  156  003.03.6f �

  Root � �
� �6.3 f
3.6f6.3   
�

�� M1 A1 ft

    5911.3   � A1 (5)

(7 marks)
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3. 0
2

1
32

1
3

�

�

�

�

�

�

�

� xx
x

xx
x

� �� �
0

23
332

�

��

��
�

xx
xx

M1 A1

Numerator always positive B1

Critical points of denominator 3 ,2 �� xx B1

      den:2�x = � �� � veveve ����

 den:32 �� x = � �� � veveve ����

      den:3 x� = � �� � veveve ���� M1 A1

Set of values � � � �3:  2: 3 and 2 ����� xxxxxx A1 (7)

(7 marks)

4. If 1 – 2i is a root, then so is 1 + 2i B1

� �� �i21i21 ���� xx  are factors of f(x) M1

so 522
�� xx  is a factor of f (x) A1

� � � �� �1252f 2
���� xxxx M1 A1 ft

Third root is 2
1 and p = 12 A1 A1 (7)

(7 marks)

5. (a) � � tS
t
S

�� 1.0
d
d

M1

Integrating factor 
� � � �tt 1.0d1.0

ee �

�

��

� �� � � �tt tS
t

1.01.0 ee
d
d

��

� A1 A1

 � �tS 1.0e �

�
� �

�
�

� tt t de 1.0

� � � � Ct tt
����

�� 1.01.0 e100e10 M1 A1

            S � � 10010e 1.0
��� tC t A1 (6)

(b) 0at  200 �� tS

       300  i.e.    100200 ���� CC
� � 10010e300 1.0

��� tS t M1 A1

At St  ,10� 100100e300 ���

55  615.484� M1

Assets £615 million A1 ft (4)

(10 marks)
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Question
number Scheme Marks

6. (a)

B1
(Shape)l q

B1
(Labels)

(2)

(b) Tangent parallel to initial line when �sinry �  is stationary

Consider therefore � ���
�

22 sin2cos
d
d a

� ������ cossin22cossin2sin2 2
���

0� M1 A1

� � 0sin2sincos2cossin2 �� �����

6
or  

6
03cos0sin ��

���
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����� M1 A1

Coordinates of the points ��
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1 �� aa A1 A1 (6)

(c) Area = �
�
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d
2
1 2
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4

d2cos
2
1 2

�

�

��a M1 A1
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2

11
42

2sin
2
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2
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4
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M1 A1 (4)

(12 marks)
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7. (a)   i214 ,i43 ������ zwz

 w � �� �
� �� �i43i43

i43i214
i43
i214

����

����
�

��

��
� M1

� � � �
169

566i842
�

����
� A1 A1

i22
25

i5050
��

�
� A1 (4)

(b) � � 543  22
���z M1 A1

arg z = � – 
3
4arctan  = 2.21 M1 A1 (4)

(c) Equating real and imaginary parts M1

,10143 �� nm A1

2024 ��� nm A1

Solving to obtain M1

2,6 ��� nm A1 (5)

(13 marks)
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number Scheme Marks

8.   (a)(i)
t
y

x
t
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x
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d
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2
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�
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(b) 3
2

2
2 2

d
d2

d
d xy

x
yx

x
yx ���

ttttt y
t
y

t
y

t
y 3
2

2
22 e2

d
dee2 ,

d
d

d
dee ����

�

�
�
�

	
� �� M1 A1, A1

       e2
d
d

3
d
d  3

2

2
ty

t
y

t
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��� (3)

(c) Auxiliary equation 0232
��� mm

� �� � 021 ��� mm

Complementary function tt BAy 2ee �� M1 A1

Particular integral 
� �

t
t

3
2

3

e
2
1

2333
e

�

���

� M1 A1

General solution ttt BAy 3
2
12 eee ���

3
2
12 xBxAx ��� M1 A1 ft     (6)

(14 marks)
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Number Scheme Marks

1.
9
25

9
161sinh1cosh 22

����� TT M1 A1

1cosh since 
3
5

3
5cosh ����� TT (2)

3
3
5

3
4sinhcoshe ����� TTT M1 A1

Hence 3ln�T A1 ft        (3)

(5 marks)

2.       (a) xy arcsin�

xy �� sin M1

1
d
dcos �

x
yy

21

1
cos

1
d
d

xyx
y

�

�� M1 A1     (3)

(b)
2

2

d
d

x
y � � � �xx 21

2
1  2

3
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����
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� � 2
3

21  
�

�� xx M1 A1

� � � � � � � � 0111
d
d
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1
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2
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(7 marks)
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Question
Number Scheme Marks

3.       (a) �
�
�
�

�

�
�
�

�
�
�

	


�

�

�

   

0  

2
1

2

d
d
d1

x
x

x
ys

x
x
yxy sinh

d
d ,cosh �� B1

s � �� ��

  

0 
2
1

2 dsinh1
x

xx

� ��

  

0 
sinhd cosh

x
xxx M1 A1 (3)

(b) Gradient of tangent

sx
x
y

��� sinhtan
d
d

�

�tan��s M1 A1 (2)

(c) �
�

�
2sec

d
d

��

s
M1 A1

At 2sec , 4
2

4 ���
��

�� A1 (3)

(8 marks)
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4. (a) �� 2
 

0 
d sin

�

xxxI n
n

� �� � � �� ����
�2

 

0 
1

2
 

0 
dcoscos

�

�

xxnxxx nn M1 A1

� � � �
�
�

�
�

�

�
�

�
�

�

��	
 �
�� 2

 

0 
2

2

0

1 d sin1 sin0
�

�

xxxnxxn nn A1

� � � �� �2
1

2 1
�

�

��� n
n Inn �

� � � �    1 So 2
1

2 �

�

��� n
n

n InnnI � A1 (4)

(b) 1

2

3 2.3
2

3 II ��
�

�
�
�

�
�

�

�
 2
 

0 1 d sin
�

xxxI � �� � ����
2

 

0 

2

0
d cos cos

�

�

xxxx M1

 � � 1 sin
2

0
��

�

x A1

� � 6
4

36
2

3
22

3 ����
�

�
�
�

�
�

��I M1 A1 (4)

(8 marks)
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Question
Number Scheme Marks

5. (a) tx sinh2� B1

� � � � ttx cosh24sinh44 2
1

22
����

ttx d cosh2d �

I � � �� ��� ttxx d cosh4d 4 22 M1 A1

� �� �� tt d 12cosh2

ctt ��� 22sinh M1 A1

� � cxxx ��
�

�
�
�

�
���

2
arsinh24

2
1 2 M1 A1 ft

(7)

(b) Area � �� � ���

2 

0 

2 

0  

2 d 4d xxxy M1

� �
2

0

2

0

2

2
arsinh24

2
1

��

�
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�
���

�
��

�
��

xxx

� �1arsinh282
2
1

�� A1

� �223ln2221ln222 ][ ����� M1 A1 (4)

(11 marks)
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Number Scheme Marks

6. (a) �
�
�
�

�

�
�
�

�
��

��

�2  

0  

2
1

22 dtyxs

� � tay
t
ytax

t
x sin

d
d ;cos1

d
d

�����

��

M1 A1; A1

� �� � � �� � �����

� �2 

0 

2 

0 
2
1

2
1

22 dcos22dsincos1 ttatttas

   � ��
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�
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�
�



� 2

 

 0 

2

0

8
2

cos4 ,d
2

sin2
� �

atatta M1 A1, A1 ft

(6)

(b) s � �
�

�

�

�
�

�

�
��

��

�

�

2  

0  

2
1

22 d2 tyxy

� �� ��

�

�

2 

0 
2
3

22
1

dcos122 tta

� �
�

�
�
�

�
�

�

�

2 

0 
32 d

2
sin8 tta M1 A1

� �
�

�
�
�

�
�
�

	


�

�

�

�

�

2 

0 

22 d
2

sin
2

cos18 ttta M1

3
64

2
cos

3
2

2
cos28

22

0

32 atta �

�

�

���

�
��

�
�	� A1 A1 ft   (5)

(11 marks)
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Question
Number Scheme Marks

7. (a)
xx

xx

x
xx

�

�

�

�
��

ee
ee

cosh
sinhtanh B1 (1)

(b)

B1

0

y

x

�1

1

B1 (2)

(c) xzzx ��� tanhartanh

xzz

zz
�

�

�

�

�

ee
ee M1 A1

� �zzzz x ��

��� eeee

� � � � zz xx �

��� e1e1

x
xz

�

�
�

1
1e2

   artanh 
1
1ln

2
1 x

x
xz ��
�

�
�
�

�

�

	
� M1 A1 (4)

(d) 21
1

1
1

1
1

2
1

d
d

xxxx
z

�
��

�

�
�
�

�

�
	

	
� M1 A1

� xx d artanh � � �
�

�� xx
x

xx d 
1

1artanh  2 M1 A1

� � � � constant1ln
2
1artanh  2

���� xxx A1 (5)

(10 marks)
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OQ

Question
Number Scheme Marks

8. (a) 12

2

2

2

��

b
y

a
x

0
d
d22

22 ��

x
y

b
y

a
x

M1 A1

��

�

sintan
sec

2
2

d
d

2

22

2 a
b

b
a

a
b

y
b

a
x

x
y

��� M1 A1

Gradient of normal is then �sin
b
a

�

Equation of normal: � � � ���� secsintan ax
b
aby ����

� �    tansin 22
�� babyax ��� M1 A1 (6)

(b) M: A normal cuts � �
�tanat  0

22

b
bayx �

�� M1 A1

xy at  0 cuts normal B �  �
�

tan
sin

22

a
ba �

�

� �
�cos

22

a
ba �

� A1

Hence M is � � � �
�
�

�
�
�

� ��
�� tan

2
 ,sec

2

2222

b
ba

a
ba

M1

Eliminating � M1

��
22 tan1sec ��

2 

22

2

22
212

�
�

�
�
�

�

�
���

�

�
�
�

�

� ba
bY

ba
aX A1

� � 2 222222 44 baYbXa ��� A1 (7)

(15 marks)
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Question
Number Scheme Marks

1. 110
d
d ,1 ,0

0 
00 �����

�

�
�
�

�
��

x
yyx B1

� �� � 9.011.01
d
d

1
0 

01 ������
�

�
�
	



�� y

x
yhyy M1 A1 ft

1 
11 d

d ,9.0 ,1.0 �
�

�
�
�

�
��

x
yyx � � 9.01.0 2

�� A1

89.0��

2y
1 

1 d
d

�
�

�
�
�

�
��

x
yhy

� �� � 81.0811.089.01.09.0 ����� M1 A1      (6)

(6 marks)

2. (a) � � � �i1
1
i

����

�

�
� zzw

z
zw

� � wwz ���� i1

1
i
�

��

�

w
wz

M1

A1

1  
1

i  1 �

�

��
��

w
wz

i.e.       i   1 ��� ww
M1

A1
(4)

(b)  1  i 1    ����� wwz

B1 (line)

B1 (shading)

(2)

(6 marks)
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OS

Question
Number Scheme Marks

3. For n = 1, LHS =1, RHS =
2
1

So result is true for n = 1 M1 A1

Assume true for n = k. Then 

�
�

�

���

1

1

2 1
2
1k

r
kkr M1 A1

� �
2
112

2
1 2

���� kk

� �
2
11

2
1 2

��� k M1

If true for k, true for k+1 A1

So true for all positive integral n A1 (7)

(7 marks)

4. 1at  2
d
d ,0 ,

d
d

d
d

2

2

����� x
x
yyx

x
yy

x
y

110
d
d

2

2

���

x
y B1

Differentiating with respect to x

1
d
d  

d
d  

d
d

2

22

3

3

���
�

�
�
�

�
�

x
yy

x
y

x
y M1 A1

� � 3102
d
d 2 

1
3

3

������

�xx
y

A1

By Taylor’s Theorem

� � � � � �� �32 13
!3

111 
!2

1120 �������� xxxy M1 A1

� � � � � �32 1
2
11

2
112 ������ xxx A1 (7)

(7 marks)
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Question
Number Scheme Marks

5. (a) 0  �� IA �

� �

� �
0

 26
67

 �

�

�

�

�

� �� � 03627 ���� �� M1 A1

0361492
���� ��

02292
��� ��

� �� � 11 ,20211 21 ������� ���� M1 A1 (4)

(b) from obtainedr Eigenvecto 2���

� �
� � ��

�

�
��
�

�
���

�

�
��
�

�
��
�

�
��
�

�

��

��

0
0

 
226

627

1

1

y
x

023 11 �� yx M1 A1

e.g. ��
�

�
��
�

�

���
�

�
��
�

�

� 3
2

 
13
1 normalised 

3
2

M1 A1 ft

��
�

�
��
�

�
���

�

�
��
�

�
��
�

�
��
�

�

�

�
�

0
0

 
96

64
    11

2

2

y
x

�

032 22 ��� yx A1

��
�

�
��
�

�
��
�

�
��
�

�

2
3

13
1 normalised 

2
3

 e.g. A1 ft (6)

(10 marks)
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OU

Question
Number Scheme Marks

6. (a) � �1 3,  ,1 ���AB ; � �1 3, ,1��AC . M1 A1

ACAB �   
131
131 

�

���

kji

� � � � � �33 11 33 ������� kji

ji 26 �� M1 A1 A1

Area of ABC �   
2
1 AC  AB ��

units square  10436
2
1

���

M1 A1 ft

(7)

(b)
Volume of tetrahedron � �  

6
1 ACAB  . AD ��

 812 
6
1

���

units cubic 
3
2

� M1 A1 (2)

(c)
Unit vector in direction 

������

� ACAB  i.e. perpendicular to plane containing A,
B, and C is 

� � � �jijin �	�	 3
10
126

40
1

M1

� � � �jijin 423
10
1

������� ADp

10
246

10
1

����  units. M1 A1 (3)

(12 marks)



EDEXCEL FURTHER MATHEMATICS FP3 (6669) SPECIMEN PAPER MARK SCHEME

29

Question
Number Scheme Marks

7. (a) � �
�
�
�

�

�

�
�
�

�

� �

�

011
203
11 x

xA

M1 A1

A1Cofactors 
�
�
�

�

�

�
�
�

�

�

��

��

�

xx
x

352
111

322

A1

Determinant 52232 ����� xx M1 A1

� �

� � �
�
�

�

�

�
�
�

�

�

��

�

��

�
��

xx

x

x
x

313
512

212

52
1A 1 M1 A1

(8)

(b)
�
�
�

�

�

�
�
�

�

�

r
q
p

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�

�

��

�
�
�
�

�

�

�
�
�

�

�

�

4
3
2

 
923
512

612

1
1

4
3
2

B 1- M1 A1 ft

� �24 ,13 ,17 ���

M1

A1
(4)

(12 marks)
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PM

Question
Number

Scheme Marks

8. (a)
�

�

p
p

p
p

z
z i

i

e
1e1

���

� ��� pp -ii ee ��

�pcos2� M1 A1 (2)

(b) By De Moivre if �ie�z

�p
z

z p
p cos21

��

� �
4 

4 1cos2   :1 �
�

�
�
�

�
���

z
zp � M1 A1

432
234 11.4161.4

zz
z

z
z

z
zz ����� M1 A1

6141
2

2
4

4 ��
�

�
�
�

�
���

�

�
�
�

�
��

z
z

z
z

62cos84cos2 ��� �� M1 A1

8
3

2
1

8
14 2cos4coscos ���� ��� A1 ft (7)

(c) V � �
� �

��
2

  

2
 

2
  

2
 

42 d cosd
�

�

�

�
�� xxxy

� �
�

�
�
�

�
���

�

����

�

�
d 

8
32cos

2
14cos

8
1 

2
 

2

M1 A1 ft

2
   

2
 8

32sin
4
14sin

32
1

�

�

����

�

��

�
��

�
��� M1 A1 ft

2

8
3
�� M1 A1 (6)

(15 marks)


	Adv Further Maths FP1 - Specimen Paper
	Adv Further Maths FP2 - Specimen Paper
	Adv Further Maths FP3 - Specimen Paper
	Adv Further Maths FP1 - Mark Scheme
	Adv Further Maths FP2 - Mark Scheme
	Adv Further Maths FP3 - Mark Scheme

