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Exercise A, Question 1

Question:
n n n
Use the standard results di r  and Err2 to show that, for all positive integerg + 1)(3r +2) = n(an2+ bn +c),
r=1 r=1

r=1
where the values @, b andc should be state

Solution:

Zn:(r +1)(3r+2) = Zn:(3r2+ 5r +2) Multiply out brackets first

r=1 r=1
A d d Split into three separate parts to iso@e2
=3> r°+5> r+2>1 ’
r=1 r=1 r=1 xrandy 1
= 32(n +1)(2n+1)+ 52(n +1)+2n Use standard fr?rmulae err2 >r and
remember thad 1=n .
r=1
= g[(n +1)(2n+1)+5(n+ 1) +4] Take out facto«‘;T
= D[2n2 +3n+1+5n+5+ 4} Multiply out the terms in the bracket.
2
= E[2n2 +8n+ 10] Simplify the bracket.
2
— n[nz +4n+ 5] Take out factor of 2 from bracket which will
then be ‘cancelled’ by th% term to give the
Soa=1b=4ankt=5. answer.
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Exercise A, Question 2

Question:
f(x) =x3+3x-6
The equatioiix) =0 has araot inthe interval [1, 1.5].

a Taking 1.25 as a first approximationdo , apply the Newton—Raphson procedure omféotoli(ain a second
approximation ta. . Give your answer to three significant figures.

b Show that the answer which you obtained is an accurate estimate to three significan

Solution:
a
f(x) =x3+3x-6 Differentiatef(x) to giveé (x)
f'(x) =3x°+3
Using the Newton-Raphson procedure
with x = 1.25
% =1.25- f§1-25) State the Newton-Raphson procedure.
f (1.25)
3, 2x _ i
_ 1 o5 [1.25+3x1.25-6] Substitute 1.25.
[3x1.25 +3]
_ _ [-0.29@875]
=125 =%
=1.25+.0386...
=1.29¢o 3 sf) Give your answer to the required accuracy.
b
f(1.285) =-0.023... <0 Check the sign d{x) for the lower and upper
f(1.295) =0.0567... >0 bounds of values which round to 1.29 (to 3 sf).

As there is a change of sign &ixl) is  State ‘sign change’ and draw a conclusion.
continuous the roat satisfies

1.285< a0 <1.295
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Question:
11
| V2 2 (V2 o
R= 11 andS—[ ﬁ]
V2o V2

a Describe fully the geometric transformation represented by edRlanélS.
b CalculateRS.

The unit squard), is transformed by the transformation representefi foylowed by the transformation represented by
R.

c Find the area of the image U after both transformations have taken pl

Solution:
a
R represents a rotation 885 anti-clockwise about 0. -1 -1
1 V2 0 V2 ,
Rtakes(o) t 1 anél) o__1 S0 is
J2 J2
rotation.
Srepresents an enlargement scale fa¢®r cente€i of the for Kk O) so is enlargement
0 k
with scale factok.
b
1 1 Use the process of matrix multiplication eg
Rs=| Y2 VZ[v2 0 :(—1 —1) (@b)(g) = ac+bd.
1 _tlo vz \1 - d
J2 2

Determinant oRS = 2 Recall that the determinant of mat@( 3)

[0 Area scale factor df is 2. isad — bc and that this represents an area

scale factor.
[0 Image of U has area 2.
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Question:
f(z) = A+322-62+10
Given thatl +i is a complex root &) =0

a state a second complex root of this equation.

b Use these two roots to find a quadratic factor Df f{ith real coefficients.

Another quadratic factor of4|is 22 +2z2+5.

¢ Find the remaining two roots fff) = 0

Solution:
a

1-iis a second root.

b

[z—(1+1)][z-(1-1)] is a quadratic factor.

0z22-22+2 is the factor.

c

If 22+22+45=0

7 = -2+J4-20
2

=—1i%\/Ei
=—1+2i

Remaining roots arel +2i and - 2i
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This is the conjugate @&f+i , and complex
roots of polynomial equations with real
coefficients occur in conjugate pairs.

Multiply the two linear factors to give a
quadratic factor.

Use the quadratic formula

2= —bi\/b2—4ac

2a
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Question:

The rectangular hyperbola s equatiorxy = c? . The points (Cp, Epj an(cq, %j lie on the hyperbola H
a Show that the gradient of the chord BQ%.

The pointR, (3c, %) also lies on ldnd PRis perpendicular to QR

b Show that this implies that the gradient of the clPQis 9.

Solution:
a
c_c . 7
The gradient of the chord PQ_P__4 Use gradient Xo =%
cp-cq
—cla=p . c(p-q) Use a common denominator to combine the
pq fractions.
—cla=p 1
pa c(p-a)
=_ (-9 Expres{q-p) as(p-aq)
pa(p - a)
-1 Divide numerator and denominator by the factor
Pq (p-0).
b
PR has gradient: Use the result established in part (a) to deduce
3p these gradients.

QR has gradien%

These lines are perpendicular

03ix1-4 Use the condition for perpendicular lines
% % mm = -1
1
0Lt=-
9q
ot=-9
pq
0 Gradient ofPQ = ;—; =9, Find the value of;—; .
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Question:

M= (—Xl 2;;47)

a Find the inverse of matriil, in terms ofk, given thatM is non-singular.
b Show thaM is a singular matrix for two values x and state these valu
Solution:

a The determinant df1 is

X(x+4) - (-1)(x-7)

=x2+4x+2x~7
=x2+6x-7
The inverse oM is Use the result that the inverse@f 3) is
1 X+4 7-2X 1 (d —b)
x2+ex-7\ 1 X ad-bc\-C a)
b M is singular when
X2 +6x—-7=0 Put the value of the determinantMfequal
ie: (x+7)(x=1)=0 to zero.
O x=-7 or 1. Then solve the quadratic equation.
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Question:

~

The complex numbemsandw are given by = - ,and =iz .

=

a Expressz andw in the forma +ib , whera andb are real numbers.
b Find the argument af in radians to two decimal places.

¢ Showz andw on an Argand diagram

d Find|z - w].
Solution:
a
=1 _ (7=Dd+D) Multiply numerator and denominator by the
1-i (1-i)(L +i) conjugate ofl —i .
- 8+ 6i
2 Remembei? = -1
=4+3i
w=1z =i(4+3i)
=-3+4i
b
argw =m- (tan"14 / 3) As w is in the second quadrant in the Argand
diagram.
=221
Cc
Im
w i
oz
o = Re
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Z-W =7-i

z-w| =72+ (-1)
= /50
=52.
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Question:

The parabol& has equatiomr2 =16x .

a Find the equation of the normal@oat the poinP, (1, 4).

The normal aP meets the directrix to the parabola at the pQint
b Find the coordinates @}.

¢ Give the coordinates of the poR on the parabola, which is equidistant frQ and from the focus (C.

Solution:

a

> 1
y =16x=>y =4x2

Yy =4x lx_71
dx 2
-1
=2x2
At (1, 4) gradient is 2 Find the gradient of the curve at (1, 4).
0 Gradient of normal igt Usemm = -1as the normal is perpendicu
2 to the curve.
The equation of the normal ys-4 = ;(x -1) Usey -y, = m(X—X)
ey = ly+al
lery = —x + 42
b
The directrix has equation=-4 . The directrix of the parabolf =4ax has

_ ) _ equationx =-a .
Substitutex = -4 into normal equation

=6t
Dy—62

SoQis the poin(—4,6%) .
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1
1
Q E i R/
1
]
1
:
i (4,0)
1
1
1
1
]
1
1
®=—4
AtRYy = 6% The point R must have the sameoy

ordinate as the poir@.

1 1
Ox = 27% _ 169
16 64
. . [169 13
SoRis the om(—,—)
P 64’2
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Question:

a Use the method of mathematical induction to prove that d@r*
n r-1 n-1

> r+(1) = £(n2+n+4)—(£) .

— 2 2 2

r=1

bf(n) = 32 + (-1)"2" neZ*

By considering@f(n+ 1) —f(n) and using the method of mathematical induction prove that,for 32 + (-1)"2"is
divisible by 5

Solution:
alLetn=1
0
LHS :1+(%) =1+1=2
1(.2 1\0 Show that the result is true when
RHS =—(1 +1+4)—(—) n=1
2
Ll g
—2><6 1=2

0 LHS=RHS 0 resultis true fon = 1

Assume that the result is true for k

i,[@l} %(k2+k+4)_@k‘l

k Show that assuming the result is true
1 .
Add(k+1) + (E) to each side. forn =k implies that it is also true fi
n=k+1

k+1 r-1 k-1 k
1 _ 1,2 (1 1
2 ke e ()
9 1\k1 1\ Collect the similar terms together.
K +k+4+2k+2)+(§) (—1+§)

k-1
2 _1(1
k +3k+6) (2)

(k+1)2+(k+1)+4)—(1)k
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wheren=k+1

ie: Result is implied fon=k+1 .

0 By induction, as result is true far=1 then it is impliedConclude that this implies by

forn=2,n = 3, etc... ie: for all positive integer values for mduction that the result is true for all
positive integers.

b

f(n) = 3"2 + (-1)"2"ez*

Letn=1
f(1) =33+ (-1t
=27-2
=25 Show that the result is true when
n=1
This is divisible by 5.
Let f(k) be divisible by 5 Assume that ¥) is divisible by 5

ie: 32+ (-1)K=5Aa0

Consider
2f(k + 1) - f(k) = 2.3+ (-1t k+1_g+2 _(_qjkok Follow the hint given in the question

=3422.3- 1] + 2X(-1)[-4 - 1]
= 3*2 x5 5, (-1)k2K

— 5(3k+2 _ (_1)k2k). Collect similar terms together and
look for common factor of 5.

0 2f(k+ 1) - f(k) is divisible by 5.

=5B

0 2f(k+1) =5B+f(k) As f(k) and2f(k + 1) — f(k) are each
=5B+a) divisible by 5, deduce thftk +1) is

also divisible by 5.

ie: 2f(k + 1) is divisible by5 = f(k + 1) is divisible by 5.

So by induction a§1) is divisible by 5 then sf(® andUse induction to complete your proof.

isf(3) .... and by inductiofi(n) is divisible by 5 for all

positive integers.
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