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Partial fractions
Exercise A, Question 1

Question:

Express the following as a single fraction:

1.1
3 4
Solution:
i1 4 3 7
3t 2T 2t 2T
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Partial fractions
Exercise A, Question 2

Question:

Express the following as a single fraction:

3 2

4 5

Solution:

3 2 _ 1 8 7
4~ 57 20 20" 20
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Partial fractions
Exercise A, Question 3

Question:

Express the following as a single fraction:

3 2
X Xx+1

Solution:

3 2

X  x+1

3(x+1) 2X

X(x+1)  x(x+1)

3(x+1) —2x
X(x+1)

3x+ 3 - 2X

X(x+1)

X+ 3
X(x+1)
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Partial fractions
Exercise A, Question 4

Question:
Express the following as a single fraction:

2 3
(x-1) (x+2)

Solution:
2 3
(x-1) T (x+2)
2(x+2) 3(x—-1)

(x-1) (x+2) T (x-1) (x+2)
2(x+2) +3(x-1)
(x=1) (x+2)
2X+ 4+ X -3
(x=-1) (x+2)
5x+1
(x=1) (x+2)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4

Solutionbank
Edexcel AS and A Level Modular Mathematics

Partial fractions
Exercise A, Question 5

Question:
Express the following as a single fraction:

4 + 2
(2x+1) (x=-1)

Solution:

4 2
(x+1) T (x-1)

4(x-1) 2(2x+1)
(2x+1) (x-1) T (2x+1) (x-1)
4(x-1) +2(2x+1)

(2x+1) (x-1)
4X - 4 + 4x+ 2
(2x+1) (x-1)

8x -2
(2x+1) (x-1)
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Partial fractions
Exercise A, Question 6

Question:

Express the following as a single fraction:

7 _ 2
(x=-3) (x+4)
Solution:
7 2
(x=3)  (x+4)
7(x+4) 2(x-3)

(x-3) (x+4) — (x-3) (x+4)
7(x+4) -2(x-3)
(x=3) (x+4)
X+ 28 — 2x+ 6
(x=-3) (x+4)
5x+ 34
(x=3) (x+4)
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Partial fractions
Exercise A, Question 7

Question:
Express the following as a single fraction:

3 6
2X (x-1)

Solution:

3 _ 6
2x (x-1)

3(x-1) 6 x X
2x(x-1)  2x(x-1)
3(x-1) —12x
2x(x-1)
3x—3 - 12X
2x(x-1)

-9x-3
2x(x-1)

9x+ 3
2x(x-1)
3(3x+1)
2x(x-1)

or -

or -
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Partial fractions
Exercise A, Question 8

Question:
Express the following as a single fraction:

3 2 1

X + (x+1) + (x+2)

Solution:
3 2 1
X (x+1) T (x+2)
3(x+1) (x+2) 2X(x+2) Ix(x+1)

= X(x+1) (x+2) T X(x+1) (x+2) T X(x+1) (x+2)
3(x+1) (x+2) +X(x+2) +1x(x+1)
X(x+1) (x+2)

Add numerators

3 (X2 +3x+2) + 28 + 4+ X2 + X

= X(x+1) (x+2) Expand brackets
32+ Ox+ 6 + 28 + 4X+ X2 + X _ _
= (X 1) (x+2) Simplify terms
6 + 14x + 6

= X(x+1) (x+2) Addlike terms
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Partial fractions
Exercise A, Question 9

Question:
Express the following as a single fraction:

4 2 + 1
3X (x=2) (2x+1)

Solution:

4 2 1

X T (x-2) T (x+1)
4(x—-2) (2x+1) 2x3x(2x+1) X (x—2)
3X(X-2) (2x+1) _ 3x(x-2) (2x+1) T 3x(x-2) (2x+1)

4(x=2) (2x+1) =2x3x(2x+1) +X(x-2)

= I (x-2) (2x+1) Add numerators

4(28-3x—-2) —6x(2x+1) + 3% - 6x

= I (x-2) (2x+1) Expand brackets

82 — 12x— 8 — 12¢ — 6x + 3% — 6% _ _
= X (X=2) (2x+ 1) Simplify terms

- 1x2 - 24x- 8

= 3x(x-2) (m+1) Addlike terms

X2 + 24x+ 8
OF = 3x(x-2) (2x+1)
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Partial fractions
Exercise A, Question 10

Question:
Express the following as a single fraction:

3 2, 4
(x-1) (x+1) (x-3)

Solution:
3 2 4
(x-1) T (x+1) T (x-3)
3(x+1) (x—-3) 2(x-1) (x—-3) 4(x-1) (x+1)

= (x-1) (x+1) (x-3) T (x-1) (x+1) (x-3) T (x-1) (x+1) (x-3)

0 3(x+1) (x=3) +2(x-1) (x=-3) +4(x-1) (x+1)
- (x=1) (x+1) (x=3)

Add numerators

3(x2-2x-3) +2(x2-4x+3) +4(x%-1)

= (x-1) (x+1) (x-3) Expand brackets

3R -6X-9+22-8x+6+4% -4

= x-1) (x+1) (x=3) Simplify terms

9% — 14x-7

= xo 1) (1) (x=3) Add like terms
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Partial fractions
Exercise B, Question 1

Question:
Express the following as patrtial fractions:

6Xx— 2
@) %2) (x+3)

2x+ 11
(b) (x+1) (x+4)

- 7x—12
(©) 2x(x-4)

2x- 13
(d) (2x+1) (x-3)

6X+ 6
e
(e) 2o

7 — 3x
f - =
U X2 - 3x-4

8 -X
(9) X2 + 4x

2x - 14
h -
(h) X2 + 2x - 15
Solution:

6X— 2 A B _
(@) Let o) (xs3) = (x-2) * (x+3) Add the fractions
6X— 2  A(x+3) +B(x=2)
7 (x-2) (x+3) = (x-2) (x+3)

So&-2=A(x+3) +B(x-2) Set numerators equal
Substitutx=2 = 6x2-2=A(2+3) +B(2-2)
= 10=HA
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= A=2
Substitutx.= -3 = 6x (-3) -2=A(-3+3) +B
(-3-2)
= -20=Bx -5
= B=4
6x— 2 B 2 4
Hence S oy (xv3) = (x-2) T (x+3)
2x+ 11 B A B _
(b) Let™ Sy (x+4) = (x+1) T (x+4) Addthe fractions
2x+ 11 _ A(x+4) +B(x+1)
T (x+1) (x+4) = (x+1) (x+4)

Sox+11=A(x+4) +B(x+1) Set numerators equal
Substitutx= -4 = 2x (-4) +11=A( -4+4) +B

(-4+1)
= 3=-3B
= B= -1

Substitutx= -1 = 2x -1+11=A( -1+4) +B( -1+1)
= 9=3A

= A=3
2%+ 11 3 (-1) 3 1
Hence Sy (xva) = (x+1) T (x+2) = (x+1) ~ (x+4)

-7x-12 A B _
(©) Let—Zx(x—4) =%t (x-2) Add the fractions

- 7x-12  A(x-4) +Bx2x
2x(x-4) ~ 2x(x—4)

So - k-12=A(x—-4) +2Bx  Set numerators equal
Substitutx=4 = -7x4-12=A(4-4) +Bx4
= -40=8

= B= -5

Substitutex =0 = -7x0-12=A(0-4) +2Bx0
> -=-12= -4

=

= A=3
~7x-12 3 -5 3 5
Hencey i —a)y = x F (x-4) = 2x ~ (x-4)
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2x - 13 A B _
(d)Let” 1) (x-3) = (2x+1) T (x-3) Addthe fractions
2x - 13 _ A(x-3) +B(2x+1)
= (2x+1) (x-3) = (2x+1) (x-3)

Sox-13=A(x-3) +B(2x+1) Set numerators equal
Substitutex =3 = 2x3-13=A(3-3) +B(2x3+1)
= —-7=Bx7

= B=-1
1 () S )
Substitutex= - 5 = 2x | -3 | -13=A| -5 -3 | +B
\ ) \ )
( () )
[ 2x | =5 | +1|
\ \ ) )
1
> -14=Ax -3
= A=4
ox- 13 4 -1 4 1
Hence 5y (x=3) = (2x+1) ¥ (x-3) = (2x+1) ~ (x-3)
6Xx+6 6x + 6

(e) 2ig - (x+3) (x-3) Factorise denominator

6X+ 6 A .
Let"73) (x-3) = (x+3) T (x-3) Addfractions
6Xx+ 6 _ A(x-3) +B(x+3)
= (x+3) (x-3) = (x+3) (x-3)

So&+6=A(x-3) +B(x+3) Set numerators equal
Substitutex =3 = 6%x3+6=A(3-3) +B(3+3)
= 24=Bx6

= B=4

Substitutx.= -3 = 6x (-3) +6=A(-3-3) +B
(-3+3)

= —-12=AX%Xx -6

> A=2
6Xx + 6 2 4
Hence——— =

2_o  (x+3) T (x-3)
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7-3x  _ - X

x2-3x-4  (x=4) (x+1)
7 - X A

Lt 5=y (x+1) = (x-4) T (x+1)

7 - 3x A(x+1) +B(x-4)
= (x-4) (x+1) = (x-4) (x+1)
So7-3=A(x+1) +B(x-4) Set numerators equal
Substitutx.= -1 = 7-3x (-1)=A(-1+1) +B

Factorise denominator

(f)

Add fractions

(-1-4)
= 10=Bx -5
= B=-2

Substitutex =4 = 7-3x4=A(4+1) +B(4-4)
= -5=Ax5

= A= -1
H 7o -t -2 1 2
e o —a (x=4) T (x+1) = T (x-4) T (x+1)
8-x _ _8-x = ise d .
(9) 2 ia - x(x+4) actorise denominator
8 -x A B .
Let x+4) = x T (x+4) Addfractions
8-x  A(x+4) +Bx
= x(x+4) © x(x+4)

So8x=A(x+4) +Bx Set numerators equal
Substitutx=0 = 8-0=A(0+4) +Bx0

= 8=4A

= A=2 Substitutae= -4 = 8- ( —4) =A ( —4+4}
o ()

= 12= -8

= B= -3

8-x _ 2 -3 _ 2 3
Hence , =~ = X+ "(x+4) = x 7 (x+4)
2x-14 2x— 14 , :

(h) o1~ (x+5) (x-3) Factorise denominator
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2 - 14 B A .
Let 5 5) (x=3) = (x+5) T (x-3) Addfractions
2x- 14 _ A(x=3) +B(x+5)
= (x+5) (x-3) = (x+5) (x-3)

Sox-14=A(x-3) +B(x+5) Set numerators equal
Substitutx=3 = 2x3-14=A(3-3) +B(3+5)
= -8=Bx38

> B= -1

Substitutx.= -5 = 2x (-5) -14=A( -5-3) +B
(-5+5)

= -—-24=Ax ( —-8)

= A=3

Hence—2—14_ - —> —— - — -

O 15 (x+5) T (x-3) = (x+5) _ (x-3)
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Partial fractions
Exercise B, Question 2

Question:
- 2x— . .
Showthat(4+x)x(25_x) can be written in the fornuix) +(2Eix) whefe
andB are constants to be fou
Solution:
-2x-5 B A B _ A(2-Xx) +B(4+x)
Let" 0 (2-x) = (4+x) T (2-%x) = (4+x) (2-x)

So —X-5=A(2-x) +B(4+x)
Substitutex=2 = -2x2-5=A(2-2) +B(4+2)
= -9=Bx6

-3
= B= 7~
: _ _ R N S S
Substitutex= -4 = ZXK 4) 5= \2 L 4} +B
( (o))
AT T
= 3=AX6
1
= 5 =A
- 2x-5 B A B 1 _ -3
Hence 750" 2-x) = (a+x) T (2-x) When A= JandB= —.
-2x-5 1 3

OF "44x) (2-x) = 2(4+x) ~ 2(2-x)
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Partial fractions
Exercise C, Question 1

Question:
Express the following as patrtial fractions:

2% — 12x- 26
(@) x+1) (x-2) (x+5)

— 102 - 8x+ 2
(b) X(2x+1) (X-2)

— 5% - 1% - 32
©) x+1) (x+2) (x-5)

Solution:

252 — 12 - 26 A B C
(a)Let(X+l) (X_2) (X+5) = (X+1) + (X—2) + (X+5) Add
fractions

252 — 12x- 26
=

(x+1) (x=2) (x+5) —

A(x-2) (x+5) +B(x+1) (x+5) +C(x+1) (x-2)
(x+1) (x=-2) (x+5)

Sox%-1%-26=A(x-2) (x+5) +B(x+1) (x+5) +C
(x+1) (x—-2)

Substitutex=2 = 8-24-26=Ax0+Bx3x7+Cx0

= -42=2B

= B= -2

Substitutex= -1 = 2+12-26=Ax ( -3) x4+Bx0+Cx0
= =12= -1A

= A=1

Substitutx= -5 = 50+60-26=Ax0+Bx0+Cx28
= 84 =28

= C=3
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22 - 12 - 26 B 1 2 3
(x+1) (x-2) (x+5) = (x+1)  (x-2) + (x+5)

Hence

-10¥-8x+2 A B C _
(b) ety x+1) (ax-2) = x T (2x+1) T (x-2) Addfractions
-10¥-8+2  A(2x+1) (3x—2) +Bx(3x-2) +Cx(2x+1)
= x(2x+1) (3x-2) x(2x+1) (3x-2)

So —18°-8x+2=A(2x+1) (X-2) +Bx(3x-2) +Cx
(2x+1)
Substitutex =0 = -0-0+2=Ax1x (-2) +Bx0+Cx0

> 2= -2A

= A= -1
_ 1 - 10 -1
Substitutx = - 7 = T~ +4+2=Ax0+Bx 5 X
7
> +Cx0
7 7
= 2=Bx;
= B=2
Equate coefficients x: - 10 = 6A + 3B + 2C
= -10= -6+6+Z
= -10=22
= =-5=C
-10@-8x+2 -1 2 5
Hence, 5.1y (ax-2) = x * (2x+1) = (3x-2)
- 5x - 19x- 32 A B C

(C)Let(x+1)(x+2)(x—5) = (x+1) T (x+2) T (x-5)

- 5% - 19x— 32 B
(x+1) (x+2) (x-5) —

=

A(x+2) (x=-5) +B(x+1) (x=-5) +C(x+1) (x+2)
(x+1) (x+2) (x=-5)
So —%2 - 1% -32=A(x+2) (x-5) +B(x+1) (x-5) +C
(x+1) (x+2)
Substitutx= -1 = -5+19-32=Ax1x ( —-6)
+Bx0+Cx0
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= -18= -@A

= A=3

Substitutx=5 = -125-95-32=-Ax0+Bx0+Cx6x7
= —252=4ZT

= C=-6
Substitutx = -2 = -20+38-32=-Ax0+Bx (—1) X (
—7\ +Cx0
)
= -14=8B
= B= -2
- 5 — 19x- 32 B 3 2 6

Hence 1y (x+2) (x=5) = (x+1) ~ (x+2) ~ (x-5)
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Partial fractions
Exercise C, Question 2

Question:
By firstly factorising the denominator, express the following as partial fractions:

6x°+ 7x -3
@ —=_,
b 5x2 + 15 + 8
(0) xS + 3% + 2x

5x2 - 15 — 8

XC-4%+x+6

(c)
Solution:

@x3-x=x(x2-1)=x(x+1) (x-1)
6x°+7x-3 6+ 7x-3 A B C

07 3y = x(x+1) (x-1) =~ x T (x+1) T (x-1)

A(x+1) (x=1) +Bx(x—-1) +Cx(x+1)
x(x+1) (x-1)

Setting numerators equal give@ & 7Xx-3=A

) + Cx (x+1)

(x+1) (x—l) + BX (x—l

Substitutx =0 = 0+0-3=Ax1x (-1) +Bx0+Cx0
= =-3=-1A

= A=3

Substitutx =1 = 6+7-3=Ax0+Bx0+Cx1x2
= 10=2C

= C=5

Substitutx= -1 = 6-7-3=Ax0+Bx (-1) x (-2) +Cx0
= —-4=2B

= B= -2
6x2+7x-3 3 2 5
Hence s = X~ (x+1) ¥ (x-1)

(B) X+ 32+ 2X=X (X2 +3x+2) =x(x+1) (x+2)
52+ 15x+8 5 +1+8 A B C

Odradrx — x(x+1) (x+2) = x & (x+1) T (x+2)
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_ A(x+1) (x+2) #Bx(x+2) +Cx(x+1)
- X(x+1) (x+2)

Setting numerators equal give@ 515x+8=A

) + Cx (x+1)

(x+1) (x+2) +Bx | X+ 2

VR

Substitutx =0 = 0+0+8=Ax1x2+Bx0+Cx0

= 8=2A

= A=4

Substitutx = -1 = 5-15+8=A%x0+Bx ( -1) x1+Cx0
= -2=-1B

> B=2

Substitutc= =2 = 20-30+8=Ax0+Bx0+Cx (_2) y ( _1)

= -2=2

= C=-1

H 5x2 + 15 + 8 4 N 2 1
e 5, =7 -

ONCCe  aeox — x T (x+1) T (x+2)

(c) Consider f x) =x3-4x2 + X + 6

f(-1) =-1-4-1+6=0

Hence &+ 1) is a factor

By inspection

342 _ o V(2 Vo_of Y, o)

f(Xx) =x3— P +x+6= (X+1 ) (-6 ) = X+l x-2
(x5 )

Note. This last part could have been found by division.

X' —5x+6
X+ —4x' +x+6

Y 3, _‘.2

—5Sxi4x

—5x* —5x

Bx+6
bx+6
0
H 5x2 — 15¢ — 8 5x2 - 15¢ — 8 A B C
= = + +
e e e ix+6  (x+1) (x-2) (x-3) — (x+1) T (x-2) T (x-3)

A(x-2) (x-3) +B(x+1) (x=-3) +C(x+1) (x—-2)
- (x+1) (x-2) (x=3)

Setting numerators equal gi
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5x2 — 15x — 8= A (x—z) (x—3) +B (x+1) (x—3) +C (x+1)
\x—z)

Substitutxk=2 = 20-30-8=Ax0+Bx3x ( -1) +Cx0

= -18=-3B

= B=6

Substitutx= -1 = 5+15-8=Ax ( -3) x ( -4) +Bx0+Cx0
= 12=12A

> A=1
Substitutx =3 = 45-45-8=Ax0+Bx0+Cx4x1
= -8=4C
= C=-2
I_Ience5x2—15><—8E 1 N 6 _ 2
X3 — 4% +x+6 (x+1) (x=2) (x=3)
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Partial fractions
Exercise D, Question 1

Question:

Put the following into partial fraction form:

B+ X+2
X2 (x+1)
Solution:
+x+2 A B C
Let L) =t 2 + 1)

_ OAX(x+1) +B(x+1) +Cx?

- X2 (x+1)
Set the numerators equal:
A +X+2=AX(Xx+1) +B(x+1) +Cx2
Substitutex=0 = 0+0+2=Ax0+Bx1+Cx0

= 2=1B
= B=2
Substitutex= -1 = 3-1+2=Ax0+Bx0+Cx1
= 4=1C
= C=4

Equate coefficients iR 3=A+C  SubstituteC = 4
= 3=A+4

= A= -1
H 3 +x+2 —1+ 2 4
encex2(x+1) X 52 (x+1)
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Partial fractions
Exercise D, Question 2

Question:
Put the following into partial fraction form:

-x2-10x-5
(x+1)2(x-1)

Solution:
Let -x2-1x-5 _ A N B N C
(x+1)2(x-1)  (x+1) (x+1)2  (x-1)

_ A(x+1) (x-1) +B(x-1) +C(x+1)?2
B (x+1)2(x-1)

Set the numerators equal:
-x2-10xk-5=A(x+1) (x-1) +B(x-1) +C(x+1) 2
Substitutex=1 = -1-10-5=Ax0+Bx0+Cx4

= -16=4

= C= -4

Substitutex= -1 = -1+10-5=Ax0+Bx ( -2) +Cx0
= 4= -2B

= B= -2
Equate coefficients iR -1=A+C  SubstituteC= -4
= -1=A-14
= A=3

- x%-10x-5 3 2 4
Hence(x+1)2(x—1) = (x+1) ~ (x+1)2  (x-1)
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Partial fractions
Exercise D, Question 3

Question:

Put the following into partial fraction form:

22 + 2x - 18

Xx(x-3) 2

Solution:

Let 2¢+2x-18 _ A _ B c
x(x-3)2 X (x-3) (x-3) 2

_ A(x-3) 2+Bx(x—3) + Cx
B Xx(x-3) 2

Set the numerators equal:
2%+ 2x-18=A(x-3) 2+Bx(x-3) +Cx
Substitutex=0 = 0+0-18=Ax9+Bx0+Cx0

= -—-18=A

= A= -2

Substitutex=3 = 18+6-18=Ax0+Bx0+Cx3
= 6=3C

= C=2

Equate coefficients iRe: 2=A+B  SubstituteA= -2
= 2=-2+B

= B=4
H 2 +2x-18 2 4 2
ence gz = " x T (x-3) 37
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Partial fractions
Exercise D, Question 4

Question:

Put the following into partial fraction form:

72 — 42X + 64

X(x=-4) 2

Solution:

Let ne-ax+e4 AL B c
x(x-4)2 X (x=4) (x-4)2

_ A(x-4) 2+Bx(x—4) + Cx
a x(x-4)7?

Set the numerators equal:
X2 —AX+64=A(x-4)2+Bx(x-4) +Cx
Substitutex=0 = 0-0+64=Ax16+Bx0+Cx0

= 64=1A
= A=4
Substitutex=4 = 112-168+64=-Ax0+Bx0+Cx4
= 8=4C
= C=2
Equate coefficients iR 7=A+B  SubstituteA = 4
= 17=4+B
= B=3
Hence7xz_42x+ 64 _ 4 _ 8 2
X(x-4) 2 X (x-4) (x-4) 2
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Partial fractions
Exercise D, Question 5

Question:
Put the following into partial fraction form:

52 — 2x — 1
x3 — x2

Solution:

X-x2=x2(x-1)
C
(x-1)

5x2 - 2x - 1 52-2x-1 _ A B
So = = -+ S+
x3 — %2 X2 (x-1) X X

_ OAX(x-1) +B(x-1) +CX
B X2 (x-1)

Set the numerators equal:

52— 2x-1=Ax(x-1) +B(x—-1) +Cx?
Substitutex=1 = 5-2-1=Ax0+Bx0+Cx1
= 2=1C

= C=2

Substitutex=0 = 0-0-1=Ax0+Bx (-1) +Cx0
= -1=-1B

= B=1

Equate coefficients iRe: 5=A+C  SubstituteC =2
= b5=A+2

= A=3

5x°-2x-1 3
Hence™ 5, X

2
(x-1)

1
+ = +
- X X2
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Partial fractions
Exercise D, Question 6

Question:
Put the following into partial fraction form:

22 + 2x - 18
x3 — 62 + 9x

Solution:

x3—6x2+9xzx(x2—6x+9) =X(x—-3) 2

2x% + 2x - 18 2x2 + 2x - 18 A B C
So = = — + + >
x3 = 6x2 + 9x X(x-3)?2 X (x=3) (x-3)

_ A(x-3) 2+Bx(x—3) + CX
B X(x-3) 2

Set the numerators equal:
2%+ 2x-18=A(x-3) 2+Bx(x-3) +Cx
Substitutex=0 = 0+0-18=Ax9+Bx0+Cx0

= -—-18=A

= A= -2

Substitutex=3 = 18+6-18=Ax0+Bx0+Cx3
= 6=3C

= C=2

Equate coefficients iRe: 2=A+B  SubstituteA= -2
= 2=-2+B

= B=4
H 22 +2x-18 2, 4 2
eNCe s e+ ox X (x=3) (x-3) 2
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Partial fractions
Exercise D, Question 7

Question:

Put the following into partial fraction form:

2X
(x+2) 2
Solution:
2X _ A B _ A(x+2) +B
Let——— = + =
et(x+2)2 (x+2) * (x+2)2 (x+2)2

Set the numerators equal: x2A(x+2) +B
Substitutex= -2 = -4=Ax0+B = B= -4
Equate coefficients ir: 2=A

2X 2 4

Hence—(x+2)25 (x+2) ~ (x12)2
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Partial fractions
Exercise D, Question 8

Question:

Put the following into partial fraction form:

X2 + 5X+ 7

(x+2)3

Solution:

Let X2+ BX+ 7 _ A N B N C
(x+2)3  (x+2) (x+2)2 (x+2)3

_ A(x+2)2+B(x+2) +C
B (x+2)3

Set the numerators equal:
X2 +5x+7=A(Xx+2)2+B(x+2) +C
Substitutex= -2 = 4-10+7=Ax0+Bx0+C = C=1

Equate coefficients iR 1=A

= A=1
Equate coefficients in: 5=4A+B  SubstituteA =1
= 5=4+B
= B=1

X2 + 5x+ 7 1 1 1
Hence(x+2)35 (x+2) + (X+2)2+ X223
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Partial fractions
Exercise E, Question 1

Question:
Express the following improper fractions as a partial fraction:

X2+ 3x -2
(a) (x+1) (x—-3)

X2 - 10
(b) (x-2) (x+1)

x2—x?-x-3

(C) Xx(x-1)
g 22 -1
(d) (x+1)2
Solution:

X2+ 3x—2 X2+ 3x -2

@) ) (x-3) T e-mx-3
Divide the numerator by the denominator:
A
x2—2x-3x? +3x-2
g 2
x"—2x-3

_5x+1 « Remainder

X2+ 3x -2 _ 5x+ 1
Therefore 5 77 %-3) =1+ %+1) (x-3)

5x+ 1 _ A B .
Let(x+1)(x_3) = T+ T (x-3) Add fractions

_ A(x=3) +B(x+1)
- (x+1) (x-3)

Set the numerators equal: x61=A(x-3) +B(x+1)
Substitutx =3 = 5x3+1=Ax0+Bx4

= 16=48

> B=4

Substitutex= -1 = 5x ( -1) +1=Ax (-4) +Bx0
= —-4=-4A

> A=1

Henc
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X2+ 3x -2 B Bx+ 1 B 1 4
(x+1) (x-3) 1% xv1) (x-3) 1t v 1) T (x-3)

X2 - 10 X2 - 10 X2 + 0x — 10

(b) (x=2) (x+1) — R-x=-2 x-x-2
Divide the numerator by the denominator:

l
a Y 2 .
X —x-2)x"+0x-10

X— x— 2

_ X— 8 ¢ Remainder

x? - 10 B x-8
Therefore(x_z) (x+1) =1+ (x-2) (x+1)

X—8 _ A
Let™ o) (x+1) = (x-2) T (x+1)

A(x+1) +B(x-2)
(x=2) (x+1)

Set the numerators equal: x-8=A(x+1) +B(x-2)
Substitutx =2 = 2-8=Ax3+Bx0

> -6=3A

= A= -2

Substitutx= -1 = -1-8=Ax0+Bx ( -3)
> -9=-3B

Add fractions

= B=3
Hence
X2 - 10 X—-8 -2 3

(x-2) (x+1) 1% "2y (x+1) =1t (xm2) T+ 1)

B 2 3
=1- "0y Y v 1)

Divide the numerator by the denominator:

—3Ix+2
X2 +2x— _'-,: -3¢ +4x" —19x +8
3 —6xt —9x
2x? +10x+8
2x* +4x—6
6x+14  « Remainder

X-x2-x-3 -x-3
Therefore—x(x_l) =X+ x-1)
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-Xx-3 . A .
Letx(x_l) =Xt -1 Add fractions
_ A(x-1) +Bx
- Xx(x=-1)

Set the numerators equal: x—3=A(x-1) +BXx
Substitutx =1 = -1-3=Ax0+Bx1

= -4=1B
= B= -4
Substitutx =0 = -3=Ax (-1) +Bx0
= A=3
x-x2-x-3 -x-3 4

3
Hence 57y =X+ T x—1) =X+t X 7~ x-1)

22 -1 22 -1 22 -1 22 +0x-1

(x+1) (x+1) = 42x+1  x@+2x+1

@ 2™
Divide the numerator by the denominator:

3
“

2120 +0x -1
2x" +4x+2

—4x—3 ¢ Remainder

2¢-1 -4x-3
Therefores ——5=2+ ———
(x+1) (x+1)2
—ax - A
L tﬁ = x+1n t ﬁ Add fractions
_ A(x+1) +B
C (x+1)2
Set the numerators equal: x43=A(x+1) +B
Substitutex= -1 = -4x ( -1) -3=Ax0+B
= 1=B
= B=1
Equate coefficients ixi -4=A
= A= -4
2%-1 —4x-3 4 1
Hence a2 =2% a2 27 on Y e
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Partial fractions
Exercise E, Question 2

Question:
By factorising the denominator, express the following as partial fraction:

()4x2+17x—11

Q) —

X2+ 3x - 4

X — 43 + 9% — 17x + 12
X3 — 4x2 + 4x

(b)

Solution:

(a) Divide the numerator by the denominator:

. S
X +3x—414x +17x 11
4x* +12x-16
5%+ 5 « Remainder
4C+17x - 11 Bx + 5 . .
Therefore—; =4+ ——  Factorise denominator
X“+3x -4 X2+ 3x - 4
_ 5x + 5
=4+ 1) (x-1)
5x+5 _ A B .
Let" 7 4) (x-1) = (x+4) T (x-1) Add fractions

A(x-1) +B(x+4)
(x+4) (x-1)

Set the numerators equal: x 65=A(x-1) +B(x+4)
Substitutx=1 = 5x1+5=Ax0+Bx5

= 10=3

> B=2

Substitutx= -4 = 5x ( -4) +5=Ax ( -5) +Bx0
= -15= -5

= A=3
Hence
4+ 17~ 11 5x +5 3 2

Cim-a 4T (xra) (x-1) AT vy T x-1)

(b) Divide the numerator by the denomine
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X
o T - 2
43 +4x40)x* =4 +9xF —17x +12
g
xt—d4x +4x° +0x

Sx —17x+12 ¢ Remainder

Theref X — 43+ 9x% - 17x + 12
erefore
xS — 4x2 + 4x

5x2 — 17x + 12

3 o Take out a factor of in the denominator
X7 = 4x° + 4X

=X+

5x2 — 17x + 12

=X+ m Factorise the denominator fully

5x2 — 17X + 12

=X+

X X(x-2) 2

L t5x2—17x+12 A B C
—_— = — 4 + —

€ x(x-2)?2 X (x-2) (x-2) 2

Add fractions

A(x-2)2+Bx(x-2) +Cx
X(x-2) 2

Page2 of 2

Set the numerators equal: X5 17x+12=A(x—-2) 2+Bx(x—2) + CXx

Substitutec=0 => 0-0+12=A%x4+Bx0+Cx0
= 12=4A

= A=3

Substitutx =2 = 20-34+12=Ax0+Bx0+Cx2

> =-2=2X

= C=-1

Equate coefficients x: 5=A+B

> 5=3+B

> B=2

Hence

X - 43+ 2 - 17x + 12 5x2 — 17x + 12

X3 — 4x2 + 4x =X+ x(x—2)2

_ 3 2 1
=X+ 3t -2y —m
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Partial fractions
Exercise E, Question 3

Question:

- 33 - 42 +19x+ 8
X2+ 2x— 3

Show that can be expressed in the form

A+ Bx+ (X(f 0 + (X[: 3) whereA, B, C andD are constants to be found.

Solution:
Divide the numerator by the denominator:

—3x+2
bl e ) el ) —3x° —4x? +19x+8

—3x° — 63t +9x
2x* +10x+8
2xi+ 4x—6

6x+14 & Remainder

- 33 - 4% +19x+ 8 6x + 14 . .
Therefore > = -3 +2+ ——  Factorise denominator
X+ 2x-3 X2 +2x-3
_ 6x + 14
= X+ 2+ 0T (ke 3)
6x+ 14 C D C(x+3) +D(x-1)
L + =

UG (x+3) = (x-1) ¥ (x+3) T T (x-1) (x+3)
Set the numerators equal: x€614=C(x+3) +D(x-1)
Substitutex=1 = 6+14=Cx4+Dx0

=> 20=4C

> 5=C

Substitutex= -3 = 6x ( -3) +14=Cx0+Dx ( —4)
> -4=-D

= D=1
Hence
-3¢ - 4 + 19x+ 8 6x + 14
Crm-3 - XFT 2 LTy (xes)
1
= —-3+2+

(x-1) T (x+3)
SoA=2,B= -3,C=5andD =1
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Partial fractions
Exercise F, Question 1

Question:
Express the following as a partial fraction:

Xx—-3
(a) Xx(x-1)

X2+ 2x -2
b) o

X2 (x+1)

- 15+ 21
©) -2y (x+1) (x-5)

X2+ 1

(d) X(x-2)
Solution:
Xx—3 A B .
(@) Letx(x_l) =3t -1 Add the fractions
_ A(x-1) +Bx
- x(x-1)

Set the numerators equal: x-3=A(x-1) +BXx
Substitutx=1 = 1-3=Ax0+Bx1

= B=-2
Substitutx =0 = 0-3=Ax (-1) +Bx0
= —-3=-1A

= A=3
x-3 3 2
Hencex(x—l) T x  (x-1)
+2x-2 A B C _
(b) Let 2(x+1) = + 2 * x+1) Add the fractions

Ax(x+1) +B(x+1) +Cx2
xz(x+1)

Set the numerators equal:

X+ 2Xx-2=AX(x+1) +B(x+1) +Cx?
Substitutx =0 = 0+0-2=Ax0+Bx1+Cx0
> -2=1B

= B=-2

Substitutex = =1 = 7-2-2=Ax0+Bx0+Cx1
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= 3=1C
= C=3
Equate coefficients ix: 7=A+C  SubstituteC =3
= T7=A+3
= A=4
Henceﬁhﬂ =22,
X2 (x+1) X X2 (x+1)

- 15¢+ 21 B A B C _
(C)Let(x—Z)(x+1)(x—5) = x-2) + (x+1) + (x-5) Add the fractions

_ A(Xx+1) (x=5) +B(x=2) (x=5) +C(x=-2) (x+1)
- (x=2) (x+1) (x=-5)

Set the numerators equal:
-15+21=A(x+1) (x-5) +B(x-2) (x=-5) +C(x—-2) (x+1)
Substitutx= =1 = 15+21=Ax0+Bx ( -3) x ( -6) +Cx0

= 36=18

> B=2

Substitutx =5 = -75+21=Ax0+Bx0+Cx3x6
> -54=1&

= C=-3

Substitutx. =2 = -30+21=A%x3x ( -3) +Bx0+Cx0
= —-9=-9A
= A=1

— 15+ 21 . 2 3
Hence -5 (x+1) (x=5) = (x-2) ¥ (x+1) ~ (x-5)

d X2+ 1 _ X2+ 1 _ X2+ 0x + 1
@ Xx—2) = @-x = ¥-m+0

Divide the numerator by the denominator:

1
¥ —2x+0 ) e Ox+1
¥P—2x+0

2x+1 & Remainder

X2+ 1 2+ 1
Thereforex—(x_2 =1+ X (x-2)
x+1 A B _ A(x-2) +Bx
I‘etx(x—Z) =%t (x=-2) = x(x-2)

Set the numerators equal: x21=A(x-2) +Bx
Substitutx =0 = 1=Ax ( -2) +Bx0
= 1=-2A
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1

= A:—2

Substitutec=2 = 2x2+1=Ax0+Bx2

= 5=2B
5
= B= >
Hence
_1 >
X2+ 1 x+1 2 2

X(x-2) =1+ X(x-2) =1+ 4 (x=2)

© Pearson Education Ltd 2C
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Partial fractions
Exercise F, Question 2

Question:

Write the following algebraic fractions as a partial fraction:

X+1
a —
()x2+2x+1
2x +2X—-8
() X2+ 2x -3
32+ 12X+ 8
(C) (X+2)3

(C) Rra—

X2 —2x+1
Solution:

(@) 1 oo el Repeated factor in denominator

X2+ 2x+1 (x+1) 2

Xx+1 A B _ A(x+1) +B
Let——— = + =

(x+1)2  (X*FL) 0 (x41)2 (x+1) 2
Set the numerators equal: x81=A(x+1) +B

Substitutex= -1 = -3+1=Ax0+B

= B= -2
Equate coefficients of 3=A
= A=3
Hence X+1 X+1 3 a 2
X2+2X+1 (X+l)2 (X+1) (X+1)2
22 +2x -8 _ fracti
( —X2+2X_3 Is animproper fraction
Dividing gives
T +2x— 2*( +2x—8
21 +4x—6
—2x—2 ¢« Remainder
22+ 2x -8 —2x-2 . .
Therefore— 2 + 2—2)(3 Factorise the denominator
X+ 2X =

PhysicsAndMathsTutor.com
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B —2x-2
=2+ 43 (x- 1)
-x-2 A B A(x-1) +B(x+3)
Let™ 3 3) (x-1) = (x+3) T (x-1) = (x+3) (x-1)

Set the numerators equal: x22=A(x-1) +B(x+3)
Substitutx=1 = -2-2=Ax0+Bx4

> -4=4B

= B= -1

Substitutx= -3 = 6-2=Ax ( -4) +Bx0

= 4= -4A

= A= -1
Hence
22+ 2%-8 -2x-2
Crm-3 27T (x+3) (x-1)
B 1 1
=2 (x+3) - (x-1)
32+ 12X+ 8 A B c
= + +
(C)Let (x+2)3 (x+2) (x+2) 2 (x+2)3

A(x+2)2+B(x+2) +C
(x+2)3

Set the numerators equal:

A+ 1X+8=A(x+2)2+B(x+2) +C

Substitutx= -2 = 12-24+8=Ax0+Bx0+C
= C= -4

Equate coefficients xt: 3 =A
= A=3

Equate coefficients ixi 12=4+B SubstituteA = 3
= 12=12+B

= B=0

H 3 +1x+8 3 4

ence (x+2)3 — (x+2) (x+2)3
q x4 X +03+ 0%+ 0x+0
()x2—2x+1_ X2 —2x+1

Divide the numerator by the denomine
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x4+ 2x+3
¥ =2x+ 1t 007 £ 007 +0x 40

b it o

23 —xt +0x

22X —4x* +2x
3x' —2x+0
3x° —6x+3

_ 4x-3 & Remainder

Therefore
_ .2 4x - 3 . .
> =x“+2x+3+ ———  Factorise the denominator
Xt - 2x+1 - 2x+1
(x-1) 72

-3 _ __A B _ A(x-1) +B
Let———= — 5 + =

(x-1)2  (x=1) © (x-1)2 (x-1)2

Set the numerators equal: x43=A(x-1) +B
Substitutx =1 = 4-3=B = B=1
Equate coefficients ixi 4=A

Hence

4x - 3

=x2+2x+3+ =x2+2x+3+

X2 —2x+1 (x-1) 2 (x-1) T

© Pearson Education Ltd 2C
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Partial fractions
Exercise F, Question 3

Question:

Given that f (x) =2+ 9x% + 10x + 3:

(a) Show that — 3 is a root ofxj(

(b) Expressf(l—f) as partial fractions.

e

Solution:

@f(-3) =2x (-27) +9x9+10x%x ( —3)
+3=-54+81-30+3=0
Therefore —3isaroot = (x+ 3) isafactor

b)f(x) =23+9x%+1x+3 (x+3) isafactor
(x+3) (2%+3x+1) By inspection
(Xx+3) (Xx+1) (x+1)

10 10 A B C

F(x) = (x+3) (2x+1) (x+1) — (x+3) T (x+1) T (x+1)

_A(2x+1) (x+1) +B(x+3) (x+1) +C(x+3) (X+1)
- (x+3) (2x+1) (x+1)

Set the numerators equal:

10=A(2x+1) (x+1) +B(x+3) (x+1) +C(x+3)
(2x+1)

Substitutx= -1 = 10=Ax0+Bx0+Cx2x(-1)

= 10= -2

= C=-5

Substitutex= -3 = 10=Ax(-5x(-2)+Bx0+Cx0
= 10=10A

= A=1

N -

N—

+Cx0

7N
N -
N7

1
Substitute<:—5 = 10=Ax0+Bx (2
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-~ 10=1.28
= B=8

101 8 5
Hencery = v3) * (x+1) ~ (x+1)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2





