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Complex numbers
Exercise A, Question 1

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(5+2i) +(8+9i)

Solution:

(5+8)+i(2+9)=13+11i
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Complex numbers
Exercise A, Question 2

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(4 + 10i) + (1 - 8i)

Solution:

(4+1)+i(10-8)=5+2i
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Complex numbers
Exercise A, Question 3

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(7 + 6i) + (-3 -5i)

Solution:

(7-3)+i(6-5)=4+i

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 4

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(2-i)+(11+2i)

Solution:

(2+11)+i(-1+2)=13+i
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Complex numbers
Exercise A, Question 5

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(3-7i) +(-6+7i)

Solution:

(3-6)+i(-7+7)=-3
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Complex numbers
Exercise A, Question 6

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(20 + 12i) - (11 + 3i)

Solution:

(20-11) +i(12-3) = 9 + i
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Complex numbers
Exercise A, Question 7

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(9 + 6i) — (8+10i)

Solution:

(9-8) +i(6-10)=1-4i
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Complex numbers
Exercise A, Question 8

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(2-i) - (-5 +3i)

Solution:

(2--5)+i(-1-3)=7-4i
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Complex numbers
Exercise A, Question 9

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(-4 - 6i) - (-8 - 8i)

Solution:

(-4--8)+i(-6--8)=4+2i
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Complex numbers
Exercise A, Question 10

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(-1+50) - (-1+1i)

Solution:

(-1--1)+i(5-1) = 4i
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Complex numbers
Exercise A, Question 11

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(3 +4i) + (4 +5i) + (5 +6i)

Solution:

(3+4+5)+i(4+5+6)=12+15i
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Complex numbers
Exercise A, Question 12

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(-2-7i) + (1 +3i) - (-12+i)

Solution:

(-2+1--12)+i(-7+3-1)=11-5i
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Complex numbers
Exercise A, Question 13

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(18+5i) - (15— 2i) - (3+7i)

Solution:

(18-15-3)+i(5--2-7)=0
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Complex numbers
Exercise A, Question 14

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
2(7+2))

Solution:

14+ 4i
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Complex numbers
Exercise A, Question 15

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
3(8- 4i)

Solution:

24-12i
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Complex numbers
Exercise A, Question 16

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
7(1-3i)

Solution:

7 - 21i
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Complex numbers
Exercise A, Question 17

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
2(3+i) +3(2+1i)

Solution:

(6+2)+(6+3)=(6+6)+i(2+3)=12+5i
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Complex numbers
Exercise A, Question 18

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
5(4+3i) —4(-1+ 2i)

Solution:

(20+15i) +(4-8i) = (20+4) +i(15-8) =24+ 7i
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Complex numbers
Exercise A, Question 19

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .

(+5)6+3)

Solution:

(l+§)+|(1+§):3+2|
2 2 3 3
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Complex numbers
Exercise A, Question 20

Question:
Simplify, giving your answer in the foria+ bi, whereaOR and O R .

(BvV2 +i) - (V2 -i)

Solution:
(3J2 -V2)+i(l--1)=2J2 +2i
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Complex numbers
Exercise A, Question 21

Question:

Write in the formbi, whereb O R .
J(-9)

Solution:

J9.J(-1) = 3i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 22

Question:

Write in the formbi, whereb O R .

V(-49)
Solution:

VBT = 7
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 23

Question:

Write in the formbi, whereb O R .

J(-121)
Solution:

J121/(-1) = 11i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 24

Question:

Write in the formbi, whereb O R .
\/(=10000)

Solution:

\/10000,/(-1) = 100i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 25

Question:

Write in the formbi, whereb O R .

J(-225)
Solution:

J225,/(-1) = 15i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 26

Question:

Write in the formbi, whereb O R .
J(E5)

Solution:

J5(-1) =iV5
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 27

Question:

Write in the formbi, whereb O R .

V(-12)
Solution:

JT20) = VA3 = 23
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Complex numbers
Exercise A, Question 28

Question:

Write in the formbi, whereb O R .

J(-45)
Solution:

J35[T) = V3BT =3iV5
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Complex numbers
Exercise A, Question 29

Question:

Write in the formbi, whereb O R .

J(-200)
Solution:

J200,/CT) = VI0042/(1) = 1012
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Complex numbers
Exercise A, Question 30

Question:

Write in the formbi, whereb O R .

JE1a)
Solution:

V147/(-1) = V493 /(1) = 7iV/3
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Complex numbers
Exercise A, Question 31

Question:
Solve these equations.

X2+ 2x+5=0
Solution:

a =1lb=2c=5

_2£[(4-20) _ 234

2 2
X =-1%2i

X
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 32

Question:
Solve these equations.

x2-2x+10=0

Solution:

a=1lb=-2c=10

= 2+,/(4-40) _ 2+6i
- 2 T2
x=1%3i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 33

Question:

Solve these equations.
x2+4x+29:0
Solution:
a=1lb=4c=29

w= A% J(16-116) _ -4+10i
= > =

2

Xx=-2%5
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 34

Question:
Solve these equations.

X2+ 10x+26 =0

Solution:

a=1b=10c=26

‘= -10+,/(100-104) _ -10+2i
- 2 T2

Xx=-5%i
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Complex numbers
Exercise A, Question 35

Question:
Solve these equations.

x2—6x+18:0

Solution:

a=1lb=-6¢=18

‘= 6+./(36-72) _6+6i
- 2 T2
X=3%3i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 36

Question:

Solve these equations.
X2 +4x+7=0

Solution:

a=1lb=4c=7
X = -4+ /(16-28) _ -4+iJ12 _ -4+2iJ3
2

2
X=-2+i/3
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Complex numbers
Exercise A, Question 37

Question:

Solve these equations.
x2—6x+11=0
Solution:

a=lb=-6¢c=11
‘= 6+ /(36— 44) _6%iV8 _6+2iV2
2 2

2
x=3+i2
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Complex numbers
Exercise A, Question 38

Question:

Solve these equations.
X2 = 2x+25=0
Solution:
a=1b=-2c=25

= 2+./(4-100)  2+iJ96 _ 2+4iJ/6
2 2

2
x=1+2iJ/6
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Complex numbers
Exercise A, Question 39

Question:

Solve these equations.
X2 +5x+25 =0
Solution:
a=1b=5c=25

y = -5+ ./(25-100) _ -5+iy75 _ -5+5i/3
2 2 2

X= +

-5 . 5iV3
2

Nlm
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Complex numbers
Exercise A, Question 40

Question:

Solve these equations.

x2+3x+5=0
Solution:
a=1b=3c=5
3, VO-20) _ -3xiyi1
2 2
gz 3, W11
2 2
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Complex numbers
Exercise B, Question 1

Question:

Simplify these, giving your answer in the foeam bi
(5+i)(B+4i)

Solution:

5(3+4i) +i(3 +4i)

= 15+ 20i+ 3i + 4i°

=15+20i+3i-4

=11+23i
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Complex numbers
Exercise B, Question 2

Question:

Simplify these, giving your answer in the foeam bi
(6 + 3i)(7 + 2i)

Solution:

6(7+ 2i) + 3i(7 + 2i)

= 42+ 12i+21i+6i°

=42+12i+21i-6

=36+ 33i
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Complex numbers
Exercise B, Question 3

Question:

Simplify these, giving your answer in the foeam bi
(5-2i)(1 +5i)

Solution:

5(1+ 5i) — 2i(1 + 5i)

= 5+ 25i - 2i - 10i°

=5+25i-2i+10

=15+23i
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Complex numbers
Exercise B, Question 4

Question:

Simplify these, giving your answer in the foeam bi
(13- 3i)(2 - 8i)

Solution:

13(2- 8i) - 3i(2 - 8i)

= 26— 104i- 6i + 24i?

=26-104i-6i - 24

=2-110i
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Complex numbers
Exercise B, Question 5

Question:

Simplify these, giving your answer in the foeam bi
(-3-i)(4 +7i)
Solution:

~3(4+7i) —i(4 + 7i)
-12-21i- 4i - 7i%
~12-21i-4i+7
-5-25i
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Complex numbers
Exercise B, Question 6

Question:

Simplify these, giving your answer in the foeam bi
(8 +5i)2

Solution:

(8 + 5i)(8 + 5i) = 8(8+ 5i) + 5i(8 + 5i)

= 64+ 40i + 40i + 25i°

=64 +40i+40i- 25
=39+80i
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Complex numbers
Exercise B, Question 7

Question:

Simplify these, giving your answer in the foeam bi
(2-9i)?

Solution:

(2-9i)(2 - 9i) = 2(2- 9i) - 9i(2 - 9i)

= 4-18i- 18i+81i

=4-18i-18i-81

=-77-36i
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Complex numbers
Exercise B, Question 8

Question:
Simplify these, giving your answer in the foeam bi

@+iE2+i(3+i)

Solution:

2+)@B+i) =2@+i) +i(3+i)
=6+2i+3i+i%

=6+2i+3i—-1

=5+5ij

(2 +1i)(5 +5i) = 1(5+5i) +i(5 + 5i)
= 5+ 5 + 5j + 5i2
=5+5+5 -5

=10i
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Complex numbers
Exercise B, Question 9

Question:

Simplify these, giving your answer in the foeam bi
(3-2i)(5 +i)(4 - 2i)
Solution:

(5+i)(4 - 2i) = 5(4- 2i) +i(4 - 2i)

= 20— 10i + 4i - 2i2

=20-10i+4i+2

=226

(3- 2i)(22- 6i) = 3(22- 6i) - 2i(22- 6i)
= 66— 18i - 44i+12i%

= 66-18i— 44i— 12

=54-62i
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Complex numbers
Exercise B, Question 10

Question:
Simplify these, giving your answer in the foeam bi
(2 +3i)3

Solution:

(2+3)2 = (2+ 3i)(2+ 3i)
=2(2+ 3i) + 3i(2 + 3i)

= 4+ 6i + 6i + 9i2
=4+6i+6i-9

=-5+12i

(2 + 3i)3 = (2+ 3i)(-5 + 12i)
=2(-5+12i)+ 3i(-5+12i)
~10+ 24i - 15i + 36i2
-10+24i - 15i - 36
-46+ 9i
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Complex numbers
Exercise B, Question 11

Question:
Simplify

Solution:

I XXX X]X]

=i%xi2xi2=-1x-1x-1=-1
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Complex numbers
Exercise B, Question 12

Question:

Simplify

(3i)*

Solution:

3i % 3i x 3i x 3i

= 81(ixi xi xi) = 81(2x 9

=81(-1x-1)=81
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Complex numbers
Exercise B, Question 13

Question:
Simplify
o+

Solution:

= (iZxi2xi)+i = (1 x-1xi) +i
=i+i=2i
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Complex numbers
Exercise B, Question 14

Question:
Simplify
(4i)3-4i®

Solution:

(4i)° = 4i x 4i x 4i = 64(i x i xi)
= 64(-L xi) = -64i

4i3= 4 x i xi) = 4(-1 xi) = -4i
(4i)3 - 43 = —64i - (-4i)

= ~64i + 4i

= -60i
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Complex numbers
Exercise B, Question 15

Question:
Simplify
1 +i)®
Solution:
(1+0)®

=2 +8.1i+28.Pi%2+56.2i%+70.£i* + 56.£i°+ 28.7i® + 8.1/ +i®
= 1+ 8 + 282+ 5615+ 70" + 561° + 281 + 8i' + 8

=-1

=-1

><I2><I =i

=i“xi ><|2><| =1

(1+i)8 =1+8i - 28-56i+70+56i—28-8i+1
=16

oy o g b~ Tw N

2
2 2
2 2
2 2
2 2

Note also that (#i)2 =(L+i)(1+i)
=1+2i+i%=2i
So (1+i)8=(2)* =16i*=16
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Complex numbers
Exercise C, Question 1

Question:
Write down the complex conjugai@ for
az=8+2
b z=6-5i

cz=2-
3

N

d z=5 +iJ/10

Solution:
a 2H=8-2i

b 2H=6+5i

d 7= V5 -iV10

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise C, Question 2

Question:

Find z+Zz” andz" for
az=6-3i

b z=10+5i

cz= +h
4

Nlw

d z=J5-3iJ/5
Solution:

a

z+79 = (6-3i)+(6+3i)) =12
zZ" = (6-3i)(6+3i)
= 6(6+ 3i) - 3i(6 + 3i)

=36+ 18i- 18i-9i2 =45
b

z+Z9 = (10+5i) + (10-5i) = 20
Z" = (10+5i)(10- 5i)
= 10(10- 5i) + 5i(10- 5i)
= 100~ 50i + 50i - 25i% = 125

C
D_(3 1.) (3 1.)_3
z+z- =[Z+Zi)+ (2 -Zi) =2
4 4 4 4 2
20 - (2+1)(2-2)
4 4 4 4
_E(E_li) li(é_l.)
a\a 4) a\s 4
-9 _3;,3,_1;
16 16 16 16
_10_5
16 8
d

z+77 = (/5 -3iV5)+ (V5 +3iV5) =25
z" = (/5 -3iV5)(/5 +3iV5)
=/5(/5 +3iv/5) - 3iv/5 (/5 +3iV5)
= 5+ 15i - 15i - 45i2
=50
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Complex numbers
Exercise C, Question 3

Question:
Find these in the form+bi .
(25-10i) + (1 - 2i)
Solution:
25-10i _ (25-10i)(1 +2i)
1-2i (1-2i)(1+2i)

(25— 10i)(1+2i) = 25(1+ 2i) - 10i(1 + 2i)
25+ 50i - 10i - 20i°

= 45 + 40
(1-2i)(1+2i) =1(1+2i) - 2i(1+2i)
=1+ 2i-2i - 4i2
=5
45+ 40i = 9+8i
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Complex numbers
Exercise C, Question 4

Question:

Find these in the form+bi .
(6+i)+(3+4i)
Solution:

6+i  _ (6+0)(3-4i)
3+4i (3+40)(3-4)
(6+i)(3-4i) =6(3-4i)+i(3 -4
= 18- 24i+ 3i - 4i°
=22-21i
(3+4i)(3-4i) =3(3-4i) +4i(3 - 4i)
=9-12i+12i- 16

=25
22-21i _22_ 21
25 %5 25
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Complex numbers
Exercise C, Question 5

Question:

Find these in the form+bi .
(11+4i) + (3+1i)

Solution:

11+4i _ (11+4)@-i)
3+i  (3+)(3-I)
(11+4i)(3-0) =11(3-i) +4i(3-i)

= 33— 11i+12i - 4i2
=37+i
(B+)@B-i) =3(3-i)+i(3-i)

=9-3i+3i-i2
=10
37+i _37, 1.

10 10 10
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Complex numbers
Exercise C, Question 6

Question:

Find these in the form+bi .
1+i

2+i

Solution:

1+i _ (1+i)(2-10)
2+ (2+i)(2-))
L+)2-i) =1@2-i)+i(2-i)
=2-i+2i-i?
=3+i
@+i)(2-0) =22-i)+i2-i)
=4-2i+2i-i2
=5
3+i _3

2 =4
5 5

gl
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Complex numbers
Exercise C, Question 7

Question:
Find these in the form+bi .

3-5i
1+3i

Solution:

3-5 _ (3-5i)(1-3i)
1+3i  (1+30)(1-3)
(3-5i)(1-3i) =3(1-3i)-5i(1-3i)

= 3-9j - 5i + 15i2
=-12-14i
(1+3i)(1-3i) =1(1-3i)+3i(1-3i)
=1-3i+3i-9i2
=10
l2-ui __6_7,
10 " 5 5
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Complex numbers
Exercise C, Question 8

Question:
Find these in the form+bi .

3+5i
6-8i

Solution:

3+5 _ (3+5i)(6+8i)
6-8i  (6- 8i)(6+8i)
(3+5i)(6+8i) =3(6+8i)+5i(6+8i)
= 18+ 24 + 30i + 40i°
=-22+54
(6-8i)(6+8i) =6(6+8i) - 8i(6+8i)

= 36+ 48i - 48i - 64i°

=100
-22+54i _ -11 27,
100 50 50
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Complex numbers
Exercise C, Question 9

Question:

Find these in the form+bi .
28-3i
1-i
Solution:

28-3 _ (28-3i)(1+1i)

1-i (1-i) (L +i)
(28-3i)(1+i) =28(1+i) - 3i(1+i)

= 28+ 28i - 3i - 3i2

= 31+ 25i
(L-i)(L+i) =1(L+i) —i(L+i)
=1+i-i-i?
=2
31+25i 31 25.
===+ =j
2 2 2
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Complex numbers
Exercise C, Question 10

Question:
Find these in the form+bi .

2+i
1+4i

Solution:

2+ _ (2+i)(1-4)
1+4i  (1+4i)1-4)
2+i)(1-4) =2(1-4)+i(1 -4

=2-8i+i-4i°
=6-Ti
(L+4i)(1-4) =1(1-4)+4i(1-40)
= 1-4i + 4i - 16i2
=17
6-7 _6 _7,
17 17 17
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Complex numbers
Exercise C, Question 11

Question:
Find these in the form+bi .

(3-4i)?
1+]

Solution:

(3-4)2 = (3-4i)(3-4i)
= 3(3- 4i) - 4i(3 - 4i)
=9-12i-12i+16i%

=-7-24
—7-24i _ (-7-24i)(1-i)
1+ (1+)@-i)

(-7 -24i)1-i) =-7(1-i) - 24i(1-i)
= =7+ 7i - 24i + 24i%

=-31-17i
@+i)2-i) =1(1-i)+i(L-i)
=1-i+i-i?
=2
-81-17i _ -81_17,
2 T2 2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise C, Question 12

Question:

Given thatz = 1+i,z =2+iandz=3+i, find the following in the forra+ bi

2122
z3

Solution:

zzo =(1+i)(2+1i)
=1(2+i0) +i(2 +i)
=2+i+2i+i2
=1+3i
7o _ 1+3i _ (1+3i)(3-1)
7z 3+ (3+)(3-))
(1+3)(3-0) =1(3-i) +3i(3-i)

=3-i+9-3i2
=6+8i
B+i)@B-0) =3(3-i)+i@3-i)

=9-3i+3i-i2
=10

6+8i :§+£i

10 5 5
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Complex numbers
Exercise C, Question 13

Question:

Given thatz = 1+i,z =2+i andz=3+i, find the following in the form+bi .

@)
4|

Solution:

@)? =@+i)@2+i)
=2(2+i) +i(2 +i)
= 4+2i+2i +i?
=3+4
@ _3+4i _ (3+4)A-i)
2 1+ (L+i)@-i)
(3+4i)(1-i) =3(1-i) +4i(1-i)
=330 +4i - 42
=7+i
(L+i)(2-0) =1(1-i)+i(L-i)
2

=1-i+i-
=2
7+i 7

—_ = — 4

N
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Complex numbers
Exercise C, Question 14

Question:
Given thatz = 1+i,z =2+iandz=3+i, find the following in the forra+ bi

221 + 5Z3
2

Solution:

271+5z3 =2(1+i) +5(3+1)

=2+2i+15+5i
=17+7i
271+5z3 _ 17+7i _ (A7+7i)(2-1)
2+ (2+i)@2-0)

A7+7)(2-0) =17(2-i) +7i(2-i)

= 34— 17i+ 14i - 7i2
= 41-3i
@+)@2-i) =2(2-i)+i2-i)
=4-2i+2i-i2
=5
41-3 _41_3,
5 5 5
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Complex numbers
Exercise C, Question 15

Question:

Given that5+—z2i =2-i, findzin the forma+bi .

Solution:
5+2 _,_;
V4
,= 542 _ (5+2)@2+])
2-i (2-)(2+i)
(5+2))(2+i) =5(2+i) +2i(2+1)
= 10+5i +4i + 2i2
=8+
(-2 +i) =22+i)-i(2+i)
=4+2i-2i-i2
=5
,-8+9 _8 9
5 5 5
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Complex numbers
Exercise C, Question 16

Question:

6+8  6+8 giving your answer in the fora+ bi

Simplify ===+ 5

Solution:

6+8i , 6+8i

1+ 1-i

_ (6+8i)(1-i)+(6+8i)(1+i)

- L+ -i)

_ B(1-i)+8i(1-i) +6(1+i) +8i(1+1i)
- 1(1-i) +i(1 —i)

_ 6-6i+8i—8i°+6+6i +8i+8i°
1-i+i-i2

=6+8i

12+ 16i
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Complex numbers
Exercise C, Question 17

Question:

The roots of the quadratic equatixﬁ'& 2x+26=0area and; . Find
a a andp

ba+p

C ap

Solution:

X2+ 2x+26=0
a=1b=2 c=26

_ 2+ /(4-104) _ -2+ 10i

X
2 2

a o =-1+5i8=-1->5i or vice versa
ba+p=(-1+5)+(-1-5)=-2

c

af = (-1+5i)(-1-5i)
= —1(~1 - 5i) + 5i(~1 - 5i)
=1+5i -5/ - 2512 =26
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Complex numbers
Exercise C, Question 18

Question:

The roots of the quadratic equatix?n— 8x+25=0area and; . Find
a a andp

ba+p

C ap

Solution:

X2 -8x+25=0

a=1b=-8 c=25

= 8+./(64-100) _ 8+6i
= > =

2

(8)a=4+3i,8=4-3i or vice versa
(b)a+p=(4+3i)+(4-3i)=8
(C) o = (4+3i)(4-3i)

= 4(4 - 3i) + 3i(4 - 3i)
=16-12i +12i - 6% =25
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Complex numbers
Exercise C, Question 19

Question:
Find the quadratic equation that has re + 3i and2 - 3i.
Solution:

If roots arex an@ , the equation is

(X=a)(x=f) =x2=(a+p)x+af=0
atp =(2+3)+(2-3i)=4
af = (2+3i)(2- 3i)
= 2(2- 3i) + 3i(2 - 3i)
= 4-6i+6i-9i%2=13

Equation iex2 - 4x+13=0
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Complex numbers
Exercise C, Question 20

Question:
Find the quadratic equation that has r5 + 4i and-5 - 4i.

Solution:
If roots arex an@ , the equation is

(X=a)(x=f) =x2=(a+p)x+af=0
a+p =(-5+4i)+(-5-4i)=-10
af = (-5 + 4i)(=5 - 4i)
= —5(=5 — 4i) + 4i(~5 — 4i)
= 25+ 20i - 20i - 16i%
=41
Equation isx2+10x+41=0
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Complex numbers
Exercise D, Question 1

Question:

Show these numbers on an Argand diagram.
a7+2i

b 5-4i

C —6-i

d -2+5i

e3i

f V2 +2i

1,5,
—=+ 2
g 2

N

h -4

Solution:

D(-2,5)e

e E(0,3)

If_-' 5 ‘J s F '[x.'rz 2} e h (?, 2}

[ ]
<Y

® B (5 -4)
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Complex numbers
Exercise D, Question 2

Question:
Given thatz =-1-i z=-5+10i and3=3-4i ,

afind zz, zz3 and?2 in the forra+ib .
Z3
b showz,z,z3225,2123 and?2 on an Argand diagram.
Z3

Solution:

a 7z, = (-1 -i)(-5 + 10i)

= -1(-5+ 10i) - i(-5 + 10i)
= 5-10i +5i - 10
=15 5i

zz3 = (-1-i)(3 -4i)

~1(3- 4i) —i(3 - 4i)

~3+4i-3i+4i%
=7 +i

7 _ -5+10i _ (-5+10i)(3+4i)
73 3-4i  (3-4i)@3+4)
_ =5(3+4i) + 10i(3+ 4i)
T 3(3+4i) - 4i(3+4i)
~15-20i + 30i + 40i2
9+12i - 12i - 162
~55+10i _ -11, 2.
25 5 5
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.z Y A
(-5, 10}

(M2

21 za A5 5

e T .
0 x
L]
zy(-1.-1)
L] 23
1:3. —‘4]‘ LA
(15, -5)
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Complex numbers
Exercise D, Question 3

Question:

Show the roots of the equatiwx2 -6x+10=00n an Argand diagral

Solution:

x2—6x+10=0
a=1lb=-6¢=10

= 5£1/(36-40) _ 622

2 2

Roots ar8+i and-i

'

e 34

w ¥

[ B
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Complex numbers
Exercise D, Question 4

Question:

The complex numbers = 5+ 12i,z, = 6 + 10i,3= -4+ 2i andz = -3-i are represented by the vec@AOB,OC  @Dd
respectively on an Argand diagram. Draw the diagram and calt@fgt©E| [0C| , [OmEnd

Solution:

y 4 A

D%

OA| = \/(52+122) = /169 =13
08| = (6 +107) = V136 = V434 = 2/34
0G| = \[((—4)2+22) =20 =45 =25

oD = \/’ ((—3)2 + (—1)2) =10
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Complex numbers
Exercise D, Question 5

Question:

z=11+2iandz =2+4i. Showy,z, ang+z on an Argand diagram.

Solution:
Y A
Zy + 22
___#(13,8)
(2, 4) __--
’ 4.
|lIIllI a
1 - z,(11,2)
'II.I “{—.,v-""ffff
.'IIIll _,--""-F-F-ﬂ--'--'--ﬂ-f
O X
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Complex numbers
Exercise D, Question 6

Question:

7z =-3+6iandz =8-i.Showy,z, and+z on an Argand diagram.

Solution:
Yy A
21 =
A
b -_"‘---____‘_ 21"'22
‘xx a5, 5)
N

(8, -1)
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Complex numbers
Exercise D, Question 7

Question:

7z=8+4iandz =6+7i. Showy,z and -z on an Argand diagram.

Solution:
y 4 z5 (6, 7)
Z4 {'E, 4}
0, X
f 21 — Z..'E
(2,-3)
_ZE‘{-’
(-6, -T)
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Complex numbers
Exercise D, Question 8

Question:

71 =-6-5iandz, =-4+4i. Showy,z angd -2z on an Argand diagram.

Solution:
2, (-4, 4) 1
0 e
.'I/I \\.\.‘1&
/ \:3‘ ~Z;
% ol )
i) & J i
(-6, —5‘1‘*:\ / i i
‘
2y -23(-2,-9)
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Exercise E, Question 1

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

12+ 5i
Solution:
z=12+5j
y A
(12, 5)
C - .
O 12 ¥

4 =12 +5) =J169 =13

tana = i. o =0.39 rad.
12

argz =0.39
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Complex numbers
Exercise E, Question 2

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

V3 +i
Solution:
z=1/3 +i

y A

(13, 1)
gy
|Lr' O -h__
(o] 413 X

el= (W372+#) =va=2

tano = o=

r
5
argz =

m'|=| a|'_\
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Complex numbers
Exercise E, Question 3

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

-3+ 6i
Solution:
z=-3+6i
f
3,6) 1
:,\'.
6
0 oA -
30 X

1= (-3 +€°) = Va5 =35

tana =g. a=1.107 rad
argz =7—-a=2.03
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Complex numbers
Exercise E, Question 4

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

2-2i
Solution:

z=2-2i

YA

x ¥

el= (2 +(27) =B =22

tana = o=

NN
N

argz =-a=-2
7
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Complex numbers
Exercise E, Question 5

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

-8-7i
Solution:
z=-8-7i
YA
8 -
= T X
TS
(-8, -7)

1= | (-8%+(7?) =13

tana = %. o =0.7188 rad
argz =—(r-a) =-2.42
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Complex numbers
Exercise E, Question 6

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

-4+ 11i
Solution:
z=-4+11i
YA
(~4, =11)
L)
17
i_'t\%-ﬁl
4 0 'x

Z|= \/‘“((—4)2 + 112) = /137

tana :%. o =1.222 rad
agz =n—a =192
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Complex numbers
Exercise E, Question 7

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

2J3-iV3
Solution:
z=2J3-iJ3

YA

2J3
Of=n LE "";
' f3
(243, -43)

2l | (/32 +(-V3)) = V15

_N3 _1 _
tana = 23 2 o =0.4636 rad.
argz =-0.46
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Complex numbers
Exercise E, Question 8

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

-8-15i
Solution:
z=-8-15i
YA
B -
E-J o L "x
15
(-8, -15)

|- Vf (-8 + (-157) = V289 =17

tana = %. o =1.0808 rad.
argz =—(r-a) =-2.06
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Complex numbers
Exercise F, Question 1

Question:

Express these in the fonrtcos 8 +i sin 9), giving exact values af andg where possible, or values to two decimal pli
otherwise.

az2+2i

b 3i

C —3+4i
d 1-3i
e —2-5i
f -20

g 7-24i

h -5+ 5i

Solution:

a

r 2+2%) =J8=2J2
(2+2) -

tana == =1. o=

T
4

Bl
2
2
6 =2
4

pigi = T £)
[ \/_(cosz isin,

3i 3(cos—+|5|n )
2 2

C
\/(( 3)2+42) J25=5
tana :g o =0.927 rad.
0 =r-a=221

-3+4i =5(cos2.21isin2.21)

d

PhysicsAndMathsTutor.com
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‘ =\/(12+(—ﬁ)2) - Ja=2

tana 2?. (x—%
1-4/3i :2005(?”)+|sm( )]
e

r = (27 +(57) =2
tana :g a=1.190 rad

-2-5i =/29(cost1.95)+isin(-1.95)).

= | ((-20%+0?) = vaoo =
tana =0
0 ==x
—20 =20(cog +isinr)

g
r = |(7P+(-297) = V625 =25
tana = 2—74 o=1.287 rad
6 =-1.29

7-24i =25(cost1.29)+isin(-1.29))

h
\/(( 5) +52) J50 =52
tana :E—l_ a=Z.
5 4
0 —a=3—ﬂ
4

-545 = 5\/5(005?’Z + isin%”).
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Complex numbers
Exercise F, Question 2

Question:

Express these in the fonrtcos 8 +i sin 0), giving exact values af andg where possible, or values to two decimal pli
otherwise.

3
r511+i\/§
b L
2-i
¢ Lt
=1
Solution:
a
3 __ 31-iV3)
1+iV3  (@+iV3)1-iV3)
_ 3-3iV3
1(1-i/3)+iv3(1-iv3)
__ 3-3Y3  _3-3i38
1-iV3 +iy3 -3i? 4
3 ﬂi
T4 4
(722 2
. \/((E) (@J] (2+2)
4 4 16 16
- [®)-:
“yV\16/ " 2
_3/3.3_ I
tana —T-Z—\/S_ a—g
0 =-2
3
8.3 co(_—”) + ism(—))
1+iJ3 2 3
b
1 2+
2-i  @2-)@2+)
- 2+i - 2+i
2+ -i@+i) ~ 4+2i-2i-i2
2+ 2 1.
=— _=—_+4 I
5 5 5
0 2 2
S EREjR =
5 5 25 25
_[5_-1_45
“N25 T U5 5
tang =~+2=1 @ =0.4636 rad.
5 5 2
0 =0.46
i. =£(cos 0.46+isin 0.46)
2-i 5
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1+i _ (+i)@A+i)

1-i  (@-i)(L+)
A+ FiIL D) L1+i+i+il
CAA+H) - ) 14i-i-i2
_2 _
=2=

—
1
8 =
N —_
o
N
+
Hl\)
~—
1
[E=Y

tana =
6 =

1+i

T . . T
- = 1(cos— + |$|n—)
1-i 2 2
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Complex numbers
Exercise F, Question 3

Question:
Write in the forma+ib , whera e R arde R
T . . T
a Sﬁ(cosz +i smz)
b 6(cos?£ +i sm3—”)
4 4
T . . T
c \/§(cos§+| S|n§)
d 7(005(—5) +i sin(—f)j
2 2
e 4(005(—5—”) +i sin(—s—”)j
6 6
Solution:

asf( 3+3i

o)

b

(3o -5

=-3J2 +3J2i
C\/_( +—|J % g

d 7(0+ (-1)i) = -7i

e4[£+(2))_—2\/— 2i

2
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Complex numbers
Exercise F, Question 4

Question:

In each case, find; |,|z0| amgk, , and verify thap |5 z || 2l
a z1=3+4i 7p=4-3i

b z=-1+2i 2 =4+2i

C z=5+12i Zp=T7+24i

dz=V3+iV2 z=-V2+iJ3

Solution:

a

o =|(F+4) = V25 =5
ol = |(#+37) =v25 =5
zzp =(3+4i)(4-3i)
= 3(4- 3i) +4i(4 - 3i)

=12-9i+16i- 12
=24+7i

lz2zp| = \/(242+72) =.625=25

[z1]|zo] =5x%5=25=|z2)

o = |(0%+22) =45

|22| :\/(42+22) :m :2\/3
7zzp =(-1+2i)(4 +2i)
=-1(4+2i) + 2i(4 + 2i)
—4-2i +8i +4i2
-8+ 6i
| 6

laz| = \/((—8)2+ ) = 100 = 10
lz1 |l 22| =~/5 %25 =10=|zz)

c
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iz =\/(52+122) = J169 = 13

(72+242) = /625 =25
(5+ 12i)(7 + 24i)
=5(7+ 24i) + 12i(7 + 24i)

35+ 120i + 84i + 2881
—253+ 204

22| x((—253)2 + 2042) - J105625= 325

[211| 0] =13 x25=2325=|zz)|

12|

PalZ)

d

= (V3P +(27) =5

o = (V2P - s
7z =(V3 +iV2)(-J/2 +iV3)
= J3(—V/2 +i3) +iV2 (-2 +i/3)
-J6 +3i-2i +i%/6
-2J6 +i

lazl = (2067 +F) = @a+1) =5

Iz 11zl =<5 x+5=5=z2z]|.
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Exercise G, Question 1

Question:
a+2b+2ai = 4+6i, wherea andb are real.

Find the value oa and the value cb.

Solution:

Real parts: a+2b=4

Imaginary parts: 2a=6

a=3
3+2b =4
2b =1
b :1
2
a=3 and b=l
2
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Complex numbers
Exercise G, Question 2

Question:
(a—-b) +(a+b)i =9+5i, whereaandb are real.

Find the value oa and the value cb.

Solution:
Real parts : a-b =9
Imaginary parts :a+b =5
Adding : 22 =14
a =7

7-b =9

b =-2

a=7and b=-2.
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Complex numbers
Exercise G, Question 3

Question:
(a+b)(2+i) =b+1+(10+2a)i, wherea andb are real.

Find the value oa and the value cb.

Solution:
Real parts : A+b) =b+1

2a+2b =b+1

2a+b =1 @
Imaginary parts : a+b =10+2a

-a+b =10 (i)

@ - : 3a =-9

a =-3

Substitute into (i) :-6+b =1
b =7

a=-3 and b=7
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Complex numbers
Exercise G, Question 4

Question:
(a+ i)3 =18+ 26i, wherea s real.

Find the value oa.
Solution:

(a+i)® =a%+3a% +3ai%+i®

= (a3-3a) +i(3a%- 1)

Imaginary part : a2-1 =26

3a2 =27

a2 =9

a =3or -3

Realpart :a =3 gives 27-9=18 . Correct.
a =-3 gives -27+9=-18 . Wrong.

So a=3.
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Exercise G, Question 5

Question:
abi = 3a— b+ 12i, wherea andb are real.

Find the value oa and the value cb.

Solution:

Real partsO =3a-b 0]

Imaginary parts :ab=12 (i)

i, b= 12
From (ii), b= a

Substitute into (i) : O =3a- lé
3a%2-12 =0
a® =4

-0 p=12_
If a—2,b—2 6

f a=-2hph=2=6
-2

Either a =2 and b=6
or a =-2 and b=-6.
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Exercise G, Question 6

Question:

Find the real numbersandy, given that

1

— =3-2i
X+iy

Solution:
(B-2)(x+iy)=1

3(x+iy) - 2i(x+iy) =1
3x+3yi - 2xi —2iy =1
(Bx+2y)+iBy-2x) =1

Real parts: X+2y=1 (i)

Imaginary parts : $-2x=0 (i)

2x (i) + 3 x (ii):
6X+4y+9y—-6x =2
13y =2
=2
y 13

Substitute into (i) : 3+1;‘3 =1

3x =

Blwk|o

X =

_ 3 _ 2
x=—and y=—
13 13
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Complex numbers
Exercise G, Question 7

Question:

Find the real numbersandy, given that
(x+iy)(1+i) =2+i

Solution:

(x+iy) (X +i) =x(1+i) +iy(1+i)

=X+ Xi +iy+idy
= (x-y) +i(x+y)

Real parts : X-y =2
Imaginary parts x+y =1

Adding : X =3
3

X =—

2

3 1

—+Vv= = ——

Sty=1ly=-

=3 =1

x—zand y >
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Complex numbers
Exercise G, Question 8

Question:

Solve for reak andy

(X +iy)(5 - 2i) = -3+7i

Hence find the modulus and argumenk efly
Solution:

(x+iy)(5-2i) =x(5- 2i)+iy(5- 2i)
= 5x — 2xi + 5yi - 2yi?
= (5x +2y) +i(-2x + 5y)

Real parts: 5x+2y=-3 (i)
Imaginary parts : -2x+5y=7 (i)

@iyx2: 1x+4y =-6
(i) x5: -10x+25y =35
Adding : 2% =29

y =1

Substitute into (i) : %+2
5x
X

mnmn nu
|
= 0w

x=-1and y=1

FL+i (1P +P) = V2
arg(-L+i) =zx-—arctan 1

T _ 3

_ﬂ"—_:_
4~ 4
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Exercise G, Question 9

Question:

Find the square roots 7 + 24i.

Solution:

(@+ib)? =7+24i
a(a+ib) +ib(a+ib) =7+24i
a’+abi +abi + %% =7+24i

(@%-b?) +2abi =7+ 24i
Real parts:  a2-b%=7 (i)
Imaginary parts: 2ab=24 (ii)

From(i), b=22=12
2a a

Substituting intdi):  a%- = =7
at-144=7a°
a%-7a%-144=0

(a2-16)(a%+9) =0
a2=16 or a2=—9

Sinceaisreala=4or a=-4

Whena=-4b = f—i =-3
Square roots are+3i and —(4+3i),i.e. (4+3i)
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Complex numbers
Exercise G, Question 10

Question:
Find the square roots 11+ 60i.

Solution:

(a+ib)? = 11 + 60i
a(a+ib) +ib(a+ib) = 11+ 60i
a2+ abi +abi + b%2 = 11 + 60i

(a®-b?) + 2abi = 11+ 60i
Real parts:  a%-b%=11 (i)

Imaginary parts: 2ab=60 (i)

From (ii):b = %0_30
2a a

Substituting into (i); a2- 22’ =11

a%-900=11a°
a*-11a%2-900=0
(a2-36)(@2+25)= 0
a2 =36 or a2 =-25

Sinceais reala=6 or a=—6.

Whena=-6b = f—g = -5,
Square roots ate+5i and - (6 + 5i),
i. .£(6 + 5i)
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Complex numbers
Exercise G, Question 11

Question:
Find the square roots 5 - 12i.

Solution:

(a+ib)%=5-12i
a(a+ib) +ib(a+ib) = 5-12i
a’+abi +abi +b%%=5-12i

(a®-b?) + 2abi =5-12i

Real parts:  a%-b?=5 @)

Imaginary parts: 2ab=-12 (i)

From (ii):b = 1z2_-6
2a a
Substituting into (): a®- 32 =5
a

a%-36=5a°
a*-5a2-36=0
(@2-9)(a%+4)=0
a®=9 or a°=4.

Sinceais reala=3 or a=-3

Whena=-3b= :—2 =2

Square roots ai@-2i and - (3 - 2i),
i. e. £(3-2i)
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Complex numbers
Exercise G, Question 12

Question:

Find the square roots of

Solution:

(a+ib)2 = 2i
a(a+ib) +ib(a+ib) = 2i
a’+abi +abi +b%% = 2i

(@2 -b?) + 2abi = 2i

Real parts: a?-b2=0 ()

Imaginary parts: 2ab=2 (i)

From (ii): b=2=1
2a a
Lo N2 01
Substituting into (i) : a -— =0
a
a*-1 =0
at =1

Real solutions are=1 or a=-1.

Whena=1,b=3=3=1
a 1

Whena=-1b= _il =-1.
Square roots afet+i and — (1 +i),

i.e. +(1+i)
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Exercise H, Question 1

Question:
Given thatl + 2i is one of the roots of a quadratic equation, find the equ
Solution:
The other root is-2i .
If the roots are ang@ , the equation is
X—a)(x=p) :XZ—(a+ﬂ)x+(xﬂ:0

atf =(1+2)+(1-2i)=2

af = (1+2i)(1-2i)

= 1(1-2i) + 2i(1 - 2i)
=1-2i+2i-4i2=5

Equation isx2—2x+5=0
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Complex numbers
Exercise H, Question 2

Question:
Given the3 - 5i is one of the roots of a quadratic equation, find the equ
Solution:
The other root i8+5i .
If the roots are ang@ , the equation is
X=—a)(x=p) :x2—(a +B)x+ap = 0.

a+p =(3-5)+(3+5)=6

af = (3-5i)(3+5i)

= 3(3+ 5i) - 5i(3+ 5i)
=9+15i-15i- 25i° = 34

Equation isx2—6x+34=0
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Complex numbers
Exercise H, Question 3

Question:
Given thala + 4i, wherea is real, is one of the roots of a quadratic equation, find the eqt
Solution:
The other root isa—-4i .
If the roots are ang@ , the equation is
(X - a)(x—f) = X2 = (a+B)x+af = 0.
a+p =(a+di)+(a-4i)=2a
aff = (a+4i)(a-4i)
=a(a-—4i) +4i(a- 4i)
= a’- 4ai +4ai - 16i° = a®+ 16

Equation isx2 - 2ax+a2+16=0
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Complex numbers
Exercise H, Question 4

Question:

Show thatx = -1 is a root of the equatixﬁ}r 9x%+33 +25=0.
Hence solve the equation complet

Solution:

Whenx = -1,

3+ 0x% +33+25=-1+9-33+25=0

So x=-1is aroot.

So(x+1) is a factor

x3+0x2+ 33+ 25 = (x+ 1)(x2+8x+25): 0

a =1, b=8, c=25.

-8+ .,/(64-100 - i
« = V( ) CE

2 2

Roots are-1, — 4+ 3i and-4 - 3i
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Complex numbers
Exercise H, Question 5

Question:

Show thatx = 3 is a root of the equatiZ){?—4x2 -5x-3=0.
Hence solve the equation complet

Solution:

Whenx =3,

2x3-4x?-5x-3=54-36-15-3=0.

Sox =3 is aroot.

So(x-3) is a factor.

23— 4x% —5x -3 = (x-3)(2%+ 2x+1) = 0

a =2,b=2,c¢c=1.

X_—zi,/(4—8) 2#2i _ 1,1
)

4 4 2

Rootsare3,_—1+1i andt - i
2 2 2 2
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Complex numbers
Exercise H, Question 6

Question:
Show thatx = —% is a root of the equatiext + 3x2+ 3x +1 = 0.

Hence solve the equation complet

Solution:

Whenx = _—1,
2

2x3+3x2+3x+1 Z(El

v

(%) {(2)

=0

le

1,3
4 4

__ 1.
Sox——zlsaroot.

So(2x+1) is a factor.
23+3x2+3x+1= (X +1)x2+x+1) =0

a=1 b=1,c=1
_1£J@-4 _12iV3 _ 1 £

2 T2 2
Roots are*, —* + ﬁi and=L - ﬁi )
2' 2 2 2 2
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Complex numbers
Exercise H, Question 7

Question:

Given that-4 +i is one of the roots of the equatix3+ 4x% - 15x - 68 = 0, solve the equation complete

Solution:
Another root is-4 - i
The equation with roots amd is

(X=a)(x~B) =x2 = (a+B)x+af =0,

atp =(-4+i)+(-4-i)=-8
af =(-4+i)(-4-1)

—4(-4-i) +i(-4-1)

=16+4i-4i-i%=17

Quadratiz equation €% + 8x+17= 0.
So(x2+8x+17) is a factor of®+ 4x2 - 15x - 68).
(x3+4x% - 15— 68) = (X2 + 8x + 17)(x - 4)

Roots are 4-4 +i and-4 -i.
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Complex numbers
Exercise H, Question 8

Question:

Given thatx® - 123+ 31x% + 108 - 360 = (x2 - 9)(x2 +bx +c), find the values ob andc, and hence find all the solutions of
the equatiorx® - 12x3+ 31x% + 108 - 360 = 0.

Solution:
x¥ =123+ 31x% + 108 - 360= (x2 - 9)(X2 + bx + C)

x3 terms : 12 =b
b =-12

Constant term :-360 =-9c
c =40

(X% - 9)(x% - 12x+40)= 0

x2—9=0: x2=9
x=3 or x=-3
x2—12x+40=0

a=1,b=-12,¢c=40

12+ ./(144-160) 12+4i )
X= > = =62

2

Roots are3, — 3, 6+ 2i and6 — 2i
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Complex numbers
Exercise H, Question 9

Question:

Given thal2 + 3i is one of the roots of the equatix4 +2x3- %2 + 38 +130= 0, solve the equation complete

Solution:
Another root i - 3i
The equation with roots amd is

(X—a)(x=B) =x° = (a+B)x+af =0

atf =(2+3i)+(2-3i)=4
af = (2+3i)2 - 3i)

= 2(2- 3i) +3i(2 - 3i)

= 4-6i+6i-9%=13

Quadratic equation &% - 4x+13= 0.
So(x2 - 4x+13) is a factor of* + 2x3 - x2 + 38x + 130).
(x*+2x3 - X2 + 38+ 130) = (x2 - 4x + 13)(x2 + 6x + 10)

x2+6x+10=0

a=1,b=6,¢c=10
<= -6+,/(36-40) _ —6+2i
- 2 T2

=-3zi

Roots are2+3i, 2-3i, —3+i and-3-1i.
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Complex numbers
Exercise H, Question 10

Question:
Find the four roots of the equatiaﬁ— 16=0
Show these roots on an Argand diag!

Solution:

x*-16=0
(X2-4)(x%+4)=0

x2=4 or x°=—4

x=2,-2, 2i or —2i

a1
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Complex numbers
Exercise H, Question 11

Question:

Three of the roots of the equatiax5+ bx* + cx3+dx? + ex + f = 0 are-2, 2i andL + i. Find the values ca, b, ¢, d, e andf.
Solution:

The other two roots arei  ahet i

The equation with roots amd is

(x=a)(x=p) =X* = (a+f)x+af =0,

Using 2 and-2i,
a+p =2i-2i=0

af =(2i)(-2i) = -4i2=4
Quadratic equation ig2+4=0
Using 1+i and 1-i,

a+p =(L+i)+(@1-i)=2

af = (1+i)A-i)
= 1(1-i) +i(1 i)
=1-i+i-i’=2.

Quadratic equation ig2-2x+2=0
The required equation is

(x+2)(x2+4)(x2-2x+2) =0
(x3+2x2+4x+8)(x2—2x+2) =0

K32 = 2x +2) + 2x3(x2 = 2x+ 2) + Ax(x2 — 2x +2) + 8(x2 - 2x+2) = 0
x5—2x4+2x3+2x4—4x3+4x2+4x3—8x2+8x+8x2—16x+16=O

X0+ 23 +4x2-8x+16=0

a=1,b=0,c=2,d=4,e=-8, f=16.
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Complex numbers
Exercisel, Question 1

Question:
a Find the roots of the equatiaﬁ+22+ 17=0giving your answers in the forawib , whexeandb are integers.

b Show these roots on an Argand diag!

Solution:
a
22 +22+17=0
22+927 =-17 You may use any accurate method of

solving a quadratic equation. Completing

square works well when the coefficientasf
is one and the coefficient ofiz even.

(z+1)*=-16 J(-16) = 4/(-1) = 4i

z+1=4+4j

Z2+2z2+41 =-17+1=-16

z=-1-4i -1+4i

b
(-1, 4)x V4 In the Argand diagram, you must place
points representing conjugate complex
N numbers symmetrically about the resdxs.
(o] X
(-1, -4} =
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Complex numbers
Exercisel, Question 2

Question:
7= —i,22 = l+i\/§
a Find the modulus of

i Yavs)

4
Z )

b Find the argument of

i 12

Give your answers in radians as exact multipler.

Solution:
ai
2z, = —i(1+iV3) -i xiJ/3 ==(-1)/3 =/3
= —j+ \/§
= \/§ —i
2 _ 2, 12— — You find the modulus of complex numbers
|2z," = (V3) +(-1)"=3+1=4 using the result that, it = a+ib , then
2z = 2 2% = a®+ b?. This result is essentially the
same as Pythagoras' Theorem and so is easy
to remember.
i
z _ - 1-i3 To simplify a quotient, you multiply the
2z  1+iV3  1-iV3 numerator and denominator by the conjut
-3 3 1. complex of the denominator. The conjugate
T 2e/al +(\/§)2 =74 4 complex of this denominatdk+i</3 , is
1-i4/3.
2 2 2
‘a . (_ﬁj +(1) 3,11
2 4 4 16 16 4
R
Z - 2
bi
22, = 3 -i
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vt _ You draw a sketch of the Argand diagram to
3 - check which quadrant your complex number
0 i X is in.
1
212z You usually work out an angle in a right
L angled triangle using a tangent.
- -
tand = Ve =60 5
3z, is in the fourth quadrant.
arg @z) = —% You then adjust you angle to the correct

guadrant. The argument is measured from
the positive »axis. This is clockwise and,

F
hence, negativc\r\ arg(z,z;)

This complex number is in the third
quadrant. Again the argument is negative.

% is in the third quadrant.
2

"”9@ ={-5)-% /Q/ ’

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercisel, Question 3

Question:

a Express in the form+bi , wheesgbeR

.. 1
N z-—.
z
b Find|z?).

¢ Find arg(z— %) giving your answer in degrees to one decimal place.

Solution:
ai
;= 1 4271 _2-i It is useful to be able to write down the
240 2-i 5 product of a complex number and its
- 2_1 conjugate without doing a lot of working.
5 5

(a+ib)(a—ib) = a+b? This is sometimes
called the formula for the sum of two
squares. It has a similar pattern to the
formula for the difference of two squares.

(a+b)(a-b) =a’-b’

You square using the formula

2
=44y 2_ .2 2
=——-—i+|=i - —a‘-
= o5 (5) (a—-b)*=a“-2ab+b
4 _ 41
25 25 25
_3_4
25 25
i
1 _2_1,
Z—E =< 5| 2+1i)
NERETRP
5 5
_8_5;
5 5
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2 2 2
A=) ()
25 25
9

L 16 _ 25 _

625 625 625

1

25

[ =3
Cc
i ¥Yi
] O
6 d
5
71
£
6
tang =3 =7 =0=
5

36.87

z- % is in the third quadrant

1 e — -—
arg (z— E) =—(180 - 0)
=-143.1,told.p.

© Pearson Education Ltd 2C
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You should draw a sketch to help you de:
which quadrant the complex number is in.

Arguments are measured from the positive
x-axis. Angles measured clockwise are
negative.
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Complex numbers
Exercisel, Question 4

Question:
The real and imaginary parts of the complex nunabex+iy satisfy the eq(@ation- (1 +3i)y-7=0.
a Find the value ok and the value of.

b Find the values of

i 2

iiarg z

Solution:

a

2X—=Xi-y-3yi—-7=0 You find two simultaneous equations by
equating the real and imaginary parts of the
eqguation.

(2x-y-=7)+(-x—-3y)i =0+0i You think of 0 a® + 0i a number which h¢

both its real and imaginary parts zero.
Equating real and imaginary parts
Real 2x-y-7=0
Imaginary —-x-3y=0

xX-y=7 (1)
x+3y=0 (2 The simultaneous equations are solved in
2x(2) 2x+6y=0 (3) exactly the same way as you learnt for

(3) - (1) 7y =-7= y= -1 GCSE.

Substitute into(2)

Xx-3 =0=x=3
x =3y=-1

bi

z =3-i

4 =F+(-1)°=10

lZ =10

As the question has not specified that you
should work in radians or degrees, you ct
work in either and-18.4 would also be an

PhysicsAndMathsTutor.com
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tand = % — 0 =0.322 in radians

zis in the fourth quadrant.
arg z=-0.322 in radians to 3 d.p.

© Pearson Education Ltd 2C
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acceptable answer.

The question did not specify any accurac
significant figures is a sensible accuracy but
you could give more.
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercisel, Question 5

Question:

Given thal2 +i is a root of the equaticz3— 11z+20=0, find the other roots of the equati

Solution:

One other root i —i

The cubic equation must be identical to
(z-2-i)(z-2+i)(z-y)=0
(z-2)=i)((z=2)+i) = (z-2)*~i?

=72 -47+4+1=7%-42+5
Hence

(22—4z+ 5)(z—y) =73-11z+20
Equating constant coefficients
-5=20=y=-4

The other roots ar2-i anrd

© Pearson Education Ltd 2C
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If a+ibis aroot, thera—ib must also be a
root. The complex roots of polynomials w
real coefficients occur as complex conjugate
pairs.

If a, f andy are the roots of a cubic
equation, then the equation must have the
form(x—a)(x=£)(x—7y) =0.

You know the first two rootsy andg, so the
only remaining problem is finding the third
rooty.

You need not multiply the brackets on the
left hand side of this equation out fully. If
the brackets were multiplied out, the only
term without & would be when +5 is
multiplied by -y and the product of these,
-5y, equals the term withoaton the right
hand side+20 .
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Complex numbers
Exercisel, Question 6

Question:

Given thatl + 3i is a root of the equatiﬂ?% 6z+20=0,

afind the other two roots of the equation,

b show, on a single Argand diagram, the three points representing the roots of the equation,

c prove that these three points are the vertices of eangled triangle

Solution:

a One other root it — 3i If a+ibis aroot, them—ib must als(
be a root. The complex roots of
polynomials with real coefficients
occur as complex conjugate pairs.

The cubic equation must be identical to
(z-1-3i)(z-1+3i)(z-y)=0 If a, pandy are the roots of a cubic

equation, then the equation must have
the form(x—a)(X—p)(x—y) = 0.

((z-1)-3i)((z- 1) + 3i) = (z- 1)2 - (3i)2 You know the first two rootg; angl
5 ) so the only remaining problem is
=2°-2z+1+9=2"-22+10 finding the thirdy .

Hence

(22 —27+ 10)(2_ y) = 23+ 62+20 You need not multiply the brackets on

the left hand side of this equation out
fully. If the brackets were multiplied
out, the only term without awould
bewhen+10 is multiplied byy and
the product of these,10y , equals the
term withoutz on the right hand side,
+20.
Equating constant coefficients
-10y=20=y=-2

The other roots afe- 3i an@

b

¥a ={1,3)

PhysicsAndMathsTutor.com
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The gradient of the line joining2,0) to (1,3) is given by

m=z2"%_ 3-0 _3_4 You prove the result in part (c) using

xp-% 1-(-2) 3 the methods of Coordinate Geometry

that you learnt for the C1 module.
These can be found in Edexcel
Modular Mathematics for AS and A-
level Core Mathematics 1, Chapter 5.

The gradient of the line joining2,0) 1@ ,-3) is given by

_ Yo% _ 3-0 _ -3 _ _
m = Xo-% 1-(-2) 3 1

Hencemm = -1, which is the condition for perpendicular
lines.

Two sides of the triangle are at right angles to each other
and the triangle is right-angled.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercisel, Question 7

Question:
21=4+2i,2p=-3+i
a Display points representing awrg on the same Argand diagram.

b Find the exact value ¢ - z| .

Given thatw = 2 ,
4]

c expressw in the forma+ib , wherg,beR

d find argw, giving your answer in radiat

Solution:

= (4, 2)

Pagel of 2

-2 =4+2i—(-3+i) z — 7, could be represented by the vector
=4+2i+3-i=7+i joining the poini(—=3,1) to the point (4, 2).
|z - 2| is then the distance between these

two points.

|21‘ 22|2 7242 =50 The question specifies an exact answer, so
decimals would not be acceptable.

|z-2| =50=52

- 4+2i y -3-i - -12-4i-6i+2
-3+i  -3-i (32 + 2

_ -10-10i

~ 10

=-1-i

PhysicsAndMathsTutor.com
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1
tan02%21:>9=
2

w is in the third quadrant.

( 77:) 3z
argw=-{z->]=-="
4 4

© Pearson Education Ltd 2C
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Complex numbers
Exercisel, Question 8

Question:

Given that3s - 2i is a solution of the equation
x4—6x3+ 19x2—36x+78: 0,

a solve the equation completely,

b show on a single Argand diagram the four points that represent the roots of the ¢

Solution:

a

Letf(x) = x* - 6x3+ 19x% — 36x + 78 When you have to refer to a long express
like this quartic equation, several times in a
solution, it saves time to call the expression,
say,f(x) . It is much quicker to wrifé¢x)
thanx? - 6x3+ 19x% - 36x + 78!

As3-2iis aroot of(x),3+2i isalsoarootiffx) If a—ibisaroot, thera+ib mustalso be a
B N N m2 root. The complex roots of polynomials w
(x=3+2)(x=3+21) =(x=3)"+4 real coefficients occur as complex conjugate

=x’>-6x+9+4 pairs.
=x%-6x+13
X2+6 If . andp are roots df(x) , thefifx) must
x*—6x3+ 192 - 36x+ 78 have the fornfx — a)(x —[)’)(x2 +ax + b) and
2 x* - 6x3+13% the remaining two roots can be found by
X7 Oxr13 6x2 — 36X+ 78 solvir]gx.2 +ax+b=0. The method used
6x2 — 36x+ 78 thheigeclassglcilr:)ga;:gt; t()sy I.ong division. In
Hence

f(x) = (x2—6x+ 13)(x2+6) =0

X°+6=0 = x=#/6
The solutions of(x) =0 are

3-213+2ii/6 —-iJ/6

PhysicsAndMathsTutor.com
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¥
(0, V6) (3, 2} =

0 X
(0, -..'_E]I (3, =2) =

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercisel, Question 9

Question:

_a+3i
2+ai’

acsR.

aGiven thata=4, findz| .

b Show that there is only one valueadfor whichargz = %, and find this value.

Solution:

a
a+3i _ a+3i
2+ai  2+ai
2a-a% +6i+3a
4+3a?
5a 6-a°.
B 4+a2+ -

% 2—a!
2-ai

Substitutea = 4

20 , -10. 1.
=—+_—1=1-Zi
20 20 2
2
2 2 1 5
=Y +(—_) ==
|z| >
4=
2
b
5a
2 5a
tan(argz) = 42 =
( gz) 6-a2 6-a’
4+a2

Also from the data in the question
tan(argz) = tan% =1

Hence
5a
6-a
(@a-1)(@+6)=0=a=1,-6
If a = —6 substituting into the result
_30_30,_3_3
40

=1=>5a=6-a’=a’+5a-6=0

2

in part (a)

40 4 4
This is in the third quadrant and has a negative

PhysicsAndMathsTutor.com

You could substituta =4 into the
expression for at the beginning of part (a)
and this would actually make this part ea:
However you can use the expression ma

* once in this part and three times in part (b)
as well. It often pays to read quickly right
through a question before starting.

¥
arg z

0 X

-

If z=x+iy, thentan(argz) = %

At this point you have two answers. The
guestion asks you to show that there is only
one value of a. You must test both and
choose the one that satisfies the condition
argz= %. The other value occurs because
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argumen(—%”) ,S@a=-6 s rejected. tan% andtar(—%”) are both 1.
If a = 1, substituting into the result in part (a)
=3 + E| =1+
5 5
This is in the first quadrant and does have an
argumem’4i .

a = lis the only possible value af
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