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Matrix algebra
Exercise A, Question 1

Question:

Describe the dimensions of these matrices.
2 (—11 g)

> (2)

(45 3)

d@ 23

e(3 -1

100
flo10
001

Solution:

1 0);
a(_1 3)|52><2

b (%)isle

12 1);
c(3 O_l)ISZXS

d@ 2 3)is1x3

e (3 -1)islx2
10 0)

flo 1 0|is3x3
001
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Exercise A, Question 2

Question:

For the matrices

w=(23) o5 2) =6 3)
find

a A+C

b B-A

c A+B-C.

(23 )-C2)
o (5 3)-6G3)-(2 9
¢ (f _31)+(—41 —12)_(8 2):(8 8)
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Matrix algebra
Exercise A, Question 3

Question:

For the matrices

A= (%) B=(1 -1), C=(-1 1 0),

D=(0 1 -1), E=(3),F=(2 13,

-1,
find where possible:

a A+B

b A-E

c F-D+C

d B+C

e F—(D+C)

f A-F

g C-(F-D).

Solution:

aA+Bis (2x1)+(1x2) Not possible
b a-e=(3)-(%)=(3)

c

F-D+C 213-(01-D+(-1 10

119

d B+Cis (1x2)+(1x3) Not possible

e

F-(D+C) (21 3-[(01-D+(-11 0]
213-(-12 -1

(3 -1 49

fA-F=(2x1)-(1x3) Not possible.

g

C-(F-D) (k11 0-[(213-(0 1 -1
(-110-(2 0 9

(-3 1 -4
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Exercise A, Question 4

Question:
i a 2)_(1 c)_(5 0}

Given tha(_1 b) (d _2) (0 5), find the values of the constarash, ¢ andd.
Solution:

a-1 =5 = a=6

2-c =0 = c=2

-1-d =0 = d=-1

b-(-2) =5 = b=3
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Matrix algebra
Exercise A, Question 5

Question:

. 1 2 0\,(abc)_(c5c)s¢
Given tha(a Cj+(1 2 0)—(0 ° C), find the values o&, b andc.

Solution:

l1+a
2+b
O0+c
a+1l
b+2
c+0

O 0O 00010

Use b=3 in @ = c¢=5
Use c=5 in @ = a=4
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Exercise A, Question 6

Question:

5 3) (a b 71

Giventhato -1|+|c d|=|2 0|, find the values o#, b, c, d, e andf.
21 e f 1 4

Solution:

5+a =7 =—=a=2
3+b =1 =b=-2

O+c =2 =>c=2
-1+d =0 =d=1
2+e =1 =—e=-1

1+f =4 =f=3
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Matrix algebra
Exercise B, Question 1

Question:

i~aa—[2 O (1) 5
For the matrices= (4 —6) , B= (_1), find

a3A

b A

N

c 2B.

a 3(421 —%) ) (162 —28)
0326
*o4)=(3)
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Exercise B, Question 2

Question:
Find the value ok and the value of so thaﬁ(O 1)+k(O 2):(0 7).
20 -10 x 0
Solution:
1+2k = 7
= 2%k =6
= k =3
2-k = x
= 2-3 =X
0 X =-1
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Matrix algebra
Exercise B, Question 3

Question:
. a 0)_o1 c)\_(3 3
Find the values dd, b, c andd so tha12(1 bj 3(d _J (_4 _4).
Solution:
2a-3=3 = 2a=6
= a=3
0-3c=3 = <c¢=-1
2-3d=-4 = -3d=-6
= d=2
2b+3=-4 = 2b=-7
= b=-35
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Matrix algebra
Exercise B, Question 4

Question:

. 5 al_ofc 2)y_(9 1
Find the values o, b,canddsotha(b o) 2(1 _1) (3 d)'

Solution:

o
+

oo

N2 Ulw o

U
aoaNochoo
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Exercise B, Question 5

Question:

: -3 2k) _(k
Find the value ok so tha( K ) + k(ij = (6)'

Solution:

-3+2k?=k
=  2k?-k-3=0
(2k-3)(k+1)=0

O k=§ or -1
2

AND k+2k?=6

=  2k%+k-6=0
(2k-3)(k+2)=0

O k:§ or -2
2

So common value ik = %
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Exercise C, Question 1

Question:

Given the dimensions of the following matrices:
Matrix A B C D E
Dimension| 2 x 2|1 x2]1x3|3x2|2x3

Give the dimensions of these matrix products.
aBA
b DE
cCD
d ED
eAE

f DA

Solution:

a(@lx2)2x2)=1x2
b (3x2)02x3)=3x3
C(1x3)3x2)=1x2
d (2x3)O3x2)=2x2
e (2x2)Q2x3)=2x%x3
f (3x2)(2x2)=3x2
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Exercise C, Question 2

Question:

Find these products.
1 2\(-1

2 (3 4)(2)
12\(0 5

o (5 2% 3)

(5 9(2)-()
o (325 5= )

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Matrix algebra
Exercise C, Question 3

Question:

The matrixA= (_01 _32) and the matrig= (1 0 1)

Find
AZmeansA x A
aAB

b A2

(¢ G237 %)
> (536 3)-63)
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Matrix algebra
Exercise C, Question 4

Question:

The matriced\, B andC are given by

() (1) e

Determine whether or not the following products are possible and find the products of those that are.
aAB
bAC
cBC
d BA
eCA

fCB

Solution:

aABis(2x1)[02x2) Not possible

b AC = (i)(—a )= (:g :‘2‘)

cBCis(2x2)Q1x2) Not possible
aen=(3 3)(0)-=(0)
e CA=(-3 —2)(?) = (-8).

f CB=(-3 —z)(_31 %)=(—7 -7)
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Matrix algebra
Exercise C, Question 5

Question:
ind i 2 alf1 3 0
Find in terms Ofi(l _1)(0 a 2).
Solution:

(2 a)(l 3 o):(z 6-a 2a)
1-1J\o-12/"\1 4 -2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1
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Matrix algebra
Exercise C, Question 6

Question:
ind i 3 2\(x -2
Find in terms 015((_1 x)(l 3).
Solution:

(590 3)-(%7 222)
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Matrix algebra
Exercise C, Question 7

Question:

a1 2
The matrixA= (0 1) .
Find
aA?
b A3

¢ Suggest a form fohk,

You might be asked to prove this formula Ak in FP1 using induction from Chapte

Solution:

#9696 )

3_,2_f12\(1 4\_(1 6

b A%=AA ’(o 1)(0 1)‘(0 1)
_f1 2x2
Note A@-(O 1)
3_f1 2x3
A‘(o )

Suggests = (
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Matrix algebra
Exercise C, Question 8

Question:

oa_(a 0
The matrixA= (b Oj .
aFind, in terms ofi andb, the matrixAZ2.

Given thatAZ = 3A

b find the value oa.

Solution:
2= 3 (8
b A2=3A:( 2 Oj:(%‘ Oj

= a2=3a
and ab=3b
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Matrix algebra
Exercise C, Question 9

Question:

A=(-1 3, B= @ c= (g :g)

FindaBAC

b AC2

Solution:

a

2

BAC = (1)](—1 3)(3 :g)

ZJ
=1((-4 -7)
0

-8 -14
=|-4 —7}

0 O

b

AC?=(-1 3)(61 :3)(3 :g)

= (-4 —7)(61 ::23)
=(-16 29
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Matrix algebra
Exercise C, Question 10

Question:

1
A= [—1] , B=(3 -2 -3).
2

Find a ABA

b BAB

Solution:

a

1 1
ABA 2[—1}(3 -2 —3)[—1}
2
fi
2

=N

b
1
BAB =(3 -2 —3)[—1}(3 -2 -3)
2
=(-DEB -2 -3
=(3 23
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Matrix algebra
Exercise D, Question 1

Question:

Which of the following are not linear transformations?

ap(y) - [yzf 1)

Solution:
aPis not. (0,0) — (0,1)

2 is not linear

bQisnot. x - x
cRisnot.y - x+xy is not linear
d Sis linear

eT is not. (0,0) - (3,3)

f U is linear
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Matrix algebra
Exercise D, Question 2

Question:

Identify which of these are linear transformations and give their matrix representations. Give reasons to explain why the
other transformations are not linear.

Solution:

: -1
a Sis represented A Oj

b T is not linear. (0,0) - (1,-1)

cUis notlinear. x — xy is not linear

; 0 2
dV is represented t(/_l 0)

eW is represented A éj
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Matrix algebra
Exercise D, Question 3

Question:

Identify which of these are linear transformations and give their matrix representations. Give reasons to explain why the
other transformations are not linear.

Solution:

a Sis not linear x - x2 ang - y2 are not linear

; -1
b T is represented t@ 0)

- -1

c U is represented A 1)

d V is represented 0)
00

; 0
eW is represented b 1)
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Matrix algebra
Exercise D, Question 4

Question:

Find matrix representations for these linear transformations.
X y+2x

a (Y) - ( -y j
X -y

b (3) - (x + 2y)

Solution:

X y+2x| _[2X+Y). %,2 1)
a (y} - (—y }_[Ox—yJ is represented b -1
X 0O-y ). -1
b Y]~ I x+2y is represented 1 2
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Matrix algebra
Exercise D, Question 5

Question:
The triangleT has vertices dt1, 1), (2, 3)and (5, 1).

Find the vertices of the image Bfunder the transformations represented by these matrices.
(5 9)
J
(5 2)
Solution:
(390439659
O vertices of image of are af(1,1); (-1,3); (-5,1)
b (1 4)(—1 2 5):( 3 14 9)
0 -2/J\131 -2 -6 -2
O vertices of image of are a{3 ,-2); (14 ~6); (9 - 2)
c (o —2) (—1 2 5) _ (—2 -6 —2)
2 0/\ 131 -2 4 10
O vertices of image of are a{-2,- 2); (-6,4); (2,10)
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Matrix algebra
Exercise D, Question 6

Question:

The squaré&has vertices dt1, 0) , (0, 1), (1, 0) aiod - 1)

Find the vertices of the image $tinder the transformations represented by these matrices.

(5 9)
(3 3)
o 3)

Solution:
a(z O)(—l 01 o)=(—2 02 o)
0 3\0o1o0 -1 030 -
O vertices of the image @are(-2,0) : (0,3); (2,0); (05 3)
b (1 —1)(—1 01 O)z(—l -11 1)
1 1J\ 010 -4 -1 11-1
O vertices of the image &are(-1,-1); (-1,1); (1,1); (157 1)
C(l 1(—1 01 0):(—1 11 —9
1 -1\ 010 -1 -1-11
O vertices of the image &are(-1,-1); (1 - 1); (1,1);(4,1)
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Matrix algebra
Exercise E, Question 1

Question:

Describe fully the geometrical transformations represented by these matrices.
(5 %)
> (2 )
¢ (—01 é)

Solution:

~—
= O
~—
1
|
o
-
Y

—
= O
~—
1
|
o
—=
F Y

Rotation 90° clockwise (or 270° anticlockwise) about |
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Matrix algebra
Exercise E, Question 2

Question:

Describe fully the geometrical transformations represented by these matrices.

|

o (59

Solution:

NIk O

—
O -
~—

!
TR
Nt
L

—

NIPO ONIR

~—
= O
~——
!
TN
- =

Enlargement - scale factézr centre (0,0)
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Matrix algebra
Exercise E, Question 3

Question:

Describe fully the geometrical transformations represented by these matrices.

- fol

0 -1
2

1

1 1
2

Enlargement Scale factor 4 centre (0,0)

c
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_1
1 J2
o] ~ |_1
J2
1
0 2
1) 7 o|_L
J2

Rotation 225° an-clockwise about (0,0) or 135° clockw
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Matrix algebra
Exercise E, Question 4

Question:

Find the matrix that represents these transformations.
a Rotation of 90° clockwise about (0, 0).

b Reflection in the-axis.

¢ Enlargement centre (0, 0) scale factt

Solution:

a

o

((1)) ) (_1)5 Matrixis (O %
1) - ()t

((1)) ) ((1)) 0 Matrixis (L ©
FE) () el

0 2

"} (o) - (&) :
( )

)
2
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Matrix algebra
Exercise E, Question 5

Question:

Find the matrix that represents these transformations.
a Enlargement scale factes  centre (0, 0).

b Reflection in the ling/=x .

¢ Rotation about (0, 0) of 135° anticlockw

Solution:
a
' © - (5

— o/ ~ \o . [-2 0
(O) (O)DMatr|X|s(0 _4)
1) ~ \-4

r
b

O Matrix is (0 1)

‘ () -6 H

C
i’ _1
w (1) 7z
o/ 7| 1 1
)/‘ \/El 0 Matrix is f
j 0 7z V2
1) 7 o|_L
J2
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Matrix algebra
Exercise F, Question 1

Question:

(3 (6 e

Find these matrix products and describe the single transformation represented by the product.
aAB

b BA

cAC

d A2

eC2

Solution:

o= (g (% 0)=(2 9

=— Reflectioniny =x

0 1
- o J
5 -6

b BA = ( 0 _1)(_1 O) = (0 1) Reflection iny = x

-1 0 10

_(-1 0\f2 O\_(-2 O
CAC—(0 _1)(0 2)—(0 _2) Enlargement scale facte2 centre (0,0)

2_(-1 0\(-1 o\_(1 0 . .
dA _(0 —1)(0 _1)—(0 1) Identity (No transformation)

[This can be thought of as a rotationef + 180 = 360]

ect=(3 969 )

Enlargement scale facter 4 centre (
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Exercise F, Question 2

Question:
A = rotation of 90° anticlockwise about (0, 0) B = rotation of 180° about (0, 0)
C = reflection in thec-axis D = reflection in the yaxis

a Find matrix representations of each of the four transformafipBsC andD.

b Use matrix products to identify the single geometric transformation represented by each of these combinations.
i Reflection in thex-axis followed by a rotation of 180° about (0, 0).

ii Rotation of 180° about (0, 0) followed by a reflection inxfeis.

iii Reflection in they-axis followed by reflection in the-axis.

iv Reflection in they-axis followed by rotation of 90° about (0, 0).

v Rotation of 180° about (0, 0) followed by a second rotation of 180° about (0, 0).

vi Reflection in thex-axis followed by rotation of 90° about (0, 0) followed by a reflection irythgis.

vii Reflection in they-axis followed by rotation of 180° about (0, 0) followed by a reflection irx-axis

Solution:

a

rd

Rotation of 90° anticlockwis@&= (2 _Ol) —
J

Rotation of 180° about (0,0)B= (_01 _01) —

Reflection inx-axis C= (Cl) _O) S
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Reflection in yaxis D= (_1 O) -

b

eo-(3 93 9-(3 ) =
Reflection iny-axis

a3 96D

Reflection iny-axis

i co=(2 2) (3 9=(¢ 9) e®

Rotation of 180° about (0,0)

o I3 93

— - Reflection in liney = —x

v ee= (_o1 —01)(_01 —01) ) (3 8)

Rotation of 360° about (0, 0) or Identity

o = (3 9)(3 0)(6 %)
- (1) )
- (2 _01) G4

Rotation of 90° anticlockwise about (0, 0)

Vii

PhysicsAndMathsTutor.com
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8b = (é —01)(_01 —01)(_01 (1))

Identity - no transformatic
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Matrix algebra
Exercise F, Question 3

Question:

Use a matrix product to find the single geometric transformation represented by a rotation of 270° anticlockwise about
(O, 0) followed by a refection in ttx-axis

Solution:

Rotation of 270° about (0,0) -

(é) (_Ol)m Matrixis ( O 1
0 =

(1 -1 0/
0

—
—

Reflection isx-axis -—

(6) - ()
0 0
(&) - ()
1 -1
Rotation of 270 followed by reflection iaxis is:

(é —01)(—01 é) :(2 é)

- 1 O
U Matrix is (O _1).
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Matrix algebra
Exercise F, Question 4

Question:

Use matrices to show that a refection inykaxis followed by a reflection in the line= —x is equivalent to a rotation
90° anticlockwise about (0, !

Solution:
L
Reflection in yaxis —% 0 Matrix is Y= (—01 (1))
i
Reflection iny = -x —=——1= 0 Matrix R=(01 _o)
i & -

—oll- i.e. Rotation of 90° anticlockwise about (0, 0).
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Matrix algebra
Exercise F, Question 5

Question:

.
Se

The matrixR is given b

ol ol
5l

a FindR?.
b Describe the geometric transformation representeRby

¢ Hence describe the geometric transformation represent®d by

d Write downR8.

Solution:
1 1Y1 1

ar’= ? _? ? _? :(2 _o)
2 2 \V2 2

b

—= i.e. R represents rotation of 90° anticlockwise about (0, 0)

—_—
"

¢ R represents a rotation of 45° anticlockwise about (0, 0)

d R8 will represent rotation af x 45° = 360

This is equivalent to no transformation

0 RBa= (é 2)
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Matrix algebra
Exercise F, Question 6

Question:

(29 ()

The transformation represented by the md®ris the result of the transformation represented by the nfafdokowed
by the transformation represented by the ma&gix

a FindR.

b Give a geometrical interpretation of the transformation represenirR.

Solution:

areor=(3 2)(3 2)=(5 )
¥

Reflection iny-axis
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Matrix algebra
Exercise F, Question 7

Question:

SEARERNCP

MatricesA, B andC represent three transformations. By combining the three transformations in thB,dadewed by
A, followed byC a single transformation is obtained.

Find a matrix representation of this transformation and interpret it geomet

Solution:

CAB = (:i })(? —_170)(3 g)
(Z 5)G )
- (—01 _01)

Reflection in the liney = —x
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Matrix algebra
Exercise F, Question 8

Question:

() (9 =3 )

MatricesP, Q andR represent three transformations. By combining the three transformations in thR dalkwed by
Q, followed byP a single transformation is obtained.

Find a matrix representation of this transformation and interpret it geomet

Solution:

o= 1 3)6 (S 3

Enlargement scale facto
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Matrix algebra
Exercise G, Question 1

Question:

Determine which of these matrices are singular and which are non-singular. For those that are non-singular find the
inverse matrix.

2 (—3;1 _21)
(5 3)

(&3

Solution:
a
3 -1 _ ~_,_ _
det‘_4 2‘ = 6-(-4)x(-1)
= 6-4
=2 #0

0 the Matrix is non-singular

: A2 1
So inverse |§21(4 3)

1 05
or (2 1.5)

b

3 3 A
det‘_1 _1| 3-(-1)x3
-3+3

0

O Matrix is singular.

c

0-0

25
det‘o O|
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O Matrix is singular

d

det 5-6

12’
35

-1 #0

O Matrix is non-singular

el 5 2\_(-5 2
Inversels_—l(_3 1)-(3 _)

e

6 3 _
det‘4 5 12-12

0

0O Matrix is singular

f

4 3 _
det‘6 2‘ 8-18

-10 #0

O Matrix is non-singular

Inverse is i( 2 - )
-10\-6 4

_ (—0.2 0.3
06 -0.4
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Exercise G, Question 2

Question:

Find the value o& for which these matrices are singular.
al+a

2 (3 2 )

b (1+a 3—a)
a+t2 l-a

2+a l-a
C(l—a a)

Solution:

a

det“;1 1;a = 2a-3(1+a)
= 2a-3-3a
= 3-a

Matrix is singular foa = -3

b
_ (1+a 3-a
LetA = (a+2 1—a)
detA = (1+a)(l-a)-(3-a)(a+2)
= 1-a’-(-a%+a+6)
= 1-a’+a’-a-6
= -a-5
detA =0 = a=-5
c
LetB = (2+a 1—a)
l-a a
detB = 2a+az—(1—a)2

2a+az—1+2a—a2
4a-1

detB = 0 = a=

INJI

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Matrix algebra
Exercise G, Question 3

Question:

Find inverses of these matrices.

a 1l+a
a (1+a 2+a)

2a 3b
(%3
Solution:
a
- a 1+a
LetA = (1+a 2+a)
detA = 2a+a2—(1+a)2
= 2a+a’-1-2a-a°
= -1
Al - 1 2+a -(1+a)) (-[2+a] (1+a)
T -1{-1+a) a ) |(@+a) -a
b
LetB = (Za 3b)
-a -b
detB = -2ab-(-a)x3b
= —2ab+3ab
= ab
-1 _ 1(-b -3b
B™ = ab(a 2aj

|
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Exercise G, Question 4

Question:

a Given thatABC =I , prove th&l=ca .

bGiventhaIA:(O 1) and::(2 1) fin®.

-1 -6 -3 -1

Solution:
a

ABC = |
= AlaBc = A}
= BC = Al
- Bccl = At
= B = Alct=(cajt
0 Bl = ca
b

en = (5 2)(E 3)

- (13
et - (3 )
5 B = (—31 —41)
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Exercise G, Question 5

Question:

a Given thataB =C , find an expression fér

b Given further than= (2 ‘1) and= (3 6) fingl

4 3 1 22
Solution:
a
AB =C

= AlaB=aATc
= B=Alc
b

A = (i ‘1) — det A=6--4=10

1 _ 1(3 1
OAT = 10(—4 2)
0 B = A

(902
10\-4 2/\1 22
_ i(lO 40)
10\-10 20
_ (1 4)
-1 2
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Exercise G, Question 6

Question:

a Given thatBAC =B , wher® is a non-singular matrix, find an expressionAor

_ (5 3 .
b Whenc= (3 2),f|ndA.

Solution:
a

BAC =B
= B1BAC=818
= AC =l
= A=Cc1
b

_(5 3
C‘(a 2)
detC=10-9=1

-1_1(2 -3
D c ’1(—3 5)

_[(2 -3
0 A(2)
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Exercise G, Question 7

Question:

a2 -1 (4 7 -8\ -
The matrixA= (_4 3) anole-(_8 13 18)' Find the matrix8.

Solution:

— 2 -1 =6 —-(— -1)=
A = (_4 3 = detA=6-(-4)x(-1)=2

-1 _ 13 1
0oA ‘2(42)

AB = (—48 _13 188) (x on left byA )
= B= %(j %(—48 —13 1%)
-
5= (517)
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Exercise G, Question 8

Question:
. 5 4 11 -1) _
The matrlez( ) anthB =|-8 9 |. Find the matriXA.

2 1 B

Solution:

11 -
AB = |-8 9 (x on right by BY

— ABB1 =

I
N\
e
N 0 =
ol
N———
%
iR

2 -1
1(13 39
= 13 -26 13
0 -13

n
I
ok

[
P w
e 2
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Exercise G, Question 9

Question:

The matrixA= (4312 bej , wher@ andb are non-zero constants.
aFindA L.

The matrixB= (;2 2bb) and the matrix is given byB= XA .

b Find X.

Solution:

a

A=(3a bj —  det A= 6ab-4ab = 2ab

da 2b
4_1(2b -b
HATE 2ab(—4a 3a)
b
B = XA

= BAL = xaal
0 X = BAL

_(-a b)Y 20 -b)_ 1
so X = (Sa 2b](—4a 3:;1)x 2ab
_ 1 (—6ab 4ab]

2ab\—-2ab 3ab

_ (-3 2
H X = (—1 3/2)
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Exercise G, Question 10

Question:

a_f(a 2a ~_ (2b —2a
The matrixA= (b 2bj and the matri= (—b N )

a Find det A) and detB).

b Find AB.

Solution:

a

A = (g gz] = detA=2ab-2ab=0

B = (Eg ‘ga) = detB=2ab-2ab=0

(o

_ (a 2a\2b -2a

AB = (b 2b)(—b aj
- (2ab—2ab —2a2+2a2]
262 - 202 —2ab+2ab

- (59
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Exercise G, Question 11

Question:
The non-singular matrice’s andB are commutative (i.AB =BA ) aW®BA =B

a Prove thar? =| .

Given thatA= (2 é) , by considering a matixof the form(f:1 3)

b show thaa=d andb =c.

Solution:

a

Given AB=BA

and ABA=B
- A(AB) =B
- A B=B
= Asl=gg1
. A=
b

_{0 1Yfa b
AB_(lO)(cd
_(a b)f0 1
BA_(Cd)(lO

AB =BA = b=c
d=a

i.e. a=dandb=c
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Exercise H, Question 1

Question:
wp— (0 -1
The matrixR= (1 0)
a Give a geometrical interpretation of the transformation representld by
b FindrR™.

¢ Give a geometrical interpretation of the transformation represenIR'l.

Solution:
a
(1,00 - (0,2) ~
(0,1) - (-1,0) l' \
P |
;

R represents a rotation of 90° anticlockwise about (0, 0)

b

detR =0--1=1
-1 _( 01
0 Rt =(99)
c R_lrepresents a rotation of —90° anticlockwise about (0,0)
(or... 90° clockwise... or... 270" anticlockwise...)
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Matrix algebra
Exercise H, Question 2

Question:

v (-1 O
aThe matnxS-(0 _1)

i Give a geometrical interpretation of the transformation represent8d by
i Show thag?=I .

iii Give a geometrical interpretation of the transformation represen&‘olby

b The matrixT= (_01 _1)

i Give a geometrical interpretation of the transformation represent&d by
i Show thatr?=I .
iii Give a geometrical interpretation of the transformation representealby

¢ Calculate deS) and deiT) and comment on their values in the light of the transformations they reg

Solution:
(1,00 - (-1,0)
2101 - (0,-1 A

g
Srepresents a rotation of 180° about (0,0)

i S will be a rotation ofL80+ 180 = 360 about (0,0) 0 S?=1

o (336969

iii S™L=S=rotation of 186about (0,0)

bi
(1,00 - (0,-1)
0,1) - (-1,0

T represents a reflection in the liy = —x
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(958 96 )=

i T™1=T =reflection in the liney = —x

c

detS =1-0=1
detT =0-1=-1

For bothS andT, area is unaltered

T represents a reflection ¢ O has a negative determinant. Orientation is rev
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Exercise H, Question 3

Question:

The matrixA represents a reflection in the lipex  and the md&riepresents a rotation 70  about (0, 0).
a Find the matrixC=BA and interpret it geometrically.

b Findc™* and give a geometrical interpretation of the transformation represerﬁe‘ﬂi by

¢ Find the matribD= AB and interpret it geometrically.

d FindD 1 and give a geometrical interpretation of the transformation represend™.

Solution:
a
= O 1 i’ z,’
A=Y b
e
|
Reflection in y = x
(01
5 ‘(—1 0)
i
P_
1
Rotation of 270 (about (0,0))
— (0 1}f{O 1Y_(1 O
c =ea=(53)0 8= -2)
= ri_’_

j'Y
C represents a reflection in the lipes O (or thex-axis)
bcl=c= (l O) is areflection in the liney = 0

0 -1

c

o2 )(20-(39
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D represents a reflection in the lire O (or they-axis)

dDl=D= (_é 2) is a reflection in the line= 0
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Exercisel, Question 1

Question:

The matrixA= (i _31) is used to transform the rectarRylgith vertices at the points (0, 0), (0, 1), (4, 1) and (4, 0).
a Find the coordinates of the vertices of the image. of

b Calculate the area of the imageR.

Solution:
a(z —)(o 0 4 4)=(o -1 7 89

4 3J)\0 110 0 3 191
Coordinates of image ar@®,0); (-1,3); (7,19); (8,16)

b
AreaofR=4x1=4

detA=6--4=10

O Area ofimage =10x4
=40.
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Exercisel, Question 2

Question:

The triangleT has vertices at the points3.5, 2.5) €16, 10) a&d, 4)

a Find the coordinates of the verticesTafinder the transformation given by the makix (_31 _51)

b Show that the area of the imagelat 7.5.

c Hence find the area T.

Solution:
a (—1 —1)(—3.5 -16 -7 :(1 6 3)
3 5\l25 10 4)7\2 2 -1

Coordinates of’ arf,2);(6,2); (3+1)

24 AreaofT’=%><5><3=7.5
i T
3
1 ]

IRV

b

detM =-5+3 =-2
O Areaof Tx|-2| =Areaof T
= Areaosz%5

=3.75
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Exercisel, Question 3

Question:

The rectangl® has vertices at the pointsi, 0), (0, -3), (4, 0) and (3, 3).
The matrixA= (_12 3;a), wherea is a constant.

a Find, in terms o#, the coordinates of the vertices of the imagR ahder the transformation given By
b Find detf), leaving your answer in terms af
Given that the area of the imageRois 75

c find the positive value ca.

Solution:
a(—z 3—a)(—1 0 4 g):(+2 3a-9 -8 3—3a)
1 a 0 -30 -1 -3a 4 3+3a

Image of R is (+2 ~ 1); (3a-9 ,- 3a); (-8,4); (3— 33,3+ 3a)

b
detA =-2a-3+a
=-a-3
1 31
Area of R = EX5><3 X2 e %
=15 AT R 3%
¥ T T T P | T
=1 g =
-3 3

c

Area of Rx| det A| =75
0 |detA =2=5
15

So |-a-3 =5
= -a-3 =5 o0ra+3=5

O positive value ofa =2
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Exercisel, Question 4

Question:

-G e (90

A rectangle of area 5 &is transformed by the matri. Find the area of the image of the rectangle whést
aP

bQ

cR

dRQ

eQR

fRP

Solution:

adetP=2+12=14 [Oarea of image is 70 &n

b detQ=4+2=6 0O area ofimage is 30 ém
cdetR=1-4=-3 [areaofimage is 15 ¢n

d det RQ = det R x det Q = -18 0 area of image is 90 &n
e det QR = det Q xdet R = -18 [ area of image is 90 ¢n

f det RP =det R xdet P = -42 0 area of image is 210
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Exercisel, Question 5

Question:

The triangleT has area 6 cfrand is transformed by the mat(ig aiz) , Wharis a constant, into triang‘l’é

a Find detf) in terms ofa.
Given that the area af  is 36 ém

b find the possible values a.

Solution:

a

detA =a(a+2)-9
=a2+2a—9

b

Area of T | det A| =Areaof T
O 6x | det A| =36
O detA =16
=a+2a-9 =6
a®+2a-15 =0
(@a+5)(a-3) =0
Oa=3o0or -5

or

:>a2+2a—9 =-6

a’+2a-3 =0

(@a+3)(a-1) =0
a =1or -3
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Exercise J, Question 1

Question:
Use inverse matrices to solve the following simultaneous equations

a7x+3y=6

-Bx-2y=-5

b 4x-y=-1
-2x+3y=8

Solution:

a(_; _3) =A = detA=-14+15=1

-1_1(-2 -3
DA "1(5 7)

0a (3)=()=0)=~43)
o (=590
(33 -(3

O x=3,y=-5

bB= (_‘2‘ ‘%) = detB=12-(-2)(-1)= 10

-1_1(3 1
5 B _10(2 4)
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Matrix algebra
Exercise J, Question 2

Question:
Use inverse matrices to solve the following simultaneous equations

adx-y=11

3x+2y=0

b 5x+2y=3
3x+4y =13

Solution:

_[{4 -1 _ _
a A—(3 2) = detA=8+3=11

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics
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Exercise K, Question 1

Question:

The matrixA= (i ;) transforms the triangR®OR into the triangle with coordinatés, —-2) , (4, 4), (0, 8).

Find the coordinates P, Q andR.

Solution:

_(3 1 ha-
A—(4 2) = detA=6-4=2.

1_1f2 -1
0oA _2(—4 3)

640)

A(APQR) = (_2 48

. 12 -1\(6 4 0
O APQR given by 5(—4 3)(_2 4 8)
:1(14 4 —8)
2\-30 -4 24
=(7 2 —4)
-15 -2 12
OPis (7,-15),Q is (2, -2), Ris (-4, 12)
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Matrix algebra
Exercise K, Question 2

Question:

The matrixA= (% _13) and\B = (4 1 9).

Find the matri>B.

Solution:
_f1 -3 _ _
A-(2 1) = detA=1+6=7
-1_1({1 3
- A _7(—2 1)

s =35 )1 5 9

_1f7 28 21
i B "7(—7 7 —14)

(1 4 3
D B"(—11—2)
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Matrix algebra
Exercise K, Question 3

Question:

A (_72 —13) 8= (—45 —11)  © (g 9

The matrice#\, B andC represent three transformations. By combining the three transformations in th& order
followed byB, followed byC, a simple single transformation is obtained which is represented by the Ratrix

aFindR.
b Give a geometrical interpretation of the transformation represented by

¢ Write down the matriR2.

Solution:

a

R =CBA .
l'l :

b R represents a reflection in the lipe x
c R?=|
Since repeating a reflection twice returns an object to its original po
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Matrix algebra
Exercise K, Question 4

Question:
The matrixY represents a rotation 86" about (0, 0).

aFindY.

The matriced\ andB are such thatB =Y . Given that (g i)

b find A.

¢ Simplify ABABABAB.

Solution:

a

) R V= ((1) _ol)

b AB =Y = A=YBL

e
R
(29

C ABABABAB =Y*

B :(3 2) = detB=3-4=-1

= rotation of 4x 90=360 about (0, 0)
=l
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Matrix algebra
Exercise K, Question 5

Question:

The matrixR represents a reflection in tlkeaxis and the matri represents an enlargement of scale factor 2 centre (0,
0).

a Find the matrixC= ER and interpret it geometrically.

b Findctand give a geometrical interpretation of the transformation represenc‘l.

Solution:
Reflection in xaxis L R= (1 0)
0 -1
i
-
"1
Enlargement S.F. 2 centre (0, 0) = (2 0)
0 2
a
_ (2 o\f1 O Reflection in thex-axis and enlargement SF 2. Centre (0, 0)
C=ER =
0 2/\0 -
(9
0 -2
1
=0
-1_1(-20\_|2
b C ‘—_4(0 2)‘ 0 -1
2

Reflection in thex-axis and enlargement scale fac%or . Centre (0, 0)
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Exercise K, Question 6

Question:

The quadrilateraR of areadenf is transformed ® by the mat?i:x@tp Ej wherep is a constant.

a Find detP) in terms ofp.
Given that the area & = 12cnf

b find the possible values p.

Solution:

a

l1+p p
P= = detP =p(l+p)-p@2-
[Z_p pJ P(L+P) ~P(2~P)

=p+p®-2p+p?
=2p - p.

b

Area of Rx| det p| = Area of Rt
O 4x | det p| =12
O detp =43
So 2%-p =3
= 2p%-p-3 =0
2p-3)(p+1) =0
=1or3
p=-1or >
or 2p2—p =-3
= 2p2—p+3 =0

Discrimininat is (—1)2 -4x3%x2=-23
<0
O no solutions

o) p=-1 or g are the only solutions
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Matrix algebra
Exercise K, Question 7

Question:

The matrixA= (26; :Ebj , wher@ andb are non-zero constants.
aFindA L.

The matrixy= (26;1 bej and the matrix is given byxA =Y .

b Find X.

Solution:

a

3 1
-1 _1[3 -b|_|a a
HA abj-2a a -2 1
b b
b
XA =Y = X=YA1L
3 _1
_(a 2b) a a
- X‘(zab)_zg
b b
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Matrix algebra
Exercise K, Question 8

Question:
The2 x 2, non-singular matrice8, B andX satisfyXB = BA .

a Find an expression fot.

; (5 3 (2 1 i
b Given thatA= (0 _2) an@= (_1 _1) , findX.

Solution:

a

XB =BA
0 (xB)B™ =BaB™!

i.e. X=BAB™! (- BB =)

B :(_21 _11) = detB=-2-(-1)=-1
o e =—il(_ll _21) :(—11 —12)
o ox=(5 36 3G )
:(—21 —11)(3 _41)
=% 3)
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