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Regression and correlation
Exercise A, Question 1

Question:

For each of the data sets of ranks given below, calculate the Spearman's rank
cotrelation coefficient and interpret the result.

P, 1 3 5
r, 3 1 5 4
b
r, 1 2 4 7 10
8 2 1 3 7 10
C
7, 5 & 1 g 3
r, 5 3 3 4 1
Solution:
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7 1 2 3 5 6
7 3 2 1 5 4 6
d -2 0 2 —1 1 0
d’ 4 0 4 1 1 0
Sd? =10

6x10
Rl ]

6(6" — 1
n=0714

1.e. positive correlation between the pairs of ranks.

Thiz walue 15 between weak and strong positive correlation between the pairs of ranks.

b
1] 2z]3]4]5 7 9 | 10
nl2] 1435 7 6 | 10
d |1l 1|11 ]Jo[=2l0]-1]3]0
Gli1 111 JoJalol1[sT]o
Sdt =18
£x18
il
10(10° -1y
r,=03891

1e. fairly strong positive correlation between the pairs of ranks of x and v

% 5 2 6 1 7 8
25 3 ) 3 8 4 1
e ] —4 3 —7 -3 -1 ] 7
e 0 16 9 49 9 1 25 49
'S_a?" =158
6158
L et
28 -1
r, = 0.881

1 e fairly strong negative correlation between the pairs of ranks of x and »
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Regression and correlation
Exercise A, Question 2

Question:

The number of goals scored by football teatns and their positions in the league were
recorded az follows for the top 12 teams.

Team A B C D E F G H I J K L
Goals 4% 44 43 3% 40 3% 2% 21 28 30 33 26
7 8

League 1 2 3 4 ] & 9 10 11 12
position

a Find d°.
b Calculate Spearman's rank correlation coefficient for these data. What concluzions
can ke drawn from this result?

Solution:

Goals 49 | 44 | 43 | 34 40 39 29 21 28 30 33 26
League 1 o E 4 3 & 7 8 9 10 1 12
position

e 1 2 3 & 4 5 9 12 10 3] 7 11
r 1 2 3 4 ] & 7 9 10 11 12
d 0 0 0 2 -1 -1 2 1 -2 | 4 | -1
e 0 0 0 4 1 1 4 16 1 4 14 1
The League position 1z their rank in the League ().
E_dz =48
6x43
rp=lo— ——
12(12° =1}
r,=0.832

Thiz shows fairly strong positive correlation between the pairs of ranks.
The more goals ateam scores the higher their league position is likely to be,
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Regression and correlation
Exercise A, Question 3

Question:

A sample of a class's statistics projects was taken, and the projects were agsessed by
two teachers independently. Each teacher decided thewr rank order with the following

results,

Project A B C D E F G H
T”;;l“"' 5 g 1 6 2 7 3 4
T”ﬁ“‘“‘" 7 4 3 1 6 g > 5

a Find T4%

b Calculate the rank correlation coefficient and state any conclusions vou draw

trom it
Solution:
a
rs 5 1 ) 2 7 3 4
ra 7 4 3 1 6 2
o -2 -2 ] — -1 1 -1
a2 4 16 4 25 16 1 1 1
bt
1
B -1
7. = 0.150

There is wirtually no correlation between the pairs of rank s awarded by the two

teachers. They appear to be judging the projects using different criteria,
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Regression and correlation
Exercise A, Question 4

Question:

A veterinary surgeon and a trainee veterinary surgeon both rank a small herd of cows
for quality. Their rankings are shown below,

Cow A D F E B C H J
Qualified 1 2 3 4 5 6 7 2
vet
Trainga: 5 5 6 4 3 g 7
vet

Find the rank correlation coefficient for these data, and comment on the experience of
the trainee vet.

Solution:
o 1 2 3 4 5 & 7 2
Fp 1 2 5 4 3 2 7
d 0 0 -2 -2 1 3 -1 1
e 0 0 4 4 1 4 1 1
E_dz =20
f 2 20
N ey
235 -1
ro=07762

There 15 fairly strong positive correlation between the pairs of ranks. Thiz suggests
the trainee wet 18 rating the cows for quality in a similar way to the qualified wet

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics &

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Regression and correlation
Exercise A, Question 5

Question:

Twro adjudicators at an ice dance skating competition award marks as follows,

Competitor A B C D E F G H I J
Judge 1 Ts 66 73 74 54 65 B9 a5 67 17
Judge 2 8.1 68 #2775 B0 &7 8BS 843 66 738

a Explain why you would use Spearman's rank correlation coefficient in this case.
b Calculate the rank correlation coeflicient 7 . and comment on how well the judges

agree.

Solution:

a The marks are discrete values within a very restricted scale.
They are also subjective judgements, not measurements.

b
71 | 78 | 66 | 73 | 74 | 84 | 65 | 89 | 85 | 67 | 77
72 | 81 | 68 | 82 | 75 | 80 | 67 | 85 | 83 | 66 | 78
" q 9 ] 5 10 1 D g
” 4 g 7 9 1 2 10
d 0 1 B 1 0 0 =
FE 0 1 16 1 4 1 0 0 4 1
St =28
B fx 28
(10t -1
r, =0.830

This shows a fairly strong positive correlation between the pairs of ranks of the
marks awarded by the two judges so it appears they are judging the ice dances
using similar criteria and with similar standards.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Regression and correlation
Exercise A, Question 6

Question:

a A teacher beliewves that he can predict the positions in which his students will
finish 10 an A-Level examination. When the results were out he wished to
compare his predictions with the actual results. Which correlation test should he
uze and why?

b The table shows predicted and actual orders.

Student A B C D E F G H I J
Predicted, p 2 4 1 3 ] ) 9 3 10 K
Actual, & 3 4 2 1 & 7 9 10 3

Calculate Spearman’s rank correlation coefficient 7 between @ and p. Comment on

the result.

Solution:

a Theteacher should use Spearman's rank correlation coefficient because the data
being used are ranks (1.e. he is concerned with order).

b
Jai | 4 1 3 B & 9 5 10 7
< 5 4 B 1 & 7 4 10 5
d -1 0 -1 =9 i 0 2 —4 0 2
a* ] 0 | ko] 49 0 4 16 0 4
E_a!’z = 100
100
r =il
10¢10° - 1)
r, = 0354

5

Thiz shows weak positive correlation between the orders. The teacher has very
limited ability to predict the positions in which the students will finish Tt doesn't
appear to be very reliable.
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Regression and correlation
Exercise A, Question 7

Question:

& doctor assessed the lung damage suffered by a number of his patients who stoled,

and asked each one "For how tmany wears have you smoked? with the following
results.

Patient A B & D E F G
Number
of vears 15 22 25 28 30 31 42
smoked
Lung
damage 30 a0 35 35 40 42 o8
grade

Calculate Speartnan's rank correlation coefficient 7, and comment on the result. Give

your value of Ta”.

Solution:
Tears 15 22 25 28 30 31 42
smaolked ()
Lung 30 a0 a5 35 40 42 58
damage
grade (g)
7 1 2 3 4 5 & 7
Ty 1 3 6 2 3 4 %
bl 0 -3 -3 2 2 2 0
a* 0 9 9 4 4 4 0

Nat =30

6 30
R e T

77 1)
r, = 0.464

This shows weak posttive correlation between the pairs of ranks. There 13 some
association between the lung damage grade and the number of years a person has

smoked for — it 15 likely the lung damage grade 15 also likely to depend on other
factors since the correlation is not very strong.
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Regression and correlation
Exercise B, Question 1

Question:

A product-moment correlation coefficient of 0.3275 was obtained from a sample of
A0 pairs of values. Test whether or not this value shows evidence of correlation

a atthe 0.05 level (uze a two-tailed test),

b atthe 0.02 level {use a two-tailed test).

Solution:

a H;:p=0
H:pz20 :lr 2-tatl or=0.05
test statistic = 0.3273
critical walues = 20,3120
ts = cv since 03275 03120
reject Hy
Conclude there is evidence of correlation at the 5% used of significance.

0
0 2-tall =002

test statistic = 0.3275
criical values = £0. 2665
t.s. < cow. since 03275 < 03665
accept H,
Conclude no evidence of correlation at the 2% lewel of significance.

-

L H,:p
Hik

]

H#
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Regression and correlation
Exercise B, Question 2

Question:

a  Calculate the product-moment correlation coefficient for the following data,
giving values for 5,5, and &,

x 2 3 4 4 5 5
¥ 7 & 5 4 3 2 1

b Test, for these data, the null hypothesis that there 15 no correlation between x
and v. Use a 1% significance level
state any assumptions yvou have made,

Solution:

In an exam do not set up a table of values — you will run out of timel
zet the values directly from vour calculator,

Sx =293 =131,y =287 =140,y =990 =7

g mogal SIXES ey
2
5, =131- 2 10857
(28)
S5 840 e
. 2l
J0857 < 28)
r=-0975
b Hy:p=0
Hy:p=0 2-tail o =0.01

test statistic =r=-0575
critical values = +0.8745

t.e. < cv. since —0.975< —0.8745
goreject H

Conclude there 1z evidence of cotrelation between x and ».
Azsumption: x and y are both normally distributed.
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Regression and correlation
Exercise B, Question 3

Question:

The ages X (vears) and heights ¥{cm) of 11 members of a football tearn were
recorded and the following statistics were used to summarise the results,

LY = 168,TF =1275,LXY =20704, TX? = 2585
T¥? = 320019

a Calculate the product-moment correlation coefficient for these data.

b Test the assertion that height and weight are positively correlated by using a
suitable test. State yvour conclusion in words and any assumptions yvou have made.
iTTze a 5% level of significance.)

Solution:
50704 _ 168X1275
3 11
a P =
2 ] =
2585 - 168 |[ 390 019 127 r=—"
11 11 Fafyy
o= 0677

b H,: p=0
H, p>0 1-tail ¢ =0.05

test statistic = 0.677
criical values = 0.5214
ts =» oo soreject Hy

Conclude there i3 evidence of positive correlation between the age and height of

members of a football teatn — the older the player, the taller they tend to be.
Azsumption: both the ages and the heights of the plavers are normally distributed.
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Exercise B, Question 4

Question:

a  Explain briefly your understanding of the term “correlation’. Describe how you
uzed, or could have used, correlation in a project or in class work,

b Twelve students sat two Biology tests, one theoretical the other practical. Their
matks are shown below,

Marks in
theoretical 5 9 7 11 20 4 & 7 12 10 15 16
test (£)
Mankes i
practical & 8 g 15 20 9 ) 714 8 718
test ()
Find to 3 significant figures,
1 the value of 5,
1 the product-moment correlation coefficient.
¢ Tlee a 0.05 significance level and a suitable test to check the statement that
“students who do well in theoretical Biology alse do well in practical Biology
tests’

Solution:
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a The product-moment coefficient of correlation 1z the measure of the strength of
the linear link between two variables.
Tou could use it to investigate whether there is correlation between the age of a
lichen and its diameter, for example.

b

i 3 9 7 11 20 4 & 17 12 10 15 16
B & 8 9 15 20 9 B 17 14 g 17 18
Enter theze data into your calculator to obtain the following results directly — doa't
complete atable of results in an exarm as you will run out of tirne!

Ye=1323 4 =1742,3 p =147 p* =2057, ) p =1872.n =12

i 5, B
12
Sy =255
n r=02535 iGet this value directly from your calculator,
c H,:p=0
H:p>0 1-tal =005

test statistic = 0.935
critical values = 0.4%973
ts. ® cw. soreject Hy.

Conclude there 12 positive cotrelation between theoretical bislogy and practical
biology marks — this implies that students who do well in theoretical biology tests
also tend to do well in practical biclogy tests,
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Exercise B, Question 5

Question:

The following table shows the marks attained by ¥ students in English and
Wlathematic s tests.

Stadent A B [ 1N F F G H
FEnglish 25 13 32 27 21 35 28 30
Mathematics 16 11 20 17 15 26 32 20

a Calculate the product-moment correlation coefficient.

& teacher thinks that the population correlation coefficient between the marks i3
likely to be zero,

b Testthe teachet's idea at the 5% level of significance.

Solution:

4 r=0.68506... «———In the exam get this directly from vour calculator. If

you set up atable of results you are likely to run out

of time.
so r=06886{5:1)
b
H =0 H, H, H,
AR 2-tail o =0.05 = 7
Hi:p=z0 e s
e c.v, = =), 7 c.v. = 0,067
test statistic = 0.686
crittcal values = 07067 t.s. = 0.686

at upper tail, ts <cv. since 0685 < 07067 s0 accept H,, .

Conclude there 15 evidence the pom.c.c. could be zero so the teacher's theory iz
supported.
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Regression and correlation
Exercise B, Question 6

Question:

A emall company decided to import fine Chinese porcelain, They believed that in the
long term thizs would prove to be an increasingly profitable arrangement with profits
increasing propottionally to sales Ower the next & years their sales and profits were as
shown in the table below,

Viai 1994 1995 1996 1997 1998 1999
Sales in 165 165 170 178 178 175
thousands
Profits in
kil 65 7 75 % 20 23

Tzing a 1% zignificance level test to see if there iz any evidence that the company's
beliefs were correct, and that profit and sales were positively correlated.

Solution:

F=0793 *—— Gt this value directly from vour calculator. Doa’t set up a table of
values as vou will be likely to run out of time in the exam if you dol

Hu p= ]
H:p=10
test statistic = 0,793
criical values = [.8822
t.s. < cw soaccept Hy.

Conclude there 1z insufficient evidence at the 1% significance lewel to support the
company's belief

1-tail o =0.01
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Exercise C, Question 1

Question:

A Spearman's rank correlation obtained from the fuel consumption of a selection of
30 cars and ther engine sizes gave a rank cerrelation ceefficient » =05321

Investigate whether or not the fuel consumption iz related to the engine size. State
vour nnll and alternative hypotheses, (Uze a 5% level of significance.)

Solution:
H,: p, =0There 15 no association between fuel You should always put
consumption and engine size, 2-tall @ =003 | your hypotheses in
H,: p, 20There 1z an association between fuel terms of ofirst.

consumption and engine size.
Test statistic =7 =0.5321

# =730 so critical value = +0.3624 H, Hy . H

t.s = cow in the upper tail
since 05321 03624 C.V.=-0.3624
soreject Hy.

C.V.=0.3624
tx. =0.5321
Conclude there 1z evidence of an association between fuel consumption and engine size.
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Exercise C, Question 2

Question:

For one of the activities at a gymnastics competition, 8 gymnasts were awarded marks
out of 10 for each of artistic performance and technical ability. The results were as
follows.

Gvmnast A B C D E F G H
Techmecal
ability 8.5 8.6 9.5 i) 6.8 9.1 9.4 9.2
Artistic

6.2 7.5 B2 &7 £.0 1.2 8.0 2.1

lill?l'flil rimance

The walue of the product-motment correlation coefficient for these data 15 0,774,

a  Btating your hypotheses clearly and using a 1% lewvel of significance, test for
evidence of a positive association between technical ability and  artistic
performance. Interpret this walue.

b Calculate the value of the rank correlation coefficient for these data

¢ Stating your hypotheses clearly and using a 1% level of sigmificance, interpret this

coefficient.
d  E=zxplain why the rank correlation coefficient might be the better one to use with
these data.
Solution:
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Hy:p=0 1-tail @ =0.01
H:p=0

Test statistic=p, =0.774
# =08 crtical value =0.7887
ta < cw inupper tail test

so accept Hy .
Conclude there 15 insufficient evidence of positive correlation between technical
ability and artistic performance at the 1% significance lewvel

b
ik 8.5 8.6 9.5 ] 6.8 8.1 9.4 9.2
A 6.2 75 82 6.7 6.0 i 8.0 9.1
Pr 5 1 7 8 4 2 3
Fy 7 4 2 & 8 5 1
d -1 1 -1 1 0 -1 -1 2
d’ 1 1 1 1 0 1 1 4
E_dg =10
5 610
2 208 -1
r, = 0881
¢ H,: p, =0There 1s no association between Tou should always
technical ability and artistic performance. 1-tail ¢r=0.01 PUt your hypotheses
H,: o, >0There is positive association in terms of ofirst
between technical ability and artistic
performance.
Test statistic =7 =0.8581
# =8 critical value = 08333
upper tail test, t.s. > cw
so reject H,
Conclude there 15 evidence of a positive association between technical ability and
artistic performance. Gymnasts who are better in their technical ability also
appear to be better in thew artistic performance.
d The data are discrete results in a limited range. They are judgments, not

measurements. It iz alse unlikely that these scores will both be normally

distributed.
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Regression and correlation
Exercise C, Question 3

Question:

Two judges ranked 2 ice skaters in a competition according to the table below.

Skater

il il v v vi Vi viil
Juidge
A 2 5 3 7 B 1 4 &
E 3 2 & 5 7 4 1 B

a Ewvaluate Spearman's rank correlation coefficient between the ranks of the two
judges.

b TIze a suitable test, at the 3% lewvel of significance. Interpret wour findings to
inwestigate for evidence of pesitive association between the rankings of the

judges. E
Solution:
A
B 5 7 5 4
5 2 5 i 4 1
d -1 3 -3 2 1 —3 3 —2
a2 1 9 9 4 1 9 9 4
E_dg =46
66
rp=l-—
B2 -1
p,o=0452

b H,: p, =0There iz ne association between the rankings of the 2 judges. You should
always put your
hypotheses in
Pad terms of ofirst

H,: p, #0There iz an association between the rarkings of the 2 judges.

2-tal or=0.05

Test statistic =7 = 0452

Critical wvalues =207351

t.e. < c.v. in the upper tail
since 0452 = 0.73581
so accept Hy.

H, Hyy H,

7381 cv. =0.7381
.5 =0.452

Conclude there 15 no association between the rankings awarded by the 2 judges.
They appear to be using different criteria in their judgements.
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Exercise C, Question 4

Question:

Each of the teams in a school hockey league had the total number of goals scored by
thetn and against them recorded, with the following results,

Team A B [ D E F G

Goals for 29 40 23 o7 26 20 42

Goals o o8 27 42 24 28 23
agamst

Investigate whether there 15 any correlation between the goals for and those against
by using Spearman's rank correlation coefficient. TTae a suitable test at the 1% level to
investigate the statement, A team that scores a lot of goals concedes very few goals’

Solution:
F 29 40 28 &7 26 30 42
A 22 28 27 42 24 38 23
g 2 5 £ 7 4 1
Py 7 i 4 1 5 2 &
d —4 -1 1 5 2 2 -5
a2 16 1 1 259 4 4 24
>d? =16
_ £x 76
=1
r,=-0357
H,: p, =0 There iz no asseciation between *goals for’ Ve should
and “goals against’ 1-tail or=0.01 always put your
H,: p, =0 There is negative association between hypotheses in
‘goals for’ and ‘goals against’ terms of o first.
Test statistic =, =-0.357 Hy Hy
critical value = —08929 ' {
Lower tail test where ts = cow B, ==
so accept Hy,. o
t.s. = L3557

Conclude there 15 insufficient evidence to support the statement.
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Exercise C, Question 5

Question:

The weekly takings and weekly profits for six branch shops of a company are set out
kelow,

Shop 1 2 3 4 5 G
Takings (£) 400 6200 2600 5100 5000 3200
Profits (£) 400 1100 450 750 200 500

a  Calculate the coefficient of rank correlation 7, between the takings and profit.

b It 15 assumed that profits and takings will be positively correlated. TTaing a
suitable hypothesis test (stating the null and alternative hypotheses) test this
assertion at the 2% lewvel of significance.

Solution:

T [ 400 6200 2600 [ 5100 | 5000 | 3800
F | 400 [ 1100 450 [ 750 | 800 | 500
ry 6 1 5 2 3 4
7 6 1 5 3 2 4
d 0 0 0 2] 1 0
FE 0 0 0 1 1 0
Yat=2

g b2

’ 6(6° =13

r,=10943

Tou should
1tail r=0,05 | 21Ways put your
hypotheses in
terms of ofirst

b H,: p, =0 There iz ne agsociation between takings and

profits,
H,: p, =0 There is positive association between takings

and profits.

upper tail test where ts = cov
so reject Hy.
Conclude there iz evidence to suppott the staternent.
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Exercise C, Question 6

Question:

The rankings of 12 students in IMathematics and Music were as follows,

Mathematics 1 2 3 4 5 & 7 a2 9 10 1 12
Music f 4 2 ] 1 El 5 3 10 8 11 12

a  Calculate the coefficient of rank correlation 7, [Show vour value of Td? ]

b Testthe assertion that there 1z no correlation between these subjects. State the null
and alternative hypotheses used. Use a 5% significance level.

Pagel of 1

Solution:
A
P 1 2 3 4 5 & 7 9 10 11 12
. & 4 2 3 1 5 10 8 11 12
d -5 -2 1 1 4 -1 2 -1 -1 2 0 0
a2 25 4 1 1 16 1 4 1 1 4 0 0
>d? =58
£ 58
12{12° -1}
Fo=0797
b H,: p, =0There is no correlation between the Veou should
rankings in Mathematics and Music. 2-tail x=0.05 | always put Four
H,: p, #0There is correlation between the hypotheses in
rankings in Mathematics and Music. terms of ofirst
Test statistic = 0.797 Hy Hy H;y
critical walues = 20 3574
c.v. ==L.5874 c.v. =0.5874

t.e = cov in upper tail, since
0797 = 05874
so reject Hy.

Conclude there 15 evidence of an association between the rankings in Mathematics

and Music.

Here it appears that students who do well in Mathematics are also likely to do

well in Music,
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Regression and correlation
Exercise C, Question 7

Question:

a A child is asked to place 10 objects in order and gives the ordering

A C HF B I G E T 1

The correct ordering iz

A& B ¢ D EF G HIIT

Find a coefficient of rank correlation between the child's ordering and the correct

Pagel of 1

ordering
b Tlze a 2% significance lewel and test whether there 15 an association between the
child’s order and the correct ordering. Draw conclusions about this result. E
Solution:
a
Child's A C H F E L G E I I
order
Cotrect A E C D E F €} H I J
order
N 1 3 & 7 10 9
P 1 2 4 & 7 9 10
) 0 1 5 2 =3 -2 0 -3 1 -1
d* 0 1 25 4 9 4 0 9 1 1
>d? =54
x5
Bl
10{10° =13
r,=0673
b H,: o =0 There 15 no association between the child's You shoild
ordering and the correct ordering. a-tal or=0.05 always put your
H,: o, # 0 There 15 an association between the child's hypotheses in
ordering and the correct ordering. terms of o first.

Test statistic = 0.673
critical walues = 0.5636

te = ow goreect Hy.

Conclude there 12 evidence of a positive association between the child's ordering and

the correct ordering so the child 1z showing some ability to perform the task.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics
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Exercise C, Question 8

Question:

The crop of a root vegetable was measured over six consecutive years, the vears
keing ranked for wetness. The results are given in the table below.

Year 1 2 3 4 5 6
Crop
{10 000 tons) - i3 52 77 &3 61
Ranl: of 5 4 : - : :
wetness

Calculate, to 3 decimal places, a Spearman's rank correlation coefficient for these
data. Test the assettion that crop and wetness are not correlated. (Use a 2% level of

sigrificance).
Solution:
i be 5 52 77 63 &1
7 4 & 1 £ 5
A 5 4 1 & 3 2
& -1 —2 3 e 0 3
e 1 4 2b 23 0 9
Sdt =64
prape X0 g aopsy
66 =[]
r, =—03829
H,: p, =0 There is no correlation between the ranks Rppine e
of crop vield and wetness. 2-tail =003 always put your
H,: p, #0 There 15 correlation between the ranks of hypotheses in
crop yield and wetness, terms of ofirst.

Test statistic = —0.82%
cnitical walue = 08857
In the lower tail, ts. > cv. since —0.829 = 0. 8E57

go accept Hy.

Conclude at the 1% significance level there 15 insufficient ewvidence of correlation
between the ranks of crop yvield and wetness. (More samples need to be taken as the
coefficient 15 quite close to the critical value).
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Question:

a  Two judges at a cat show place the 10 entries in the following rank orders.

Cat A B i D E F G H I J
First

: 4 & 1 2 = 3 10 G a8 7
judge
Segunc 9 3 1 7 4 6 2 5 10
judge

Find a coefficient of rank correlation between the two rankings and, using the
tables prowided, comment on the extent of the agresment between the two judges.
b Explain briefly the role of the null and alternative hypotheses in a test of

significance. K
Solution:
a
g 4 1 2 il 3 10 9 5 7
Fy 2 3 1 4 B 5 10
) 2 —3 —2 1 —2 =1 1 3 -3
d? 4 9 4 1 4 1 14 1 9 9
Z_a!’2 =58
r,= —6X—38= 064845
10010° =13
r, = 0648

We are looking for pasitive correlation between the rankings awarded by the two
mdges. There 1z clear evidence of a positive correlation at the 10% and 2%
lewel(s) of significance since our test statistic #, = 0.645 15 bigger than the critical

value 0.2636 There 15 imnsufficient ewvidence of positive correlation at the 1%
significance level where the critical value 07455 iz greater than the test statistic.

b The null hypothesis 1 what we assume to be true unless proved otherwize and the

alternative hypothesiz 13 what we conclude 15 happening if we reject the null

hypothesis. The null hypothesis 15 only rejected if 1t 15 true with a probability
equal to the significance level of the test
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Question:

a  Explain briefly the conditions under which vou would measure association using

aratlk correlation coefficient.
b Mine applicants for places at a college were interviewed by two tutors. Each tutor

rankced the applicants in order of merit The rankings are shown below,

Applicant A B C D E F G H I
Tutor 1 1 2 3 4 5 & 7 8 9
Tutor 2 1 3 5 4 2 7 9 B &

Inwestigate the extent of the agreement between the two tutors. E
Solution:
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a Where there 15 a link between the variables x and y but it i5n't linear; it could be

for example.

-

TWhere the results you have are rankings already where items have been put in
order of preference or judgements, or where alphabetical grades have been

awarded — here the data won't be from a bivariate normal distribution.

b
75 1 2 E 4 5 & 7 8 9
”"rz 1 3 5 4 2 7 9 8 &
d 0 —1 —2 0 3 1 —2 0 5
d? 0 1 4 0 9 1 4 0 9
Sdt =28
b= 28
=l
9(9° -1
r,=07666. =0767
H,: p, =0 There is no correlation between the ranks Tou should
awarded by the two tutors. 1-tail always put Ra
H,: p, = 0There is positive correlation between the hypothefses f{n
rank s awarded by the two tutors, terms of oLirst

Test statistic=r, =077
Thiz 1z greater than the critical value of 06533 at the 2%% significance level so we

would reject Hy and we would conclude there is evidence of agreement between the

two tutors at the 2 %% significance lewel

Atthe 1% significance level the test statistic and critical walue ate wery close so it is
mconclusive at this level of significance.
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Question:

In a ski-jump contest each competitor made two jumps. The order of merit for the 10

competitors who completed both jumps are shown.

Ski-jumper A E C D E F
First jump 2 9 7 4 10 8

Second jump 4 10 3 1 g g

€ H I
& 5 1
2 7 3

a Calculate, to 2 decimal places, a rank correlation coefficient for the performance

of the ski-jumpers in the two jumps.

b Tsing a 5% significance, and quoting from the table of critical values, investigate
whether there 15 positive association between the two jumps. State vour null and

alternative hypotheses clearly. E
Solution:
a
By 2 8 7 4 10 ] 1
Pad 4 10 2 1 8 7 3
d —2 -1 2 3 2 -1 4 —2 -2 —3
42 4 1 4 9 4 1 16 4 4 9
»at=156
6= 56
h=Ll- ]
10010 =13
r, = 06606
r,=00662dp)
b H,: p, =0 There is no correlation between the order
i : _ You should
of merit for the two jumps. 1-tail =005

H,: p, =0 There is positive correlation between the
order of merit for the two jumps.

Test statistic =066

Critical value = 0. 5626

ts ®cow soreject Hy.

always put your
hypotheszes in
terms of ofirst

Conclude there 15 evidence of positive comrelation between the order of merit for the
two jumps — jutnpers who did well in the first jump are also likely to do well in the

second jump.
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Question:
An expert on porcelain is asked to place seven china bowls in date order of

manufacture, assigning the rank 1 to the oldest bowl The actual dates of manufacture
atd the order given by the expert are shown below.

Bowl A B C D E i G
Diate:of 1820 1857 1710 1896 1810 1650 1780
manufacture
Orde I given 7 3 4 & 2 1 5
by expert

a Find, to 3 decimal places, the 2pearman's rank correlation coefficient between the
order of manufacture and the order given by the expert.

b FRefer to the table of critical walues to comment on your results. State clearly the

null hypothesis being tested. F
Solution:
a
Date of 15320 1857 1710 18536 1210 1650 1780
manufacture
Date rank 7 ] 2 & 4 1 3
Expert rank 7 3 4 [ 2 1 5
d ] 2 —2 0 2 0 —2
P 0 4 4 0 4 0 4
>d =16
616
n=l-——
-1
r,=0714(3dp)
b H;: p, =0 There iz no association between the pairs of ranks. Tou should

H,: p, =0 There iz positive association between the pairs

of ranks, 1 e they agree with each other.

Test statistic=0714._.

Atthe 3% significance lewel the critical value =0.7143

te ®cow soreject Hy.

} 1-tail

always put your
hypotheses in
terms of o first.

Conclude at the 5% level of significance there 15 minimal evidence that the expert is

ranking the porcelain in date order correctly.

Atthe 2 %% significance level the critical value 1z 07857 which is bigger than the

test statistic meaning H, would be accepted. So at the 2%% significance level there

iz insufficient evidence of agreement.
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Question:

A stoall bus company prowvides a service for a small town and some neighbouring

villages In a study of their service a random sample of 20 journeys was taken and the

distances x, in kilometres, and journey times £, in minutes, were recorded. The

average distance was 4.535 km and the average journey time was 15,15 minutes.

a Using Tx? =493 77 5 = 4897 Tz =1433.8, calculate the product-moment
cotrelation coefficient for these data

b Stating wour hypotheses clearly test, at the 2% lewel, whether or not there is
evidence of a positive correlation between journey time and distance.

¢ State any assumptions that have to be made to justify the test in b E
Solution:
a » =20
- ¥ix S'x
x = = gmves453L=="
% 20

so > 1=20x4.535=907

522 gives 15_15=2
» 20

so 3¢ =20x1515=303

[1433_8_W}
20

2 yl
45377297 || 4ge7 - 392
20 20

F=0.375

Hozp=0 1-tail @=0.05
H,.p=0

Test statistic = 0.375

cntical value = 03783
t.s. < cow. since 0375 < (3783
go accept Hy.

Tt

b

-

]

—
-

Ceonclude there 15 msufficient evidence of positive correlation between distance
and tume at the 3% level of significance.

¢ Both distance and journey time are normally distributed.
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Question:

A group of students scored the following marks in their Statistics and Geography

examinations.
Stadent A B C D E F G H
Statistics 6 71 49 38 T2 a5 54 68
Geography 35 a0 a1 47 65 45 39 a2

a  Find the value of the Spearman's rank correlation coefficient between the marks
of these students.

b Stating your hypotheses and using a 5% level of significance, test whether marks
in Statistics and marks 1n Geography are associated.

Solution:
a
3 &4 71 43 38 72 55 54 &8
& 55 50 51 47 &5 45 29 Ba
7y 4 2 7 8 1 & 3
s 3 5 4 & 2 7 B 1
) 1 —3 ] 2 -1 -2 -2 2
d? 1 3 9 4 1 4 4 4
Z_dz =36
£ 36
8(8"-1)
r,=0571
b H,: p, =0 There iz no association between marlke Toushould
in Statistics and Geography. Dtail =005 | Abvaysputyour

hypothezes in

i # 00 There 15 an association between marks
1 terms of ofirst.

in Statistics and Geography.

Test statistic = », = 0.571 H, Hy H,

critical value = 20,7381
In the upper tail tsz <cw
so accept H.

c.v. =={,7381 c.v. =0.7381

ts =0.571

Conclude there is no evidence of an association between marks students score in
Statistics and Geography, i.e. students who are good at one of these subjects aren't
necessarily going to do well in the other subject.
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Question:

An international study of female literacy investigated whether there was any
cotrelation between the life expectancy of female: and the percentage of adult
females who were literate. & random sample of 8 countries was taken and the
tollowing data were collected.

Life
expectancy 49 T 69 71 a0 &4 78 74
(vears)
L‘T;“}__‘;;‘"f" 25 28 20 62 37 26 89 67

a Ewaluate Spearman's rank correlation coefficient for these data.

b Stating your hypotheses clearly test, at the 2% level of significance, whether or
not there 1z evidence of a correlation between the rankings of literacy and life
expectancy for females.

¢ (give one reason why Speartnan's rank correlation coefficient and not the product-
moment cotrelation coefficient has been used in this case. K

Solution:
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LE 49 76 69 71 50 &4 73 74

Lit 25 BE a2l 62 Ef 1) 29 &7

iz B 2 5 4 7 & 1 3

P B 2 4 & 7 3 1 5

) 0 0 1 —2 0 3 0 —2

d* 0 0 1 4 0 9 0 4
>dt =18

6x18
paeiln—e
BB -1
r,o= 0786
b H;: p, =0 There 15 no correlation between the rankings You should

of literacy and life expectancy for females. 2-tatl =005 always put e

R : : : hypotheses in
H,: p, 20 There 12 correlation between the rankings : £
of literacy and life expectancy for females. RESRERREt,
Test statistic =, = 0.786 i : Ho il
critical value = £0.7381 c.v. =-0.7381 c.v. =10.7381
Inuppertail ts =cw
soreject Hy . Ls. =0.786

Conclude there iz evidence of correlation between the rankings of literacy and life
expectancy for women It appears that where a higher percentage of women are
literate, they appear to have a higher life expectancy.

¢ We cannot assume that both life expectancy and percentage of literary are both
normally distributed.
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Question:

Sim friesian cows were ratked in order of terit at an agricultural show by the official
qudge and by a student vet.
The rank s were as follows:

Official

: 1 z 3 4 5 &
judge
Student 1 5 4 5 6 3
vet

a Calculate Spearman's rank correlation coefficient between these rankings.

b Inwestigate whether or not there was agreement between the rankings of the judge
and the student.
State clearly vour hypotheses, and carry out an appropriate one-tailed significance

test at the 5% lewvel. F
Solution:
a
Peg 1 3 4 &
Pay 1 4 2 3
o 0 -3 -1 2 -1 3
e 0 9 1 4 1 9
St =24
24
rj o e —27
&6(6" -1}
r,=0314

b H,: p,=0 There is no correlation between the

rankings of the official judge and student vet 1-tail @¢=0.05 | Youshould

H,: p, =0 There 1z positive correlation between always put st
hypotheses in

the rankings of the official judge and student vet. terms of ofirst

Test statistic =», =0.314
critical walue = 0.8286

t.s. = c.v. goaccept H.

Conclude there is insufficient evidence of agreement between the rankings of the
official judge and the student wet They appear to be ranking using different
criteria to sach other
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Question:

Az part of a survey in a patticular profession, age, x years, and salary, £y thousands,
were recorded.

The waluez of x and y for a randomly selected sample of ten members of the
profeszion are as follows:

X 30 52 38 45 56 44 41 25 32 27
il 22 38 40 24 35 32 23 21 29 41

a Calculate, to 3 decimal places, the product-moment correlation coefficient
between age and salary.

b State two conditions under which it might be appropriate to use Spearman's rank
cotrelation coefficient

¢ Calculate, to 3 decimal places, the Spearmnan's rank correlation coefficient
hetween age and salary.

It 1z suggested that there 15 no correlation between age and zalary.

d  Set up appropriate null and alternative hypotheses and carry out an appropriate
test. (Tze a 5% significance lewel ) E

Solution:
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a r=0340 *4— Get this value directly from vour calculator in an

examination. Don't set up a table of values — you
will run out of time if you do.

b When both sets of data aren't from normal distributions. When at least one set of
data is given as grades (letters) or ranking of preference or size.

€
x 30 52 38 43 56 44 41 25 32 27
¥ 22 28 40 24 35 22 28 27 29 41
7, 8 2 & 3 1 4 5 10 7 9
7 10 3 2 5 4 & B 9 i 1
d —2 =1 4 —2 =3 —2 =3 1 0 8
d? 4 1 16 4 9 4 9 1 0 &4
St =112
Ex112
=l
100107 -1}
r,=0321(3dp)
d H,: p,=0 There 12 no correlation between the You should

rankings of age and salary. 2-tail =003

always put your
H;: p, #0 There 1z correlation between the

hypotheses in
rankings of age and salary. tertns of o first

Here the test on Spearman's coefficient should be used because it is unlikely that
salary and age are both normally distributed.

Test statistic =r, =0.321
critical value = 06485

In uppertail, tz <cwv
Since 0.321= 406485
accept Hy .

H, Hy H,
' i
c.v, = =(L6485 c.v. = (L6485

t.s. =0.321

Ceonclude no ewvidence of correlation between the rankings of salary and age. This

means that the older a person 15, in the profession, it doesn't mean they will earn
more.
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Question:

A machine hire company kept records of the age, x months, and the maintenance
costs, £, of one type of machine The following table summarizses the data for a
random sample of 10 machines.

Ilachine A B C D E F G H 1 J
Age. x £i3 12 34 81 il 4 45 74 24 89

Maintenance 117 55 49 181 g4 21 S1 145 43 241
costs, ¥

a  Calculate, to 3 decimal places, the product-moment correlation coefficient. (Tou
may use 3 a0 =30625 3" =135481, »r=62412)

b Calculate, to 3 decimal places, the Spearman's rank correlation coefficient.
¢ For a different type of machine similar data were collected. From a large
population of such machines a random sample of 10 was taken and the

spearman's rank correlation coefficient, based on ng =36, was L7582,

Tsing a 3% level of significance and quoting from the tables of critical values,
interpret this rank correlation coefficient Tze a two-tailed test and state clearly
your null and alternative hypotheses, K

Solution:
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a r=0837 ——— Gt this directly from your calculator in the

examination. There 15 no need to set up a table of
values, you will run out of time if you do.

b
x 3 12 24 81 a1 14 45 74 24 859
¥ 111 25 41 151 &4 21 ol 145 | 43 241
r, 4 10 7 2 = 9 & 3 ] 1
i, 4 9 ! 2 ) 10 & 3 7 1
a 0 1 -1 0 0 -1 0 0 1 0
d? 0 1 1 0 0 1 0 0 1 0
Sd? =4
604
10010° =13
po=08976(3dp)
¢ H,: p,=0 There iz no association between age and Wi hsiild
maintenance costs. 2-tal =002 | always put your
H,: p, #0 There 15 an association between age and hypotheses in
maintenance costs, terms of ofirst.

Test statistic =y, =0782
# =10 critical value(s) = H) 6485
In wpper tall, ts = cv since 0782 = H1.6485 so reject H,.

Conclude there 15 evidence of an association between age and maintenance costs.
It appears that older machines cost more to maintain.
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Exercise D, Question 11

Question:

The data below show the height abowe sea level, x metres, and the temperature, 3"

at 700 am , on the same day in summer at nine places in Europe.

Height, x(mn) 1400 400 280 790 350 L9%0 540 1250 680

Temperature, ¥

s ) 15 1= 10 16 14 13 7 13
(°C)

a The product-moment correlation coefficient iz —0.973 Test this at the 3%

sighificance level Interpret your result in context
Cin the same day the number of hours of sunshine was recorded and Spearman's rank

cotrelation between hours of sunshine and temperature, based on Za’z =28, was

0767,
b Stating wour hypotheses and using a 2% two-tailed test, interpret this rank
cotrelation coefficient. r
Solution:
a H,: . p=0
H:p=0 1-tail =005
Test statistic =-0.975

n="9 cnfical wvalue = —0.5822
Lower tail test, ts. = cv. since —0.975 < -0.5822 reject H.

Conclude there iz evidence of negative correlation There 1z evidence that the
greater the height above zea level, the lower the temperature at 7.00 a.m. 15 likely

to be.

b H,: & =0 There is no asseciation between hours Vou should
of sunshine and temp erature. 2-tail =005 always put your
H,: o, =0 There is an association between hours hypotheses in
of sunshine and temperature. terms of ofirst

Test statistic =r, =0767 H Hy H
n=9 critical value = +0.6833 :

In upper tail

t.z. > c.v. since
0767 = 406833

so reject H.

c.v, == ORI v, = (L6E33

ts. =0.767

Conclude there 15 evidence of an association between hours of sunshine and

temperature.
The more hours of sunshine the warmer the temperature.
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Question:

a Ezplain briefly, referring to your project work if you wish, the conditions under
which wou would measure association by using a rank correlation coefficient
rather than a product-moment coefficient

b At an agricultural show 10 Shetland sheep were ranked by a gualified judge and
by a trainee judge. Their rankings are shown in the table.

Cualified

Judge

Trainee ,  » 5 5 5 g 19 4 3z 9

Judge

Calculate arank correlation coefficient for these data
¢ Using a suttable table and a 5% significance lewvel, state your conclusions as to
whether there 15 some degree of agreement between the two sets of ranks. K

Solution:

a  Touuse a rank correlation coefficient if at least one of the sets of data isn't from a
normal distribution, ot if at least one of the sets of data is a letter grading or an
order of preference. Tt 15 also used if there iz a non-linear association between the

variables.
b
7y 1 o 5 4 6 7 g 10
ry 1 o 5 6 3 g 10 2 g
d 0 0 2| =2 | 2| 2| -3 6 1
a? 0 0 4 4 4 4 9 16 | 36 1
¥4 = T8
6% 73
,r'j = i 2
10(10% =1
ro= 0527

¢ H;: 5 =0 There iz no correlation between the

rankings of the qualified and trainee judges.
H,: p =0 There iz positive correlation between
the rankings of the qualified and trainee judges.

Test statistic = » =0527
0.5636

crtical value

1-tail x=0.05

tz = cv since 0.527 = 05636, These two values are very cloze.

Accept Hy.

Tou should
always put your
hypotheses in
terms of ofirst

Conclude there 15 insufficient evidence of agreement between the rankings
awarded by the qualified and trainee judges at the 5% level of zignificance.
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Question:

a Ezplain briefly the use of a null hypothesis and a lewel of significance in statistical
wotl.

b The positions in a league table of & rughy clubs at the end of a season are shown,
together with the average attendance (in hundreds) at home matches during the

SEASOI.
Club A B e D E F G H
Posiaon 1 2 3 4 5 o 7 a
Average 30 32 19 19 2%, 18 15 25
attendance

Calculate the coefficient of rank correlation between position in the league and
home attendance. Comment on your results. E

Solution:

a The null hypothesis 15 what 15 assumed to be true unless prowved otherwise (The
alternative hypothesiz tells you what 1= likely to be happening if the null
hypothesis 15 rejected) The lewvel of significance tells you the probability of
rejecting the null hypothesis if it is true. The null hypothesis 15 only rejected in
favour of the alternative hypothesis if by doing so the probability of being wrong
15 less than or equal to the significance level.

Pagel of 1

b
Posttion 1 2 324 |5 6|78
Attendance | 5\ 391 15 | 19 | 27|18 [ 15| 25
{hundreds) —— -~
2 eep these rows together ih
¥ e |08 )8 |96 | 4|58 -\| the table to make it casy to
2 2 1 g g 3|6 |74 J find the & values.
d 1|1 | -=5|-1|2]|0]|0]4
d? 11251 |4|0]|0]|16
Sd =48
6248
T e,
BB -1
r,o=0429

There iz weak positive correlation between the ranking of attendance and position
in the league. Being higher in the league doesn't necessarily mean the attendance
will be higher — it may help though
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Question:

The ages, in months, and the weights, in kg, of a random sample of nine babiesz are
shown in the table below.

Baby A B C D E F G H I
Age (%) 1 2 2 3 3 3 4 4 5
Weight

4.4 b2 18 6.4 67 72 76 7% 84
0

a  The product-moment correlation coefficient between weight and age for these
babies wasz found to be 0972 By testing for positive correlation at the 5%
significance level interpret this value

b A boy who does not know the weights or ages of these babies 15 asked to list
them, by guesswork, in order of increasing weight He puts them in the order

A CEE G D ITF H

Cbtain, to 3 decimal places, arank correlation coefficient between the boy's order
and the true weight order.

¢ Eeferring to the tables and using a 2% significance lewvel, inwvestigate for any
agreement between the boy’s order and the weight order. Discuss any conclusions

you draw from you results,

Solution:
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1p=0

a H,: p=0
Ha 1-tal =005

Test statishc=r = 0.972
»n="9 critical value = 0.2822

spper tail ts = cow since 0972505522
soreject Hy.

Conclude there iz evidence of a positive association between age and weight. This
means the older a baby iz, the heawvier it iz likely to be

b
Weight | 44|52 |58 (64|67 [72|76|79|84
Boy's order | A Bl G| D I 1 F | H
n, 123 4|5 [&] 7|8 ]9
g} 13527 (4] %68
d D |12 2|=2]12|-2]2]]1
d* Ol 1|4 |44 ]4]4]4]1
Sdt =26
£ 26
e
909 -1
o =0783(3dp)
You should
¢ H,: g =0 There iz no association between the boy’s always put your
order and the true weight order. 1-tail o=0.05]| hypotheses in
H,: & =0 There is positive association between the terms of ofirst

boy's order and the true weight order,

Test statistic =r, = 0783
critical value = 0.46000
upper tail test where tz = ooy since 0783 > 0.6000 so reject H,.

Conclude there iz ewvidence of positive association between the boy's order and the
actual weight of the babies.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com





