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Vectors
Exercise A, Question 1

Question:

A bird flies 5 km due north and then 7 km due east. How far is the bird from its original position, and in what ¢

Solution:
¢ d =\52+ 72=\25 + 49 = [ 74= 8.60 km
N "
0 =tan" L =tan"11.4=54.46....°
The bird is 8.60 km (3 s.f.) from the starting point on a
bearing of 054 ° (nearest degree).
T N
d
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Exercise A, Question 2

Question:

A girl cycles 4 km due west then 6 km due north. Calculate the total distance she has cycled and her displacement from
her starting poin

Solution:
' Distance cycled = 4 km + 6 km = 10 km
d =\#2+e6?={16+36=[52272...
—tan-18 -1 o
d 6 =tan L - tan 1.5 =56.3
6 / bearing =270 ° + 56 ° =326 °
The displacement is 7.2 km (3 s.f.) on a bearing of 326 °
(nearest degree).
. ]
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4
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Exercise A, Question 3

Question:

A man walks 3 km due east and then 5 km northeast. Find his distance and bearing from his originz

Solution:
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d2 =32+52-2x3x5x cos 135° =55.21 ...
d =7.43km (3s.f)

sinf# _  sin 135°
5 d
sin = 2228 5 4760=284° (3sf)

d
= bearingis 90 ° - 28° =062 ° (nearest degree)
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Exercise A, Question 4

Question:

In an orienteering exercise, a team hike 8 km from the starting Spont,a bearing of 300 then 6 km on a bearing
04C° to the finishing pointF. Find the magnitude and direction of the displacement Sto F.

Solution:
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d2 =62+82-2x6x8x cos 80° =83.3 ...
d =9.13km (3s.f)

sing _ sin 80°
6 B d
sin 9 = =P = 0,647 ... 0=40.3° (3sAf)

= bearing is 300 ° + 40 ° =340 ° (nearest degree)

= the vector SHs 9.13 km (3 s.f.) on a bearing of 340 °
(nearest degree)
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Question:

A boat travels 20 km on a bearing of 06(followed by 15 km on a bearing of 110What course should it take to
return to its starting point by the shortest ro

Solution:

| 2 =207+ 15 -2x20x15x cos 130°
120° | 110° =1010.67 ...
d =31.8km (3s.f)
sing _ sin 130°

20 d

20 x sin 130°

sin @ = = ——=04819 ... #=28.8° (3s)

= bearing of the start =360° —29° -70° =261°
(nearest degree)

= the return course is 31.8 km (3 s.f.) on a bearing of
261 ° (nearest degree)
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Exercise A, Question 6

Question:

An aeroplane flies from airpoftto airportB 80 km away on a bearing of 070 FromB the aeroplane flies to airpd}
60 km fromB. Airport C is 90 km fromA. Find the two possible directions for the course set by the aeroplane on the
second stage of its journ:

Solution:
2 2 _ o2
cos 0 = 8-y 0.19791 ... )
2x6x8 = bearing
0 =78.6 ° (3s.f)
of CfromB s

180° +70° —-9=171.4° (1d.p.)or 180 °
+70° +0=323.6° (1d.p.)

A
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Exercise A, Question 7

Question:

In a regatta, a yacht starts at pdhtsails 2 km due east #§ 3 km due south from to B, and then 4 km on a bearing
28C° from B to C. Find the displacement vectorC from O.

Solution:

- B
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Starting with the dlsplaceme , distance
OB = \|22 + 32

6 =tan~ 5 =33.7° (3s.f.)
Now, looking at triangl€©BC,

3 =80-33.7=46.3° (3s.f.)

d2 =42+13-2x4x13x cos 46.3° =9.07 ...
d =3.01km (3s.f)

sinf_ sin 46.3°
4 - d
sin p = 22 = 0.960 ... f=73.59 °

= bearing =90+ (90+¥) +p=220° (nearestdegree)

= vector ie OCGs 3.01 km (3 s.f.) on a bearing of 220 °
(nearest degree)
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Exercise B, Question 1

Question:

i F G
B I3 H
b A

A N D 1

ACGI is a squareB is the mid-point oAC, F is the mid-point ofZG, H is the mid-point of3l, andD is the mid-point of
Al.

Vectorsb andd are represented in magnitude and directioAByandAD respectively. Find, in terms bfandd, the
vectors represented in magnitude and direction by

a AC, b BE, ¢ HG, d DF,
e AE, f DH, g HB, h FE,
i AH, j BI, k El, | FB.
Solution:

In this exercise there will usually be several correct routes to the answers because the addition law for vectors allows
several options for equivalent vectors. You might reach the correct answers by a different routes to those used in these
solutions.

aAC=2AB=2b
b BE = AD (parallel and equal in length) d&-
¢ HG = BC (parallel and equal in length) AB (B is midpoint ofAC) =b
d DF = AC (parallel and equal in length) $H2
e AE = AD + DE ( triangle law of addition )
= AD + AB ( DE andAB parallel and equal in length ) &+ b
f DH =DI + IH ( triangle law of addition )
=AD + AB ( AD = DI becaus® is the midF point of Al, andAB is parallel and equal tidd )

=d+b
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gHB = - BH ( same length, opposite direction )

= — Al ( parallel and equal inlength ) = €2
h FE = - EF ( same length, opposite direction )

= - HG ( parallel and equal in length ) = b- ( from partc)
i AH = Al + [H (triangle law of addition) =@+ b
jBl=BA+Al = -AB+Al = -b+2d
kEl=EB+BA+Al= -BE-AB+Al= -d-b+2d= -b+d
IFB=FD+DA+AB= -DF-AD+AB= -2b-d+b=-b-d

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Mechanics 1 Pagel of 2

Solutionbank M1

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise B, Question 2

Question:

S 7 7

p
0 > P B

OACB is a parallelogranM, Q, N andP are the mid-points dDA, AC, BC andOB respectively. Vectorp andm are
equal toOP andOM respectively. Express in termspandm

a OA b OB c BN d DQ
e OD f MQ g OQ h AD
i CD j AP k BM I NO.
Solution:

a OA = 20M (M is the midF point of OA) = 2m

b OB = 20P (P is the midF point ofOB) = 2p
1 1
cBN= 5BC= 7 OA (opposite sides parallel and equalym=

d DQ =PD ( MN andPQ bisect each other )
= OM (line segments parallel and equal in length jn=
eOD = OP + PD ( addition of vectors )
=OP + OM ( PD andOM are parallel and equal in length ) p=t m

f MQ = MO + OP + PQ ( vector addition )

- OM + OP + OA ( PQ andOA are parallel and equal in length )

-m+p+2m=p+m

gOQ=0P+PQ=p+2m
h AD = AO + OD (vector addition) = -OA+OD = -2m+ (p+m) =p-m
i CD =CN + ND ( vector addition )

= MO + PO ( line segments parallel and equal in ler)
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=-OM+ -OP=-m-p

j AP = AO + OP (vector addition) = -OA+OP = - 2m+p

k BM = BO + OM (vector addition) = OB+ OM = - 2p+m

| NO = NB + BO ( vector addition )
= MO + BO ( MO andNB are parallel and equal in length )
=-OM+ -0OB=-m-2p
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Exercise B, Question 3

Question:

0 R

OAB is a triangleP, Q andR are the mid-points dDA, AB andOB respectivelyOP andOR are equal t@ andr
respectively. Find, in terms pfandr

a OA b OB c AB d AQ
e 0Q f PQ g OR h BP.

Use partsb andf to prove that trianglPAQ is similar to trianglcOAB.
Solution:

a OA = 20P (P is the midF point of OA) = 2p

b OB = 20R (Ris the midF point ofOB) = 2r

c AB = AO + OB (addition of vectors) = ©A+0B= - 2p+ 2r

if )

1
d AQ = 7 AB (Qis the midF point of AB) = 7 \ -2p+2r ) = —-p+r

e 0OQ = OA + AQ (addition of vectors) =@+ ( —p+r) =p+r

f PQ = PO + OQ (addition of vectors) = ©OP+0Q= —-p+ (p+r) =r

g QR = QO + OR (addition of vectors) = ©Q+OR= - (p+r) +r= -p
h BP = BO + OP (addition of vectors) = ©B+0OP= -2r+p

Fromb OB = 2r, and fromf PQ =,

= OB andPQ are parallel

= « AOB= z APQand « ABO = « AQP (corresponding angles, parallel lines)
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Angle A is common to both triangles

= trianglesPAQ andOAB are similar (three equal angles)
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Exercise B, Question 4

Question:

0 B

OAB is a triangle©OA = a andOB = b. The pointM dividesOA in the ratio 2:1MN is parallel tdOB. Express the vector
ON in terms ofa andb.

Solution:

M dividesOA in the ratio 2:1= OM = 7 a

w N

Using vector addition,

ON = OA + AN = OA + JAB (N lies onAB, soAN=1AB) =a+41( —a+b) andON=OM + MN = OM + OB
2
(MN is parallel toOB) = Za+ub

=>a+i ( —a+b} = §a+/¢b

2
= (by comparing coefficients @fandb), 1 -4 = Zandi = u

1
b

1 2
soi=p= zandON= Za+ 73
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Exercise B, Question 5

Question:
A B
Q
P
M
0 C

OABC is a square. Nk the mid-point of OAand Qdivides BCin the ratio 1:3. ARand MQmeet at PIf OA = aand OC=c,
expres<OP in terms ofa andc.

Solution:

1 1
M is the mid Fpoint of OA so OM= 70A= 7a

Using vector additionlQ = MA + AB + BQ
1 1 1 1
=MA+ AB + ZBC_ satc- Ja= ja+c

andAC =AO+0OC= -a+c
P lies on both AGand MQ so

1o (1)
OP=0OM +IMQ= Za+4 KZa+c )
and OP=OA+uAC=a+u( —a+c)

(2, ) ()

=> %a+,1 K4a+c) —a+u \ —a+c)

1 1
by comparing coefficients of a andwe get; +4 7, =1 -uand 1=y
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Exercise C, Question 1

Question:

Express the vectosg , v, , V5, V, , Vg andv, using thd, j notation.

¥i i v |
P
5_
v
4

'l_
Vs
| i
I I I ] i 1
0 1 2 3 4 5 6 ¥
Solution:
Vi=4i,v,=51+2),v;= -3i+],v,=21+3,v;= -2-],v= -3

Pagel of 1

Note that some people prefer to describe vecta'column vectors’. In this case, the answers would be

(4N o _(s5Y _(=3)  _(2) _ [ -2)

_ (0 )

M o) T L2 )T L )M e ) T Lm0 s )
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Exercise D, Question 1

Question:

Given thata = 2i + 3j andb = 4i — j, find these terms dfand;.

aa+b b 3a+b c2a-b d 2b+a
e 3a-2b f b-3a g 4b-a h 2a-3b
Solution:

aa+b= (20+3) + (4i—-j)=(2+4)i+ (3-1)j=6i+2

b3a+b=3(2+3) + (4i-j)

(6i+9) + (4i-j) = (6+4)i+ (9-1)j=10+8§

C2a-b=2(2+3) - (4-])=(4+6) - (4i-j)=(4-4)i+(6-(-1))i=7

d2b+a=2(4i-j) + (20+3) = (8-2)+ (2i+3) = (8+2)i+ (-2+3)j=10+]j

e
3(2i+3)) —2(4i-j) = (6i+9) - (8i-2j) = (6-8)i+

3a-2b = 5% %) = - 2i + 11j
f b-3a= (4i-j) -3(2A+3) =(4i-j)-(6i+9)=(4-6)i+(-1-9)j= -2 -10

Ab-a = 4((_4I4—+J)(—_§§|;j312) = (16i-4j) - (2+3j) = (16-2)i + 14i - 7
h

2a-3p = 2(21*3) ~3(4i-j) = (4i+6)) - (12i-3)) = (4-12)i+ _g o

(6-(-3))i =

© Pearson Education Ltd 2C
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Question:

Find the magnitude of each of these vectors.

a 3i + 4 b 6i — 8] c 5i+ 12j d 2i + 4
e 3i - 5j f 4i+ 7] g -3i+5 h —4i-]j
Solution:

a|3+4| =\P+42={0r16=[25=5

b |6-8| =\62+8=\36+64=]100 =10

c|5+13| ={R+12=\25+ 144 =} 169 = 13

d|2+4| =\2+#2=\{4+16=[20=4.47 (3s.f.)

e|3-5]=\R+52={9+25=[{34=583 (3sf.)

fla+7] =\#2+72=\16+49=[65=8.06 (3s.f.)

g| -3+5| =\®+52=\{0+25=[34=583 (3sf.)

h|-4i-j| =\42+12=\16+1=\17=4.1z (3s.f)
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Exercise D, Question 3

Question:

Find the angle that each of these vectors makes with the posikis.

a 3i + 4] b 6i — §] c 5i +12j d 2i + 4
Solution:
a3i+4j b 6i — 8| c5i + 12 d 2i + 4j
2 B
i)
4 4
8 12
3]
] B 2
3 , 5

arc tan ( % ) arctan ( % ) arctan ( 1?2 ) arctan ( g )

=53.1° above (3s.f.) =53.1° belon (3s.f.) =67.4° above (3s.f.) 63.4° above (3s.f.)
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Exercise D, Question 4

Question:

Find the angle that each of these vectors makes with the pgsékis.

a 3i — 5 b 4i+7] c - 3i+5j d —4i—j

Solution:

a3i—-5j b 4i + 7] c —3i+5j d —4i—]

- 3
: .f

1
5
5 4 3 1
90 ° +arctan(§ ) arctan(; ) arctan(g ) 90° +arctan(z )

=90° +59° =149° (3s.f.) totheright =29.7° (3s.f.) totheright=31.0° (3s.f.) totheleft=90"°
+14° =104° (3s.f.) tothe lef
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Exercise D, Question 5

Question:

Given thata = 2i + 5j andb = 3i —j, find

a Aifa+ lbis parallel to the vectori b uif ua + bis parallel to the vector |
Solution:

aa+lb= (21+5) +2(3i—-j) =(2+3)i+ (5-1)]

Parallel toi, so5-4=0,4=5.

bua+b=p(20+5) + (3i-j) = (2u+3)i+ (u-1)]j

-3
Parallel toj, so 2+ 3=0,u= —5~

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

Given thatc = 3i + 4 andd =i - 2}, find

a Aif c+ Adis parallel to i+ j, b uif uc +dis parallel ta + 3j,
csif c — sdis parallel to 2t |, dtifd - tcis parallel to — 2# 3j.
Solution:

ac+id= (3i+4) +1(i-2) = (3+2)i+ (4-2)j

Parallel toi +j,s03+1=4-21

_ _ 1
31=1, 2= §

buc+d=p(3i+4) + (i-2) = (u+1)i+ (4u-2)]
Parallel toi + 3j,s04—-2=3 (2 +1)

4 -2=u+3,%=-5,u= -1

cc—-sd= (3i+4) —-s(i-2) =(3-s)i+ (4+X)]j
Parallelto 2+j,s03-s=2 (4 + 2s)

3-s=8+4s, -5=5s,5= -1

dd-tc= (i—-2)) -t(3i+4) =(1-3)i+ (-2-4)j

Parallelto -2+ 3j,s0 - 2( -2-4) =3(1-3)
1
4+8=3-%,1=-1%,t= - 5

17
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Exercise D, Question 7

Question:
In this question, the horizontal unit vectoend]j are directed due east and due north respectively.

Find the magnitude and bearing of these vectors.
a2+3 b 4i—] c —3it+2 d —-2i—]
Solution:

a|2+3| =\2+32=\{4+9=[13=361 (3sf.)
(2

arc tan \ 3 / =33.7 °, so bearing 034 °

bld-j| ={@+12={16+1=[17=412 (3sf)
(1)

arc tan\4j =14.0°,sobearing90° +14° =104°

c|-3+2| =\®+2={0+4={13=361 (3sf)
(2)

arc tan \ 3 ] =33.7°, so bearing 270 ° +34° =304°

d| -24-j| =YR+12={a+1={5=224 (3sf.)
(1)

arc tan \ 2 } =26.6 °, so bearing 270 ° - 27 ° =243°
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Question:

Find the speed of a particle moving with these velocities:

a 3i+4jms~1 b 24i — 7jkmh~1
c 5 +2jms~1 d -7i+4jcms™1
Solution:

aSpeed= |B+4j| =\P+42=\{9+16=[25=5ms?
bSpeed= |24-7)| =\2&+ ( -7) 2=\576 + 49 =625 = 25 km h !
cSpeed= |Bb+2j| =\ +2=\{25+4={29=539m5! (3s.f.)

dSpee= | -7i+4j| =\ ( -7) 2+42=\4c+ 16=\65=8.0ecms~! (3sf.)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 1

Solutionbank M1

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 2

Question:

Find the distance moved by a particle which travels for:
a5 hours at velocityig+ 6 kmh~1

b 10 seconds at velocity 5 jms™1

¢ 45 minutes at velocityié+ 2 kmh~1

d 2 minutes at velocit — 4i — 7jcms ~ L

Solution:
a Distance = speed x time £ %8 62 x 5 =5 x [64 + 36 = 5 x|\ 100 = 50 km
b Distance = speed x time F €3 ( —1) 2x10=10x[25+1=10\26=51.0m (3sf.)

¢ Distance = speed x time F €6 22 x 0.75 = 0.75 x[\ 36 + 4 = 0.75 1 40 = 4.74 km (3s.f.)

Pagel of 1

d Distanci = speeix time =\ ( —4) 2+ ( -7) 2x 12(=12C x |16 + 49 = 12C x (65 = 967cm ( 3s.f.)
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Exercise E, Question 3

Question:

Find the speed and the distance travelled by a particle moving with:
avelocity — 3 + 4 ms~ 1for 15 seconds

b velocity 2 + 5jms™ 1 for 3 seconds

cvelocity 5 - 2jkmh~ 1 for 3 hours

d velocity 12i — 5jkmh ~ 1 for 30 minutes

Solution:

aSpeed=|\ ( -3)2+42={0+16=[25=5ms?

Distance =5 x 15 =75m

b Speed =\ 2+ 52=\{4 + 25 =[29=539ms? (3s.f.)
Distance =3 x5.39=16.2m (3s.f.)

cSpeed=[\3+ ( -2)2=\{25+4=[29=539kmh?! (3sf.)

Distance =3 x 5.39 =16.2km (3s.f.)

d Speed =[\ 12+ ( -5) 2=\144 + 25 =} 169 = 13 km R},
Distanct=0.E x 13=6.5km
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Exercise F, Question 1

Question:

A particleP is moving with constant velocityms™ L. Initially P is at the point with position vector Find the position
of P
t seconds later if:

ary=3j,v=2iandt=4, brg=2i-j,v=-2jandt=3,
Cro=i+4j,v= -3i+2jandt=6, dro= -3i+2j,v=2i-3jand t=5.
Solution:

ausingr =r +vtr=3j+2 x4 =8+ 3j

bUsingr=r +wvtr= (2-j) + (-2) x3=2-j-6=2-7]

cUsingr=r +wvtr= (i+4) + (-3+2) x6=i+4-18+1= - 17 + 1§
dUsingr=r +wvtr=( -3i+2) + (2-3) x5=-3+2+10-15=7 - 13
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Exercise F, Question 2

Question:

A particleP moves with constant velocity Initially P is at the point with position vectart seconds lateP is at the
point with position vectob. Findv when:

aa=2+3,b=6+13,t=2,
ba=4i+j,b=9 +16,t=5,
ca=3i-5,b=9+7,t=3,
da=-2+7,b=4i-8 ,t=3,
ea= -4di+j,b=-121-19 ,t=4
Solution:

aUsingr=r +w, (6l +13)
v=2 +5

(20+3) +2v2v= (61 +13) - (2 +3) =4i + 10

(4i+]) +5v5v= (Gi+16) — (4i+]) =5 + 15

bUsingr=r +w, (9 +16 )
v=i+3

cUsingr=r +w, (9i+7) = (3i-5) +3v3v= (9+7) - (3i-5) =6 +12
V=2 +4

dUsingr=r +w, (4-8) =(-2+7) +3v3v= (4-8) - (-2+7) =6 -15
v=2 -5

eUsingr=r +wvt,( -12-19) = ( —4i+j) +4vdv= ( -12-19) - (-4i+]) = -8-20
v= -2i -5

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 1

Solutionbank M1

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 3

Question:

A particle moving with speedms ™ in directiond has velocity vectov. Findv for these.

av=10,d = 3i - 4]
cv=75,d= - 6i+ 8]

ev=2{13,d= - 2i + 3]
g v=\60,d= - 4i-2

Solution:

bv=15,d= - 4i+ 3]
dv=5{2,d=i+]

f v=\68,d= 3i- 5]
hv=15,d= —i+2j

ald| =Y®+ (-4)2=\{25=510+5=4=2(3-4) =6 - §
bldl ={(-4)2+3={25=515+5=3=3( -4 +3) = - 1% + 9

c I d I =\{(-6)2+8= 100:10,7.5+10:%v,: % ( -6 +8§ ) = -4.5+6

d|d] ={22+22=\25[2={2=5y=5(i+]) =5i +5
e |d]| :1 ( —2)2+32:\|T3'21T3+H3:24:2( -2+3) = -4i+6
fld] =\#+ (-5)2=\34{68+[32= = v2(3i-5) =372 -5V2]

gld] =V (-4)2+ (-2)2=\20{60+f20= 3= V3( -4i-2) = -43i-23
hldl =\ (-1)2+22=\515+\{5=3(5v=3V5( -i+2j) = -3V 5i +6 5
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Question:

A particle Pgtarts at the point with position vectqy: P moves with constant velocitymrs™ 1 After t seconds, Rs at the
point with position vector.r

aFindrifry=2i,v=i+3j,and t= 4.

bFindrifry=3i-j,v= —-2i+j,andt=5.

cFindryifr =4i+3j,v=2i-j,and t= 3.

dFind ryifr = - 2i+5j,v= —2i+ 3j, and t= 6.
eFindvifry=2i+2j,r=8i—-7j,andt=3.

f Find the speed of Pr, = 10i - 5j,r = - 2i + 9j, and t= 4.

gFind tifry=4i+j,r=12i - 11j, and v= 2i - 3].

h Find tifr,= - 2i+ 3j, r = 6i - 3j, and the speed ofiB4ms L

Solution:

aUsingr=r +vtr= (2i) + (i+3)) x4=2i+4i+12j=6i+12j
bUsingr=r +vtr= (3i—-j) + ( —2i+j) x5=3i-j—-10i+ 5j= - 7i+ 4]
cUsingr=r +wt, (4i+3j) =r g+ (2i—j) x3,r,= (4i+3j) - (6i—-3)) =4i+3j-6i+3j= - 2i+6

dUsingr=r +w, ( = 2i+5]) =r + ( —2i+3j) x 6,1, = ( -2i+5]) - ( - 12i+18])
= - 2i+5j+ 12i - 18] = 10i - 13]

eUsingr=r +w, (8i-7j) = (2i+2)) +vx33v= (8i-7]) - (2i+2)) =6i-9
v=2i- 3

fUsingr=r +w,( —2i+9j) = (10i-5]) +vx44v= ( -2i+9]) - (10i-5) = - 12i+ 14jv= —-3i+ 3.5,

speed =\ ( -3)2+3.%2=\21.25~4.61ms" !

gUsing r=ry+wt, (12i-11j) = (4i+j) + (2i-3j) xt (2i-3j) xt= (12i-11j) - (4i+])
=8i-12jt=4

hUsingr=ry+wt, (6i—-3j) = ( —2i+3j) +vtvt= (6i—-3j) - ( —2i+3j) =8i—6j

4t= |vt|4t= |8 -6 | =82+ ( -6) 2=\10C=1C4t=104t=2.5
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Question:

The initial velocity of a particl® moving with uniform acceleratioams~2isums™~ L. Find the velocity and the speed
of P aftert seconds in these cases.

au=>5i,a=3j,andt=4 bu=3i-2j,a=i—-j,andt=3
ca=2i—-3j,u= —2j+j,andt =2 dt=6,u=3i—-2j,anda= —i
ea=2i+j,t=5andu= - 3i+4j

Solution:

aUsingv=u+atv= (5) + (3) x4=5+17

speed =[\ 5+ 122=\169 = 13m s !

(3i-2) + (i-]) x3=3-2+3 -3 =6 -5
speed=[\8+ ( -5)2=\36+25=[61=781ms 1

b Usingv =u + at,v

cUsingv=u+atv= ( -2i+j) + (2-3) x2=-2A+j+4i-6=2 -5

speed=[\2+ ( -5)2=\4+25=[29~539ms1

dUsingv=u+atv= (3i-2) + (-i) x6=3-2J-6=-3-2

speed =\ ( —3)2+ (-2)2=\{9+4={13~361ms?

eUsingv=u+atv= ( -3i+4) + (21+]) x5= -3 +4+10+5 =7 +9

spee=\[72 + 92 =49+ 81=\13C= 11.4ms~ !
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Question:

A constant forcé- N acts on a particle of mass 4 kg for 5 seconds. The particle was initially at rest, and after 5 s
has velocityi — 8jms ™~ 1. FindF.

Solution:

6 - §

al

i )
\ )

Usingv =u + at, (66—8j ) z—axba=

(R

UsingF = ma,F = 4 x

(a—aj ) =4.8-64
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Question:

A force 4 — jN acts on a particle of mass 2 kg. If the initial velocity of the partidle-i8j ms™ 2, find how far it moves
in the first 3 seconc

Solution:

UsingF = ma,

() L3

Usings = ut + %atz,s: \i+3j ) x3+§(i— %j ) ><32:3i+9j+4%i—2%j:7§i+6zj

distance =|\ ( ) 2+ ( 6% ) 2=\56.25 + 45.5625 5\ 101.812510.1 m
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Question:

Attimet = 0, the particlé® is at the point with position vector,4nd moving with constant velocity jms™ 1. A
second particle® is at the point with position vector F8nd moving with velocityms™ 1. After 8 seconds, the paths of
P andQ meet. Find the speed Q.

Solution:

Usingr =r +wvtforP,r= (4i) + (i+j) x8=4+8+8 =12 +§
Usingr =r +wtforQr= ( -3 ) +vx38

Both at the same point: 12 8 = ( -3 ) +vx 8,8/ =12 + 8 + 3 =12 + 1]
i )

8

v= 12+13 |, =15+1.375
\ J

speei= |v| =\1.22+1.372 = [2.25 + 1.89062 ~ 2.0:ms "1
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Question:
In questions 9 and 10 the unit vectoesdj are due east and due north respectively.

At 2 pm the coastguard spots a rowing dinghy 500 m due south of his observation point. The dinghy has constant
velocity (4 +3j) ms™1.

a Find, in terms of, the position vector of the dinglgeconds after 2 pm.

b Find the distance of the dinghy from the observation point at 2.C

Solution:
aUsingr=r +wvtr= -500 + (20 +3)) xt= -500 +2ti +3tj=2ti+ ( ~500+3)]j

b 5 minutes = 5 x 60 seconds = 300 secomds,2 x 300 + ( — 500 + 3 x 300 j = 600 + 400

distanc: = (602 + 402 = 360 00( + 160 00( = {520 00(~ 721 m
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Question:

At noon a fernyF is 400 m due north of an observation p@nmoving with constant velocity (i 7j) ms™1, and a
speedboaBis 500 m due east &, moving with constant velocity ( -3 15 ) ms™1.

a Write down the position vectors BfandS at timet seconds after noon.

b Show thaF andSwill collide, and find the position vector of the point of collis

Solution:

a

Usingr =r +vtforFr =400j+ (7i+7j) xt=400j+ 7ti + 7t]
=7ti+ (400 + 7t) |

Usingr =r,+vtforSr =500i+ ( - 3i+ 15j) xt = 500i- 3ti + 15t]
(500 - 3) i + 15t]

b ForF andSto collide, Ti + (400 + #)j= (500-3)i +15;j,
i components equalt # 500 - 3,10t = 500f = 50
j components equal: 400 + # 15,400 = 8,t = 50

Both conditions give the same valuetofo the two position vectors are equal wherb0, i.e.F andScollide at
r=7x5C+ (40C+7x50)j=235C + 75( .
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Question:

At 8 am two ship#AandB are atr, = (i + 3j) kmandrg= (5 -2 ) km from a fixed poinP. Their velocities are
Vo= (2i—j) kmh™tandvg = ( -i+4j) kmh~!respectively.

a Write down the position vectors 8fandB t hours later.
b Show that hours after 8 am the position vectorBofelative toAis givenby ( (4-8)i+ ( -5+%)j) km.
¢ Show that the two ships do not collide.

d Find the distance betweA andB at 10 arr

Solution:
auUsingr =ro+wvtforAr= (i+3) + (2-j) xt=(1+2)i+ (3-t)]
Usingr =r g+ wtforBr= (5 -2 ) + ( —i+4) xt=(5-t)i+ (-2+4)]j

b UsingAP + PB,AB = PB - PA

{(5-t)i+ (—-2+4t)j{ - {(1+2t)i+ (3-t)j{
(5-t-1-2t)i+ (-2+4t-3+t)j= (4-3t)i+ ( —-5+5t)]

c If A andB collide, the vectoAB would be zero,

so4-3=0and -5+ b=0, but these two equations are not consistentl(andt # 1), so vectoAB can never be
zero, andA andB will not collide.

dAt10amt=2AB= (4-3x2)i+ ( -5+5x%x2)j=-2+5,

Distance=\[ ( —2) 2+ 52=\4+ 25 = {28~ 5.3¢km
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Question:

A particle Astarts at the point with position vector 32i12j. The initial velocity of As ( —i +j) ms~1, and it has
constant acceleration ( 2i4j) ms~2. Another particle, Bhas initial velocity ims~1 and constant acceleratiom2g ~ 2.
After 3 seconds the two particles collide. Find

a the speeds of the two particles when they collide,

b the position vector of the point where the two particles collide,

¢ the position vector (B's starting poin

Solution:

aUsingv=u+atandt= 3,

For A

v=(-i+j)+ (2i-4)) %3
(-1+6)i+ (1-12)j
= 5 - 11]

Speed= \]52 +112=\25+ 121

=\146=12.1ms ! (3s.f.)

For B

vV =i+2jx3
=i+ 6]

Speed= \| 12+ 62=\1+ 36

=\37=6.08ms 1 (3s.f.)

) L )

1
b Using s=ut + EatzforA,s: (—i+j ) x3+ 5 % KZi_4j) x 9= - 3i+ 3j+9i - 18j=6i — 15j

So at the instant of the collision,i\at the point with position vector

r= (12i+12j) + (6i- 15j) = 18i- 3j

() 1

c Using s= ut + %atzforB,s: \I ) x3+ 5 % [Zj) x 9 = 3i+ 9j, so Bs starting point is

(18 -3) - (3i+9) =15 - 1]
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Question:

A particle is in equilibrium a0 under the action of three forcEs , F, andF,. FindF; in these cases.

a Fi=(2i+7j) andF,= ( -3i+]) b F;= (3i-4j) andF, = (2i+3j)
c F,=(-4i-2)) andK= (2i-3)) d F;=(-i-3j) andF,= (4i+])

Solution:
a Fp+F,+F3=0= (2i+7)) + ( -3i+]) +F; =0

>Fg= - (2i+7)) - (-3i+]) = —2i-7j+3i—-j=i- 8§
b Fi+F,+F3=0= (3i-4j) + (2i+3]) +F; =0

= Fy= - (3i-4)) - (20+3]) = —3i+4j-2i-3j= - 5i+]
¢ Fi+Fy,+F3=0= ( —4i-2j) + (2i-3j) +F; =0

= F3= - (—4i-2]) - (2i-3]) =4i+2j-2i+3j=2i+5
d Fi+F,+F3=0= (—-i-3j) + (4i+]) +F3 =0

= F3= - (-1-3)) - (4i+]) =i+3j-4i-j= -3i+2
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Question:
For each part of Question 1 find the magnitudé.pénd the angle it makes with the positivexis.

Solution:

a|Fyl =Y (1)2+ (-8)2=\1+64=[65~806

tan 6= 7 >0 =829° (3sf.)
angle withOx  =82.9 ° below (3s.f.)

b |Fyl =Y (-5)2+ (1)2=\25+1={26=510

tan 6= < =0 =11.3° (3sf.)
angle withOx =169 ° above (3s.f.)

c|Fyl =Y (2)2+ (5)2=\4+25=[29~5.39

tan 6= - >0 =68.2° (3stf.)
angle withOx  =68.2 ° above (3s.f.)

d |Fgl =Y (-3)2+ (2)2=\9+4=[13=361

tan 0= 3 =0 =337° (3sf.)
angle withOx =146 ° above (3s.f.)
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Question:

ForcesP N, Q N andR N act on a particle ah kg. Find the resultant force on the particle and the acceleration produced
when

abP=3+j,Q=2-3,r=i+2 andm= 2,

bP=4-3,0=-3+2,r=2 —jandm= 3,

cP=-3+2,Q0=2-5,r=4i+jandm=4,

dP=2i+),Q= -6i—-4j,r=5 -3 andm=2.

Solution:

aResultantforce P+ Q+R= (3i+j) + (2-3) + (i+2) =6i
= usingF=ma, 6 =2xa,a=3ims 2

b Resultantforce #+Q+R= (4i—-3j) + ( -3i+2) + (2-j) =3 -2

(2]

= usingF=ma, 3-2=3xa,a= \i—gj ) ms~2
cResultantforce #+Q+R= ( -3i+2) + (2-5) + (4i+j) =3 -2

(s 1)

= usingF=ma, 3-2=4xa,a= \4|—Ej ) ms~?

d Resultantforce P +Q+R= (2i+j) + ( -6 -4) + (5 -3) =i -6
| . (2 )
= usingF=ma, i-6=2xa,a= \?—31 / ms~?2
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Question:

XN *

RN i

A particle is in equilibrium aD under the action of forces, Y andR, as shown in the diagram. Use a triangle of forces
to find the magnitude d® and the value of when:

a |X| =3N, |Y| =5N,b |X] =6N, |Y|] =2N,c |X| =5N, |Y| =4N.

Solution:
a
Using Pythagoras' theorem,
IR| ={2+52=\9+25=[34~5.83Ntan 0=
g = §=59.0° (3sf.)
R
5
o - £
b

Using Pythagoras' theorem,

IR| ={&+22=\36+4=[40=632Ntan 0=
%:6=18.4° (3s.f.)
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2

Using Pythagoras'
theorem, | R | J\&+ 42 =25 + 16 =[ 41 = 6.40 N

(3sf.) tang= = > 0=387° (3sf.)
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Question:

The diagram shows two strings attached to a paRicté weight W N, and to two fixed poinfsandB. The lineAB is
horizontal and® is hanging in equilibrium withz BAP = « and « ABP = . The magnitude of the tensionA® is
TAN, and the magnitude of the tensiorBiR is T;N.

Use a triangle of vectors to find:

aTAandTBifW:S,a:40° and b TAand'léifW:G,a:30° and
B=50°, B=45°,
cTAandWifTB:S,a:40° and dWandEifTA=5,a=30° and
f=50°, p=70°,

e Ty andaifW=7,Tg=6andf=50°.

Solution:

a

The triangle of forces is a right-angled triangle
“=>T,=5x sin 40° =3.21N (3s.f.) and

Tg=5x cos 40° =3.83N (3sf.)

Triangle of forces
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Using the Sine rule,
Triangle of forces Tg Ty 6

sin 60 ° sin 45°  sin 75°

6 xsin 45°
T, = Sxsin45° _
A -~ =4.39N (3sf.)
Tg = 220897 _ 538N (3sf.)

sin 75°
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The triangle of forces is a right-angled triangle

Triangle of forces = Ty,=5xtan 40° =4.20N (3s.f.)

and 5 =W x cos 40° ,

5

w = s a0° — 653N (3s.f.)
d
Triangle of forces Using the Sine rule

W 5 T
sin 100° ~ sin 20° sin 60 °
5 x sin 100 °
W = “en 20° =144N (3s.f.)

5xsin 60 °
TB = -

— " = 127N (3sf.)
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Triangle of forces Using the Cosine rule:
T\2=62+72-2x6x7xcos 40° =20.65 ...
T,=454N (3sf.)

Using the Sine rule:
sin 40° _ sin(90° -a)

Ty - 6
7N - o _,y = Bxsin40° _
sin ( 90 a) = 254 =0.848 ...

90° -0 =58.1° ,a=31.9° (3sf.)
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Question:
Three forces; , F, andF; act on a particlez; = ( =3 +7)) N,F,= (i—j) NandF;= (pi+qj) N.

a Given that this particle is in equilibrium, determine the valug arid the value of. The resultant of the forcég and
F,isR.
2

b Calculate, in N, the magnitude Rf
¢ Calculate, to the nearest degree, the angle between the line of aR and the vectq;.
Solution:
aF,+F,+F;=0=> ( -3i+7) + (i—-j) + (pi+qg) =0
(-3+1+p)i+ (7-1+q)j=0
p=29= -6

bR=F,+F,= (-=3i+7)) + (i-j) = -2 +6
IR| =Y\ (-2)2+62=\4+36=[40=6.32N

c

olN

tan 6
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Question:
In this question, the horizontal unit vectdoend]j are directed due east and north respectively.

A coastguard statio® monitors the movements of ships in a channel. At noon, the station's radar records two ships
moving with constant speed. SHgs at the point with position vector ( + 3 10j ) km relative toO and has velocity

(2i +2j) kmh~1. ShipBis at the point with position vector { & j) km and has velocity ( ++ 5 ) kmh~1.
a Show that if the two ships maintain these velocities they will collide.

The coastguard radios shpand orders it to reduce its speed to move with velocity ) kmh~1. Given thaiA
obeys this order and maintains this new constant velocity.

b find an expression for the vectaB at timet hours after noon,
c find, to three significant figures, the distance betw&amdB at 1500 hours,

d find the time at whiclB will be due north oA.

Solution:

aAttimet

(-3+2t)i+ (10 +2t) ]
(6-t)i+ (1+5t)]

'A

B
i components equal when -3 #26 -t= 3t=9t=3
t=3:r,=3i+1§ ;rg=3i + 1§ = collide
bNewr,= ( -3+t)i+ (10+t)]

> AB=rg-r,= (6-t)i+ (1+5)j-{ (-3+t)i+ (10+t)j{
(6-t+3—-t)i+ (1+5t-10-1t)]
(9-2t)i+ ( —9+4t)]

ct=3:AB=3i+3, >dist. =} (32+32) =~4.24km

9
d B north ofA = noi component= 9 -2=0=t= 7 = time 1630 hours
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Question:

Two shipsP andQ are moving along straight lines with constant velocities. InitRlly at a poinD and the position
vector ofQ relative toO is (14 + 6] ) km , where andj are unit vectors directed due east and due north respectively.
ShipP is moving with velocity Bkm h~ 1 and shipQ is moving with velocity ( - B+ 6j ) kmh~1. At timet hours th
position vectors oP andQ relative toO arep km andq km respectively.

a Findp andq in terms oft.

b Calculate the distance @ffrom P whent = 4.,

¢ Calculate the value ¢ whenQ is due north oP.

Solution:
ap=6ti
g=(12+6 ) + ( -3i+6)t=(12-3)i+ (6+&)]

bt=4:p=24i,q=30

= dist. apart =[\ 22+ 302 = {576 + 900 =[\ 1476- 38.4 km

1
c Qnorth ofP = i components match»> 6t =12 -3 = 0t=12=>t=173
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Question:

A particleP moves with constant acceleration ( 3j ) ms~2. At timet seconds, its velocity ism s~ 1. When
t=0,v=5 - 3.

a Find the value of whenP is moving parallel to the vector
b Find the speed df whent = 5.

¢ Find the angle between the veci and the direction of motion P whent = 5.

Solution:

av=u+at:v= (5-3) + (-3i+j) xt=(5-3F)i+ ( -3+t)]
v paralleltoi => -3 +t=0=>t=3s

bt=5v=-10+2

Speed = V| = V104~ 102ms 1

-~-\.1,‘_-""I
e
Rt

2 S

10

(o)

(1) :
Angle = arctarr, +90 = 168.7 1s.f.
\ 2 ) N
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Vectors
Exercise H, Question 5

Question:

A particleP of mass 5 kg is moving under the action of a constant foreewtons. At = 0, P has velocity \ b-3

)

) ms~1.Att=4s, the velocity oPis ( - 11 +5 ) ms~ 1. Find

athe acceleration d? in terms ofi andj,
b the magnitude of.

Att = 6s,Pis at the poinA with position vector ( 28+ 6] ) m relative to a fixed origi®. At this instant the force
newtons is removed amithen moves with constant velocity. Two seconds after the force has been refhisvaidthe
pointB.

c Calculate the distance B from O.

Solution:

v—u
t

BN

aa= ‘a= = -4 +2jms?2

REEPR SN

bF=ma=5x (-4+2) =-20+1Q
IF| =Y ( —20) 2+ 1% =\500~ 22.4 N

ct=6v=utat=>v= (5-3) + ( -4i+2) x6=5-3j-24i+12= -19+9
AtB:ir=ry+vt=>r= (28+6) + ( -19+9) x2= -10+ 24

DistanctOB =\| ( - 1C) 2+242=\10C + 57€ = \(67€=26m
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Exercise H, Question 6

Question:
In this question the vectorandj are horizontal unit vectors in the directions due east and due north respectively.

Two boatsA andB are moving with constant velocities. Bdamoves with velocity km h~ 1. BoatB moves with
velocity (3 +5/) kmh™1,

a Find the bearing on whidB is moving.

At noon,A is at pointO andB is 10 km due south @. At timet hours after noon, the position vectorsAcdndB
relative toO area km andb km respectively.

b Find expressions fax andb in terms oft, giving your answer in the forpi + qj.

¢ Find the time wher is due east dB.

At time t hours after noon, the distance betw&eandB is dkm. By finding an expression féB,
d show that = 34t2 - 10¢t + 100.

At noon, the boats are 10 km apart.

e Find the time after noon at which the boats are again 10 km

Solution:

a

3 o N
tan 6= ¢ = 6 =31, bearing is 031

6ti
3ti+ ( —10+5t)j

b
a
b

c Adue east 0B = j components matchk» -10+5=0

PhysicsAndMathsTutor.com
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t =2 = 1400 hours

d
AB =b-a={3ti+ (-10+5t)j{ —6ti= —3ti+ ( —10+5t)]
02 = |b-a|2= ( -3t)2+ ( -10+5t) 2= 9t + 100 - 100t+ 25t
34€ - 100t+ 100, as required.

ed=10= d?=100= 34t - 100 =0

100

=>t=0o0r N =2.9411 ... ...

= time is 1456 hours
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Exercise H, Question 7

Question:

A small boat S, drifting in the sea, is modelled as a particle moving in a straight line at constant speed. When first sighted at
0900,Sis at a point with position vector ( — 2i4j) km relative to a fixed origin Qwhere iand jare unit vectors due east

and due north respectively. At 0940, Sis at the point with position vector 64) km . At time thours after 0900, Sis at

the point with position vectorlam.

a Calculate the bearing on which Sis drifting.
b Find an expression foris terms of t
At 1100 a motor boat Meaves Qand travels with constant velocitypi + g ) kmh~1.

¢ Given thalM interceptsS at 1130, calculate the valuep and the value cq.

Solution:

a (Directionofv) = (4i-6j) — ( —2i—-4j) =6i- 2]

tan 6 = %:0:18.43...0

Bearing = 90 + 6 =108"

( ) e

b Expressing ¥n kmh~1v = K 6i — 2j } X 5o = 9i- 3

r=ro+wvt=s= (-2i-4j) +t(9-3j) = (-2+9t)i+ ( -4-31)]j
CAt1130,t=255= ( —2+9x25)i+ ( —4-3x2.5)j=20.5— 11.5]
M has been travelling for 30 minutes m= 0.5 (pi + qj )

s=m=p=41,9g= - 23
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Exercise H, Question 8

Question:

A particleP moves in a horizontal plane. The acceleratioR &f ( — 2 + 3j ) ms~2. Attimet = 0, the velocity oP
is (3-2/) ms™1.

a Find, to the nearest degree, the angle between the yeotdrthe direction of motion &f whent = 0.
At time t seconds, the velocity &fisvms~ 1. Find

b an expression for in terms oft, in the formai + bj,

c the speed d? whent = 4,

d the time whelP is moving parallel td + j.

Solution:
a
-

j

tan 6 = % (9:33.7° )

angle between v anjd= 90 + 33.7~ 124°
bv=u+at:v=3 -2+ (—2+3) xt= (3—-2A)i+ ( —2+3%)]

ct=4v=(3-2x4)i+ (-2+3x4)j= -5 +10
speed =\ ( -5)2+10°=\25+100=)\125:11.2ms !

d v parallel toi +j = i andj components must be equat 3-2t= -2+ 3
=>5t=5t=1
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Exercise H, Question 9

Question:
In this question, the unit vectarend|j are horizontal vectors due east and north respectively.

At timet = 0 a football player kicks a ball from the poitvith position vector (B+ 2j ) m on a horizontal football
field. The motion of the ball is modelled as that of a particle moving horizontally with constant velocity9f ¥

ms~ 1. Find

athe speed of the ball,

b the position vector of the ball afteseconds.

The pointB on the field has position vector (2012 ) m .

¢ Find the time when the ball is due northBof

Attimet = 0, another player starts running due north fdand moves with constant speeu s L.

d Given that he intercepts the ball, find the valuv.

Solution:

av=4i+9j => speedofball =V (42+9%?) ~9.85ms !
br=r,+vt= position vector of the ball aft¢rseconds

= (3i+2) + (4i+9) xt= (3+4)i+ (2+9%)]

¢ North of B wheni components same, i.e. 3 +429,4 =26t =6.5s

d Whent = 6.5, position vector of the ball

= (3+4x%x65)i+ (2+9x%6.5)] =29+ 60.5
= j component = 60.5

Distance travelled by 2nd player = 60.5 — 12 =48.5m
Spee=48E+6.E5~7.46ms™1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 1 Pagel of 1

Solutionbank M1

Edexcel AS and A Level Modular Mathematics

Vectors
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Question:

Two ships Pand Qare travelling at night with constant velocities. At midnights Bt the point with position vector (il® 15j)
km relative to a fixed origin QAt the same time, @ at the point with position vector ( — 16i26j) km . Three hours later, B
at the point with position vector ( 2%i24j) km . The ship Qravels with velocity 12kmh~ 1. At timet hours after midnight, the
position vectors of Rind Qare pkm and gkm respectively. Find

a the velocity of An terms of i and,j

b expressions for pnd gin terms of t, iand

At time t hours after midnight, the distance betweem® Qis d km.

¢ By finding an expression for B@how that

d? = 58¢ - 430t+ 797

Weather conditions are such that an observer canPonly see the lights onwghen the distance betweeraRdQ is 13 km or less.

d Given that when £ 2 the lights on Qnove into sight of the observer, find the time, to the nearest minute, at which the lights on Q
move out of sight of the observ

Solution:
ar=ry+vt=v,= { (25i+24j) - (10i+15)) { /3= (5i+3) kmh~!

b

r:r0+w:aftert hours,

p= (10+15) + (5 +3) xt= (10+8)i+ (15+3)]j
g=( -1l6+2§) +12 xt= ( —16+12)i + 2§

Cc

PQ=gq-p={(-16+122)i+26{ - { (10+5t)i+ (15+3)j{
=(-26+1)i+ (11-3)]j

= d? = (-26+7) 2+ (11-3) 2

676 — 364 + 492 + 121 — 66 + Ot2
= 582 - 43 + 797, as required

dd=13= 58f - 430t+ 797 = 169,58t - 430t+ 628 = 0
We are given thatt 2 is one solution, so we know that { 2 ) is a factor
= (t-2) (58-314) =0
>t= LN 5.41 hours, so time 0525 to the nearest minute

58
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