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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 1

Question:
Express m in partial fractions. E
Solution:
Iv—1 A B Set L wdentical to
g SEETRER g + / T x=12x—=3)
(x—132x—13) x—1 2x-3 { B
_ AQRx-3)+B(G-1) g g
 (x=D2x-3)
_ Use a commeon denominator and add
Compare numerators of fractions khe two fractons:

2x—1=A(2x-3)+B(x—-1)* «——————— Because the fractions are equivalent.
the numerators are also.

Put x=1 in equation *
Sl=—A4+ 0= 4=-1 4———— [To find 4. substitute x=1.

L. :
Put x :1; in equation *

[t

To find B, substitute x = l%.

1
=0+-B=B=4

. 2x-1 -1 4
20 +

TE e T
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Review Exercise
Exercise A, Question 2

Question:

] ) Ix+7
It en that £(x) = :
Ve fat £ () (x+D(x+2)(x+3)

Express f{x) as the sum of three partial fractions. E

Solution:

3x+7

- 3x+7
. bet
(x+1)x+2)x+3) / e
= 4 + B g c identical to
x+1 x+2 x+3 A B C

A+ x+3N+Bx+D(x+3D+Cx+D(x+2) |x+1 x+2 x+3

(x+D{x+2D(x+3)

*— [Use a common denominator
and add the three fractions.

Compare numerators of fractions

I+ T = Alx+2(x+3)+ Blx+D(x+3)+ Clx+1)(x +2) + [Now put the numerators
equal to each other.

Put x=-2 in equation

1=0—B+0=RB=-1 - To find B, substitute
r=-2.

Put x=-3 in equation

—2=0+0+2C=C=-1

&

To find C. substitute

x=-3.
Put x=-1 in equation

4=24=4=72

F 3

To find 4. substitute
x=-1.

3x+7 2 1 1

DG +DGE3)  GED) (12 (+3)
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Review Exercise
Exercise A, Question 3

Question:

.

Gaven that f(x)= +. express f(x) m the form

2—x){1+x)

A L B L C _ E
(2-x) (1+x) (1+x)
Solution:
|
2 = A B i C 1
(2—x)14+x) 2—x (14+x) (1+x)
A1+ 3 B2 —x)(1+x)+C(2—x) [You need denominators of
- 2—x)(14+x) (2—x).(1+x) and (1+x)*.

Compare numerators of fractions \

2= A1+x)+BC2 -1+ )+ CQ2-x)

A dd the three fractions.

\ Set the numerators equal.

Put x=2
2 = Ax9+0+0 + To find A4 substitute x=2.
9
A = =
9
Put x=-1
2 = 0+0+3C
2
G = — : .
3 4 [To find C substitute x=-—1.
) .
22 = —(1+x)'+BQ2-x)(1+x)+=(2-x)
9 3
2
2 = —+—x+—x"+2B+Bx—Bx
9 9
4 2
+——x
3
Equate terms n x* on both sides
0= gl_g _p - p= 2 PRI Equate terms in x° to
: E ¥ find B.
2 2 2 2

—= + + —
2-x)1+x)" 92-x) 91+x) 3(1+x)
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Review Exercise
Exercise A, Question 4

Question:

14x" +13x+2

G+DCx+1)7

4, B _C
x+1 2x+1 (@x+1)°°
Find the values of the constants 4, B and €. E
Solution:
14x* +13x+2 4 B . C - — :
ey T = = o 4—— [You need denominators
(x+1)2x+1) x+1 2x+1 (2x+1) of (x+1).(2x+1) and

AQx+ 1)+ B(x+ 123+ 1)+ Cx+1)

i (2x+1)°.
(x+D(2x+1)

*—_ |Add the three fractions.

Compare numerators of fractions

145" +13x+ 2= AC2x+ 1> + B(x+ D(2x+ 1)+ C(x+ 1) _
4———— [Set the numerators equal.
Put x=-1
23=A+040=4=3 « To find 4 set x=-1.
Put Jn:=—l
2
_-_E_E_Fj:l(j:}(j:_j * To find C set 1‘=—%.
4 2 2 =

21427 +13x42=32x+ 1) + B(x+ DQ2x+1) - 2(x+1)

: - 2 - =
Compare coefficients of x°: +— Equ?re tcn:ns.jm e,
14x" =3.2"x +2Bx”

14=12+2B=RB=1 q_j__a_—_—_‘%_
Solve equation to find B.

Check constant term

2=3+1-2

14t 413x+2 3 1 2

oA —= + - .
(x+DCx+1)7 x+1 2x+1 (Qx+1)
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Review Exercise
Exercise A, Question 5

Question:
X +6x+T .
L

B C
+

Given that £(x)= 4+ —
(x+2) (x+3)

Solution:

£(x) = x +6x+7 _x +6x+7 /

(x+2)(x+3) X +5x+6

lrem(x+1)

o i
" +5x+6 ;IJ': +6x+7

X +3x+6
x+1
x+1
~f(x) = 4 —
) (x+2(x+3) T
= 1+ A + & e
x+2 x+43 B
_ +B(1‘—3}+C{x—2)
(x+Dix+3)
Gepd = 1

Compare numerators of remainder term

x+1=B(x+3)+C(x+2)

\ \Add the two fractions.

— [Set the numerators equal.

find the values of 4, B and C. E

This 15 an mmproper fraction so
mltiply out the denominator.

Then divide the denominator
into the numerator.

It goes i 1 time with a
remainder of (x+1).

Write f{x) as a muxed fraction.

The denominators must be
(x+2) and (x+3).

—— [Substitute x=-2
to find B.

- [Substitute x=-3 to find C.

Put x=-2

1=B=B=-1 +—m—
Put x=-3

-2 = C=C=2 +—

Sfx) = 1 2
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Review Exercise
Exercise A, Question 6

Question:
Given that £(x) = %
2 A B
fix)=5 + : E
W=+ e
Solution:
6
) = 11-5x" <
(x+1)2-x)
_ 11-5%7
B 2+x—x
. 10—5};—5.‘(3_ 1-5x
24 x—x 2+x—x°
2 A B
— A+ 1
(x+1) (2—-x)
where
1-5x A B
= +
(x+1X2—x) x+1 2—x
_ A@Q-x)+B(x+1)
- (x+1)(2-x)

Sl=3x=AQ2-x)+B(x+1) +—
Put x=2

"

T |Add the two fractions.

————— [Substitute x =2 to find 5.

—— [Set the numerators equal

—_ find constants 4 and B such that

This 1s an improper fraction so
multiply out the denominator.

Either divide denominator into
mumerator to obtain 3 with (1—25x)
as remainder or split numerator, as
shown.

*+———— [Use partial fractions with

denominators (x+1) and (2—x).

R Substitute x =1 to find B.

—-9=3B=8B=-3 N
Put x=-1
6=34d=4=2
q
fix)=5+ ——
) r+1 2—x
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Review Exercise
Exercise A, Question 7

Multiply out the denominator.

Question:

£(x) = 9—-3x—12x _

(1—x)1+2x)
. . B cC
Given that £(x)= 4+ + . find the values of the constants
(1-x) (1+2x)

A Band C. E
Solution:

Fr) = 0—3x-12x" ~

(1-x)(1+2x)

3 9 —3x—12x"
1+4x— 25 /

6+6x—12x>  3-9x
+

14 x—2x" 14 x—2x -—
_ i B § C
1-x 1+2x
where
3-9x _ B i C IR
(1—x)(1+2x) l-x 1+2x

B(1+2x)+C(1-x)

Numerator 15 split into two parts.
[The first 1s a multiple of the
denominator. The second 1s the
remainder.

- [This could be done by long
3-%x

division to give 6+ =
I+x-2x

—— |[Use partial fractions with
denomunators (1—x) and (1+2x).

(1—x)(1+2x) *———— |Add the two fractions.
S3-9x=B(1+2x)+C(1-x) -
1 - [Set the numerators equal.
Put x=—
2
1 1., . " : ; 1
?;=1;C;"C=“ Substitute x=-——to find C.
Put x= -
- _6=3B=HB=-7 - Substitute x = —1 to find 4.
So
£(x)=6— 2 5 -— Write out the full selution.
g 1-x 1+2x
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Review Exercise
Exercise A, Question 8

Question:

Use the Binomial theorem to expand /(4 —9x) | x|= % i ascending

powers of x, as far as the term m x*, simplifying each term. E

Solution:

_— [Write in index form.

] ————
4—9) = (4-9x)
) & -— Talke out a factor of 4.
= [41—Zx)|
7 i 1
1 e |y T )
: 0 11 Write 4 as w.."r-*_.—l.
- a1-34]
; 1
g |2
= I—IT 1
| ( Q2
J / Expand ll——l‘ using
) ) . 4
H —93. l—_|—_q —_91 | [the binomial expansion
= El—Er—r ' —2 ZRIAA ) g with n=l and
8 3! 2
—Ox
= 2 I—Ex—ixj 2 X
8 128 1024

Siplify coefficients.

9 81, 729

4
—— Ji. — JLE\. -
4 64 512 \
MMultiply by the 2.

— g
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Review Exercise
Exercise A, Question 9

Question:

f(x)=(2-507"]x|=

i | ks

Find the binonual expansion of f{x). 1n ascending powers of x. as far as the
termin x°, giving each coefficient as a sumplified fraction.

—5x| | (===

-

E

Take out a factor of 2.

Write 27 as l
4

%]

Solution:
fix) = (2-5%
= [ l—?.ﬁ:J%
_al 5 ) =
1/ 5 1
= —|[1-=x]
4\ 2
1] (5% (=23(=3)(
= =]+ F="7 H
4|1 R B AT
J;'
= l’l—ﬁx—l-?"
._'l_
4 4 16

© Pearson Education Ltd 2C
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2

-

]
J

+125x5

3!

=

1 |

5

F s Y2
[Expand | 1- —Xx| using
binomial expansion with

=3
n=—2 and x=—x.
9

Simplify the coefficients.

Multiply by i .
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Review Exercise
Exercise A, Question 10

Question:

flx)=(3+ 2.1'j_! Jx|= i :

]

Find the binonual expansion of f(x). in ascending powers of x, as far as the

termmn x . Give each coefficient as a siumplified fraction. E
Solution:
f(x)=(3+2x)" ____— [Take out a factor of 3.
.- iy} - ___————*__ﬁ_—__
[3[ 1—iﬂ «—
\ 3
1 ( 2x -|-_3
= 31+
) [ 3) 1
(2] OB 2 Wan 37 -
= HOT a3t

) e P e
Expand l 1—?

(HES) [ 2x r +‘ i

31 L3 _ . :
_ ) _ using the binomial
1 % 48 480x° | expansion with n=-3
= a2t e ae .
= = / and x=— .
_ 1 _2x 8@ so¢ :
27 27 8 729 Simplify coefficients.

Multiply by ,’L? :
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Review Exercise
Exercise A, Question 11

Question:

1
f(x)= —J(l+x).-1=x
(x) m JJ(1+x)

=1

Find the series expansion of f{x) in ascending powers of x up to and

mncluding the termin x° .

E

Write each expression
in index form.

1
Peplace n by 5 and x by

—x 1n bmomial expansion.

Solution:
1
flx) = —J(14+x)
J1—x)
i I
= (1-x) ?—(1+x)*
[ - "
- |_—‘.—5(—x}
1 _1 \ 2 AN 3 g
= 1_|_|_ {_.T}_
U 2
(—1}{=3)(-5 ;
%THT 5[
L L2 2
3!
| -
1Y » L5 4
1 202 ) a2l f
= [hakg ;T 3|
|
[ .58 ———
= l+%x—§x'—:— 13;5 o
— e Rty Ty whmrn ke wioid
I '27 8 16 |
= e -:_iyj | AR <
8§ 16
% X 3 a
= —x +—=x +---
2 /
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1
Replace n by 3 1

binomaial expansion.

Simplify the terms in
both series expansions.

Collect terms.

Simplify answer.
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Review Exercise
Exercise A, Question 12

Question:
Given that
3+5x __ 4 B
(1+3x)(1-x) (1+3x) (1-x)
a find the values of the constants 4 and B.
b Hence or otherwise find the series expansion, i ascending powers
: : i 3+5x
of x. up to and ncluding the term in x~_ of 71.
(1+3x)(1—x)
c State, with a reason, whether vour series expansion i part b 15
valid for x= é E
Solution:

PhysicsAndMathsTutor.com
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a
3+5x 3 A N B 4« —— ——— [The denominators must be

(1+3x)(1-x)  143x 1-x (1+3x) and (1-x).

_ A(1—x)+B(1+3x) Y

B (1+3x)(1-x) ~———— |Add the fractions.

S345x = A(l-x)+B(1+3x)
Set the numerators equal.

Put x=1
8=4B=RB=2 = Set x=1 to find B.
Put x= —17

a

5 4
f3-S=C A= A=] —
3 3

b

Set I=_?1 to find 4.

_ 3+5x _ 1 - 2
T {14+3x0)(1-x) 1+3x 1-—=x

_ Write 1n index form.
(1+3x) " +2(1-x) T

Expand using binomial theorem:

Expand (1+ 3.1:}"' using the
binomial expansion with

—1—-2 ) ]
= [1—1—(—1}{3.\.‘)—1—%{3:(}'—--- n=-—1 and x=3x.
| 122 |
R TR, YA Expand 2( l—x)'l using the
o~ EDE2X—x) P g
+ 2{1+ D0+ 17 7 S / binomial expansion with n= -1
[ ) ) _ . and x={—x).
= |1—3x+9x —---;—Zl:_l—i-x—i-x"—]
= 3—1‘+1-1.r; L \‘\\ Simplify each expression
Collect the terms.
c Not valid when x = % as expansion of

44— [Terms are (31‘1(3.‘(}2 --- and

(1+3x)7 is valid for [3x|=1 only. 1
when x=—.3x>1 and the

terms get larger.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 13

Question:
3x-1 1
f(x)= = xl=—.
0= =z *2
1 3x-1 4 B

. where 4 and B are

Grven that. for x=—, - + :
o = -2 (1-22)  (1-22)

constants,
a find the values of 4 and B.
b Hence or otherwise find the series expansion of f{x). 1n ascending
powers of x. up to and including the term m x° . simplifying each
term. E
Solution:

PhysicsAndMathsTutor.com
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3x—1 A, B
(1-2x)* (1-2x) (1-2x)°

M «—— |Add the fractions.

(1-2x)°

Szl o= AQ-2x)+B —un Set the numerators equal.
1
Put x=—
2
1 = 1
= = B Set x== to find B.
2 3
1
S3x—-1 = .«1{1—2.1'}+E

Compare coefficients of x

T gy i=—i < A5 expressions are identical
- - 2 equate terms in x and put
coefficients equal.
[check constant term —1= ——+—]
2 2
3.":_]. 3 ; -1 1 | ; =
=T (1-2x)"+=(1-2x)" «——— |Wnte in index form_
(1—2x) 2 2
b Use binomial expansions:
: — 3 B
3 1(=2 D=2 —=3(=2x) Expand ——(1-2x)
- ik tie2n+ EXD ey D2 +‘ pand — (1
2| 3! using the binomial
11 7 M (=34 (—2x) expansion with n=—1
_1+( 20— 21J+( }( j( iy :":,l Ao +] and x=—-2x.
3!
ks .' 3 1 1 ]. 1 ] = 3 1 ‘\ l -
= = [lhZeb A B e [ AR 120 320 o Expand —(1-2x)

using the binomial
= —1—x+0xi+t4 4+ expansion with # = -2
and r=—2x.

= —l-x+4x"+--- Simplify each

EXDIession.

Collect the terms.
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Review Exercise
Exercise A, Question 14

Question:
£(x) = e
(1-3x)2+x)
= 4 + L + & | x|= l
(1-3x) @@+x) @+x)' 3
a Find the values of 4 and C and show that B=10.
b Hence, or atherwise, find the series expansion of f{x), in ascending
powers of x, up to and including the term n x. Simplify each
term. E
Solution:
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a
Ix'+16 _ 4 B _C
(1-30)Q+x) (1-3x) (C+x) QC+=x)
_ AQ+x)'+B(1-3x)2+x)+C(1-3x) «—— [Add the fractions.
- (1-30)2+x)°
L3416 = AQRH+x) +B(1-3x)(2+x)+C(1-3x) « [Set the numerators equal.
Put x=-2
8=1C=C=4 > Set x=-2 to find C.
1
Put x=—
3
b g g -+ 1
3 9 Set x=— tofind 4.
230 4+16=3024+ ) + B(1-320)(2 + x) + 4(1-3x) 3

J 2
(mnpa.re X~ terms.

3=3-3B=B=0.

Compare constants. - — [Equate coefficients of terms i x°
or
16=12+2B+4=EB=0 equate constant terms to find B.
b
3416 _ 3, 4
(1-30C+xy — (1-3x) Q@+=x)

, #4———— [Write in index form.
= 3(1-3x0)7' 42+

= 3(1-3x)"  +4x27

2

l—i |1—— Talke out a factor of 2 so
7

[ —1(=2)(=3x)" | (—=1)(=2)(=3)(=3x)’ |+ [Expand 3(1-3x)"
i i - EDEDEP | D3N3 ] Expand 3(1-3x)
. 21 31 . using the binomial
; ; i - o expansion with
P 14 (=2) X\ =2=3) i‘ +(—2}(_3}{—4)i£ 3 ] n=-1and x=-3x_
4 120 2 2] 3! \2) |
; ; 3 -4 ] o+ [ %Y?
= 3[1—3;.-—c.:|_1--+2?;\-=+---]+[1—;\-—Tr E" - Expand 4x__3‘1—%
2 : using binomial expansion
= o L 161 ;
2 with 77 =-2 and x=':.
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Review Exercise
Exercise A, Question 15

Question:
£(x) 25
X =
W= G =
a Express f{x) as a sum of partial fractions.
b Find the series expansion of fix) tn ascending powers of x up to
and including the term in x° . Give each coefficient as a simphified
fraction. E
Solution:

PhysicsAndMathsTutor.com
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25 A

B

C

G+ 2x)(1-x)

-0 G+2x)  G+2x)7
. A
AG+20' + B1- 03+ 20+ C(1-x)

Page2 of 3

The denonunators must be

(1-x).(3+2x) and (3+2x)".

(1—-)(3+2x)°

Put x=11n *

25 = Ax5+0+0

AG+2x) +B(1-0)(3+2x)+C(1—- x;*\

A dd the fractions.

h\‘_\_&

Set the numerators equal.

Set x=1 to find 4.

4 = 1
Purx=—E 1 *
>
25 = fj;«|1—(—5;.]:c>:zi
SR >
s 10

Compare coeffictents of x° in *
0=44-2B

3
Set x= - to find C.

.‘_
As A=1.B=2
_ 25 _ 1 2 1
T3+20°(1-x) (1-x) (G+2x) (G+2x)
b
RHS = (1-0)7+23+2x)7 +103+2x)" +——
. SR
(1-x)7 = 1+(—I](—x)7%+---
= 1+ x+x"+---
| 4}
23+20)7 = 23|1—‘—
; !
= ax3if1+2 *
3
r f 3 s L O P
= :::1+(—1}2—J‘|+—( 1K-2)4 2=
3| 3] 2 13
2 7 4
= ;51_:1_:ix—_|___
31 3 9
2 R
e
3 9 27

PhysicsAndMathsTutor.com

T

Equate coefficients of terms
in x* to find B.

Write the right hand side

in imndex form.

Expand (1—x)" using the
binomial expansion with n=-1
and x=(—x).

Take out a factor of 3.

Expand 2% 37" [ 1+ 271 using
3

the binomial expansion with

{214
n=-1 and 1.=lTJ‘i
3/
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-

103+2x0)7t = 1(}53[1+£], 4+——— [Take out a factor of 3.
[ 3 )
2 1¢}X3_3[1—£ g Expand
- O
i s M3y (2 23 10377 1+—
ab2% (—2W—3) | 2x | 3 ]
g 22 1—{—2}[—\——) i T Tt
g | 3] 71 & using the binommal
' 3 ) expansion with n=-2
w ELI_E*E"'I 2x
9| 33 | and .!:—?.
5 10_40x _ 40x
9 29 27
Adding these series expansions gives
[-'1 7100 [ A AN of. OB DY g e, A dd the three series
ok o o)Xt it T DX expansions and collect
\ ; 27 \ 2 27
? o = s and simplify the
25 25 25 , coefficients.
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Review Exercise
Exercise A, Question 16

Question:

When (1+ax)" 1s expanded as a senies in ascending powers of x, the
coefficients of x and x° are —6 and 45 respectively.

a Find the value of o and the value of 5.
b Find the coefficient of »*.
c Find the set of values of x for which the expansion 1s valid
Eladapted]
Solution:
\ nn-1) , ,
a |:I+ax]” =l+nax+ ( )a".r‘—---
Sona=—0 and sr (1)
4+—— [Set coefficient of x,
n(n-1) e ) from binomial theorem.
2 equal to 6 and set
—6 _ : : i -
From (1) a =—. substitute mto equation (2). coef_ﬂcmnr of X" equal
] to 45.
_n(n—=1) . 30 - < Eluminate g from the
T2 n ) simultaneons equations to
361 =361 =90n" obtain equation in one
e variable .
36 =D < Solve to find non-zero
=n=0o0rn= 54 = 3 value for n.
Substitute mto equation (1) to give g =9 . +——— Check solutions in
equation (2).
. ;3 mp=1)n=-2) ,
b Coefficient of x” = #l(}a
3!
_E 5 _E 5 _§ O Substitute values found for »
- 3 3 3 and a mto the binomial
3! expansion to give the
_ —80x 27 coefficient of x°
6
= —360
c ¥ l <o __1 =y l 4+—————— [The terms 1n the expansion are (9x).
a 9 9 (9x)*. (9x)° and so |9x[<1.
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Exercise A, Question 17

Question:

a Find the binonual expansion of .f(1—x) . in ascending powers of x

up to and including the term in x°
b By substituting a suitable value for x in this expansion, find an

approximation to +/0.9 | giving vour answer to § decimal places.

Solution:
1 4 [Write the expression in
a J1—x)=(1-x)? index form.
1 | -1} 1( 1 [—3'
1 . Mo a 20 20 2 ) :
= o+ ) =
o foge D! " Replace by = andx
21 Sl ].61 eplace n }'5 and x
by —x in the binomial
EXPAansion.
b Let (1-x)=0.9 and solve Simplify the terms.
Put x=0.1 into expansion — — :
This 1s valid as |x|<1.

A09 1—0.05—%}' G.ﬂl—%xﬂ_ﬂﬂl

1-0.05—0.00125—0.0000625
0945688 (6dp) <+——————— [This gives an estimate for
4/0.9 . You would need to

calculate further terms to
mive mncreased accuracy.

© Pearson Education Ltd 2C
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Exercise A, Question 18

Question:

Inn the binonual expansion, i ascending powers of x, of {1+ ax)”, where a
and » are constants. the coeffictent of x is 15. The coeffictents of x~ and
of x* are equal.

a Find the value of & and the value of n.
b Find the coefficient of x°.
Solution:
a
I[I+ru']‘ = ].+nax—@a:x: S
(n—1)(n—2a’x’
L, nr=1)n—2ax 4o
6
As coefficient of v 15 13
—15 i E——— Set the coefficient of x
Lol srref) from the binomial theorem
: 5 3 equal to 15 and set the
As coefficient of x” and x° are equal: oetheients ol andad
: s equal to each other.
n(n—1) L n(r—=1)(n—2)a
2 6
and ~ (n—2)a=3 (2) +—— [Divide both sides of the
equation by
Subtract equation on (2) from equation (1) n(n-1) v
6
Ja=12=a==6
Substitute into equation (1) 4 Solve equations (1) and
(2} as simultaneous
15 5 equations and check your
i = & Answer.
b Coefficient of x° is
503 1 Substitute  the walues wyou
mfn— A3y ;)’ —X = have found for g and » into
— ~“a = e the binomial expansion term
6 6 for
15 oL X
= — %36
g [You could also check the
_ 135 term for x* . which should be
7 equal.]
= 673
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Exercise A, Question 19

Question:

The vectors u and v are given by
u=>5i—-4j+skv=2i+1-3k

a Given that the vectors u and v are perpendicular, find a relation

between the scalars 5 and 1.

b Grven instead that the vectors u and v are parallel, find the values

of the scalars 5 and 7.

Solution:
511 2
a n-v=|—4 £ +— [Write 1n column matnx form.
5 f1—3_
S v=3x2+ (-t +85x—3  4— Use u-v=uv, +u,v, +u,7, .

Use the condition n-v=10

S10-4r=-35=0
or 35+4r=10

b As u and v are parallel
v =.Au where A 1s constant.

- 2i+ -3k = A(5i—4j+ sk)

Compare coefficients of i, j and k.

| k2

,,1

Il

|
4=
o
2%

Il

|

Il

|
i
L=31

© Pearson Education Ltd 2C
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4——— [For perpendicular vectors the scalar

product 1s zero.

+— [Simplify vour answers.

For parallel vectors one vector 1s a
multiple of the other.

4+—— Fquate the coefficients of x, v and =

= =—735 4——— [Solve to find the values of s and 7.
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Exercise A, Question 20

Question:

Find the angle between the vectors a and b given that |aj=4.|b|=4 and

a-b|=7. E [adapted]
Solution:
b e h A D
b L hY H.h"\-\._\_\_‘
* W P
N. B - \ @
e N T
- = o 1 A

Use the triangle law and draw two

Use the cosine rule on AOAB. triangles. One shows vectors.
The other shows the magnitudes

72 = A1 IwAdxdxcosd of the vectors.
W = 16+16—32cos& 4————— puse the cosine rule to find cos&.
= 32cosf = —17

. g = —17
ees B 32 4 [The cosine 1s negative, so the angle
58 = 122(3sf) s obtuse.

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:

The position vectors of the points 4 and B relative to an ongin O are
3i+2j—k.5i+6j+ 5k, respectively. Find the position vector of the point
P which lies on 4B produced such that 4P =38P . E [adapted]

Solution:
e
— B :;} -
! 5 3 ;f' " +—— Draw a sketch to help you to see
a', jr‘ /// the triangles used later.
hY P
\ Vj}/
0
B = o «————— [Use the tnangle law to give AB.
) - (D)
= 2i+4j+6k
As AP=3BP «— As 4, B and P are points on the
and AP = AE + BP same line. one vector is a
- {B+BP=3BP / multiple of the other.
. AB=2BP

" From (1) BP=i+2j+3k

Sap

OB+ BP
6i+8j+ 8k

44— [Use the triangle law to give OF.

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

The points 4 and B have coordinates (
a Find | AB|.

2t 10, 1) and (3¢, 2t. 3) respectively.

b By differentiating IB| _ find the value of t for which | AB| isa
TN
c Find the minimum value of | A8 |
Solution:
2?'.& | 3¢ 4+——— [Wnite down the position vectors
a=|10| and bh=|2¢ of .4 and B.
l1) 5
a
t +————— Use 4B=h—a.
AB = bh—a=|2t—10
4

b

= JP+Q2t—10P +4

= 51 —40r+116
b AB[=5t—40r+116
Differentiating with respect to f grves

%zlﬂ}!—ﬂr(}

ar

10¢—40 = 0

Pl

+——— [Use the wvector magnitude
formula.

+—— [Call this p and differentiate.

So / Use the fact that j—"?’j =0 ata

I .

P - Use the fact that if the second

——=10_ positive, .. minimum

|4B| = 57 -a0r+116

= J80-160+116
= J36
6

© Pearson Education Ltd 2C
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derivative is positive, the value
1S A MUINimun.

a—— [Substitute r =4 back into

| 4B|.
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Review Exercise
Exercise A, Question 23

Question:

The line | has vector equation r=11li+5j+6k+A(4i+2j+4k) and the
line /, has vector equation

r=244+4j+15k+u(Ti+j+5k).

where 4 and & are parameters.

a Show that the lines [, and [, intersect.

b Find the coordinates of their point of intersection.

Given that & 1s the acute angle between /[, and [,

C Find the value of cos&. Give vour answer i the form Iﬁ.@ . where
k1s a simplified fraction. E

Solution:
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a Assuming that the lines do intersect:
F11o43™ e - .5

1_1 4?’ | (24+Tu) «————— |You can write the equations of the

3+24 | = l 4+ u * lines in column vector form and put

\6+44) \13+5u) them equal.
Rearranging gives:
42=Tu = 13 (1

2 —u = —1 (2) +—————— [Equate the x. v and z components.
4 —3u = 7 (3)

Solve these simultaneous equations.
(1) —(3) gives

24 = 6
i = 3 \

Solve equations (1) and (3)
Substitute mto (1) to give simultancously.

4i+21=13=4A=-2
As this solution satisfies all three equarions, the lines do meet.
+—— | v components must also
be equal so

f=-=3 A =-2 must

b Substituting into * gives the coordinates of the point of intersection
11-8) [(24-21) [ 3}
Tt ‘ =1 A=3 ‘=‘ 1} 4 [Substituting A or g will
L 6-8/) 113-15) ) mive the point of intersection.

2.(3.1.—2) 1s point of mtersection.

The directions of the lines are
4i+23+4k and Ti+j+ 35k

c
(+2)+4k)-( i+ 3+ 3k a-
cosf = = = e Use cosd =— . where a
J4"+2'—4'\1",-"+1'+3' a
284220 and b are the direction vectors
= ﬁ J-F of the lines.

50

B 65 \
v el

&

L

Simplify the surds.

33
5 £
= ENE
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Exercise A, Question 24

Question:
FEIY  ER
The line /| has equation r =‘ 0 |+A| 1| and the line /, has equation
-1 Lo/
m (2
r=| 3-—;;{ 1.
L6/ o
a Show that / and /, do not meet.

A 15 the point on [, where 4 =1 and B 1s the point on /[, where u=2.

b Find the cosine of the acute angle between AB and [, E

Solution:

PhysicsAndMathsTutor.com
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a Assume that the lines do meet:
o /‘ | pdan 8 Put the right hand sides of the
‘ O+A|=| 3+u equations of the two lines equal.

=1 L 6—p /

So 2u—XA = 0 n
gk =l @ ™ Equate the x, v and = components.
1 = 6-p @)

Solve equation (3) to give & =7 substitute into equation (1) to give A =14
¥~ [olve equations (1) and (3)

Check in equation (2} 7—14 = -3 to find a contradiction. simultaneously.

This implies that no values for A and & satisfy all rhree\

equations simultaneously
.. The lines do not meet.

The values g=7.4A=14
do not satisfy equation (2)
and so ) components are
not ecual.

b A is the point (2.1.—1) and <—— [Substitute 4 =1 into equation of line /.
B 1s the point (3. 5. 4)

4+— [Substitute & =2 into equation of lme I, .

=

i i
[ 2]

So AB=|4 - Use AB=h—a.
5/
(1)
Dirsetion of . is | 1] 4+———— [Obtain the direction of the line ]
- L0/ from the equation of /.
3] (1
4.1
C.cosf = 5] 19) _3+44+04 Use cosh= c.[ll
JE+2 2P0 100 V50V2 cfd
7 where ¢ 15 the vector A5
= 10 and d 1s the direction of the
line [,.

© Pearson Education Ltd 2C
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Exercise A, Question 25

Question:

The line ]| has vector equation

r=S8i+12j+14k+ A(i+j-k).

The points A, with coordinates (4. 8. a). and B. with coordinates

(b, 13, 13), lie on this line.

a Find the values of @ and 5.

Given that the point O is the onigin, and that the point F lies on [ such
that OP 1s perpendicular to /.

b find the coordinates of P.

c Hence find the distance OF, giving your answer as a simplified
surd. E
Solution:
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[8+2]
a r=|12+%
{14-4 )
(4 [ 8441
The position vectorof 4 | 8 | =12+ 4
la) \14-1)

wse 4=8+4 or 8=12+ 4
A=—4 —

Substitute to give a=14-1=18

(b)Y (8+4)
The position vectorof B |13 | =12+ 4
V130 W14-4

Use 13=12+4 or 13=14- 4

A=l a—
Substitute to give b=8+1=9 4

[ 8+ A4
b Direction OP is | 12+ 4|
14— 4/
{314 P
and direction of ] 15 | 1
-1/
These are perpendicular
(8+4) (1)
Sp124 401 1 (=0 a—
SEEFIRESY)

S8+ A+12+A—(14—2)=0
S 34+6=0

= i=-2

- PointPisat(6.10.16)  *

__— |[Substitute the value of 4 into the

et [You can write the line equation in

this form.

4——— [As 4 lies on the line equate
position vectors.

_——— [Use the x or v coordinates to find A.

4+—— [Find a using the value of 4.

4——— [Also B lies on the line.

— [Use the y or z coordinates to find A .

Find b using this value of A.

This 1s obtained from the equation of /).

—— [Use the condition for perpendicular
lines, c-d=0.

line equation to give the coordinates

of P.

Distance OP = +6°~10° 16> ¥ [Use the formula for magnitude of a

= V392
= 1442

© Pearson Education Ltd 2C
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ector.

*—— |Simplify the surd using

V392 =19642 .

Page2 of 2



Heinemann Solutionbank: Core Maths 4 Pagel of 2

Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 26

Question:

The line /| has equation

(3 (1) [0Y (1)
r=| l'.—..r].‘ —1| and the line /, has equation r=| 4 |+ u —1‘.
\ l-" i ) \ -2/ 0/
Find, by calculation,
a the coordinates of B. the point of intersection of /, and /,.
b the value of cos&. where & is the acute angle between [, and /.

(Grve your answer as a sumplified fraction.)
The point 4. which lies on [, has position vector a=3i+ j+ 2k . The pont

C, which lies on [, has position vector ¢ =5i—j— 2k . The point D lies in
the plane ABC and AFCD 15 a parallelogram.

c Show that |E|= BC|.

d Find the position vector of the point D). E

Solution:
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a As the two lines meet:
[3+AY [ m ) _ —
; +— [You can write the equations in this
=4 =] 4H form.
\2+44) | 2
Put the x, y and 7 components equal and
Lp—X = 3 (1 / rearrange.
—p4A = -3 @
43 = —4 (3) Use equation (3) to find A .

Solve equation (3) to give A =—1
Substitute this value into equation (1)

Then =2 o ———

- Point of intersectionis (2.2 —2) o

/

Page2 of 2

Substitute A into equation (1) or (2)
to find g

the coordimnates of B.

Use M\ or i in the line equations to find

S & &
b The directions of the lines are | —1| and | -1 ‘«\ S—
] | The directions of the
4/ L0 lines are from the line
sl = 11><1+(—f] . {1—1}1"'4" Dj equation.
P+ (1) + 812+ (1) ‘K
2 Use cosf = 1-|F |
= I L"
‘h_gﬁ where x and v are the
- 1 directions of the lines.
3
c
AB = b—a=—i+j—4k
BC = c—h=3i—-3j Use the tnangle law to find
=t - s — AB and BC.
4B| = (=)' +T+(9')=18=3\2
E‘| = 3 [Use the formula for the
S T magnitude of a vector.
o AB|=| BC|
d .
T e «——— [Praw a diagram and label the
J;’ / wertices of the parallelogram as 4, B,
&< c C and D in a cyclic order.
= & o «——— |Use the fact that opposite sides
B4 = i—j+4k=CD are equal and parallel.
oD - oC+CD
Also = (—)—2k)+(1—j+4k)

(6Gi—2j+2k) *+—

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 27

Question:

The pomts 4 and B have position vectors 3j+11lk and eci+dj+21k
respectively. where ¢ and d are constants.

The line AB has vector equation

r=23j+1lk+ A(2i+j+3k).

a Find the value of ¢ and the value of 4.

The point P lies on the line 4B, and OP is perpendicular to the line 48,
where O 1s the origin,

b Find the position vector of P.
c Find the area of triangle (248, giving your answer to 3 significant
figures. E
Solution:
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7% ) 4+—— [You can write the line equation 1n
P this form.
r=| AT3
| 3A+11]
a As B lies on the line

2A=c(A+5)=d 34A+11=21

~. Solving 54+11=21,1=2 4 [Use the = coordinate to find the
and substituting mto other equations value of 4.
gives c=4.d=7. q—.___,________‘__——
Find ¢ and & using the value of
(24 ) (2) 2
b A+3 1|=0 =+ —
Lﬁ 11 \s) T mpse OP.y =0 where y 1s the
T direction of the line and 1s obtained
- from the equation of the line.
220 +1{A+9)+530A+11=0
S304A+60=0
GA==2
(—4)  [Substitute i =-2 into the
~. P has position vector | 3 equation of the line.
V1)
1 — — .
s Area of AOAB=—|04|-| OB |sinBOA
o 2 4+ |Use area of triangle 15
i 14 - 1 y
and cos BOA = ﬂ = absin C.
|OA|-|OB| 2
[0} (4}
04=| 5| and OB=‘ 7
\1v \21)
) Ox415%TL11x2] +— Use the scalar product to find the
;. cos BOA : —

\/(U: F-NRTY }\/{43 72D angle between 4 and OB

266
41464306
= 09787 (4s.1)

“BOA = 1186 (4s.£) Substitute +/146.+/506 and angle
- Area = 279@(3sf) 11.86" into the formula for area of

A triangle.
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Review Exercise
Exercise A, Question 28

Question:

The points 4 and B have position vectors i—j+3k and 4i+3j—2k

respectively.
a Find | AB|.
b Find a vector equation for the line | which passes through the

points 4 and B.
A second line [, has vector equation

r=6i+4j—3k+ pi+j-k).

c Show that the line [, also passes through B.

d Find the size of the acute angle between [, and /,.

e Hence. or otherwise. find the shortest distance from 4 to /,. E
Solution:
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[Use the tnangle law.

Use the formmula for the

a a=i—j+3k.h=4i+3j—2k
AB = h—a -«
s 3i+4j—5k
JAB| = ¥ +4 (=5

= /50 or 542 or 7.07
h r=i—j+3k+A(Gi+4j—5k)
o1 -

r=4i+3j— 2k + uGi+4j—5k)

€ Tr=6i+4j—3k+u2i+j—k)
passes through 4+ 3j—2k
then 6+2u = 4
4+pu = 3
—3—f = =2
As pi=—1 satisfies all three equations, the line

passes through B as required. =

d The lines have directions
3i+4j—3k and 2i+j—k
If the angle between the lines 1s & then

+«—  [Use cosf = e

(3i+4j—5k)-(2i+j—k)

cosfd = —
|3i+4j—5k| 2i+j—k|
32+ 4x14+- () x(-1)
V50422 +12 4 (-1
_ 15
V5046
‘—
NE
Scosd = —
2
and & = 308
e
.d\.z"j b
.-f/ .
et lp
qo B

PhysicsAndMathsTutor.com

magnitude of a vector.

There are other forms of this
equation. but these two are the
siumnplest.

+———— [Equate x, v and z components.

Solve for 1 and check that u
katisfies all three equations.

where cand d
c|d

are the directions of the lines.

This answer 1s acute. If your
answer 1s obtuse, subtract 1t

from 180°.

Draw a diagram showmg /.7,

with common point B

4— [The shortest distance 1s the
perpendicular distance.

Use trigonometry sin 6 = —.

| 4B

Page2 of 3



Heinemann Solutionbank: Core Maths 4 Page3 of 3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4

Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 29

Question:

The pomnt 4. with coordmates (0. a. b) lies on the lme [ . which has

equation
r=6i+19j—k+ A(i+4j-2k).
a Find the values of @ and &.

The pomnt P lies on /; and 1s such that OF 15 perpendicular to [, where O

1s the onigin.

b Find the position vector of point P.

Given that B has coordinates (5. 15, 1),

c show that the points 4. P and B are collinear and find the ratio
AF:.FE. E

Solution:

PhysicsAndMathsTutor.com
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[ 6+% - [You can write the equation in
a r=|19+4 fhe foem,
{-1-2
~6+% = 0 (1) +——— [Equate x, y and = coordinates of 4 to
1944 = g ?) those of the line.
1-20 = b (3)
From equation (1) 1 =—6 +— [Find A from equation (1).

Substituting this value for A into equation
(2) gives a=—3

Substituting 4 = —6 into equation (3) gives b =11

(644

b OP=|19+44

e S, 5 ) &‘\:

As OP is perpendicular to /.

and ! 1s in direction

+— [Find a and b using this value
of 4.

(1)
d

The directions of OP and of L

are obtained from the equation
jof the line.

Use condition for

(6+4 ) (1
19+44 || 4 [=0
\<peggl o)

LB A+HIO+44)-2(-1-24)=0D
1e. 84+21A=0=4i=-4

S .OP=2i+3j+7k .
c 04=—5j+11k
.. AP=0OP—04=2i+8j—4k

OB =35i+15j+k
. PB=OB—OP=3i+12j—6k

3

..‘iP:
3
mmon they are collinear.
Ratio
S s L
AP:PB = —PB:PB =
3
= é:l
3
= 2:3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

perpendicular lines,
c-d=0.

Substitute A = —4 back mto vector
OFP .

Find AP using triangle law.

Find PB using triangle law.

—PB = vectors are m the same direction, and as they have a pomt in

MNote that each of these vectors 15 a
multiple of i +4j—2k and so one

1s a multiple of the other.
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Exercise A, Question 30

Question:

The pomnt 4 has position vector a=2i+2j+k and the point B has

position vector b =1+ j—4k . relative to an origin 0.

a Find the position vector of the point C, with position vector c,
givenby c=a+h._

b Show that @4CH 1s a rectangle, and find 1ts exact area.

The diagonals of the rectangle, AB and OC meet at the pomnt D.

c Write down the position vector of the point D.

d Find the size of the angle ADC. E

Solution:
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a
c = a+th
= (2i+2j+k+0+j—4k)
= 3i+3j-3k
h As O4=BC and OB=AC OACBisa parallelogram.
Asa-bh=2+2—-4=0 — —
4 i penpendicilar o b \ ppposﬂe sides are equal and parallel
S OACE 1s a parallelogram with all Adjacent sides are
of its angles right angles 1.2, it 15 a rectangle perpendicular.
Its area = a|x|b]|
= V2 4+2 1P x P +1 e
s 3342 Use the formula for magnitude
- > of a vector.
- 9.2
c The diagonals bisect each mher.‘__'___F D is the mid-point of OC. and of
. T3 4B,
d=lit=j—k
Qi i w2
d
i = d—a =—%i—lj—ik +— [Use ﬂitrianglaw to_ﬁnd AD
2 2 ; and CD. or DA and DC .
3, 3
CD = d—c __EI_EH_EI{
. AD-CD -
ScosADC = = 4~ (Jsethe foimula cosf =
AD||CD| |x|¥
é_i_l_z' with x= AD and _1.'=E.
— 4 4 4
\/ 1., L. 25 \/9 9 9
gy Mt
4 4 4¥4 4 4
2
= _4
27
4 +— |As cos ADC is negative, angle
ik __1 4 DC 15 obtuse.
3
~ADC = 109.5°(1d.p.)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 31

Question:

Relative to a fixed origimn O, the point 4 has position vector 3j+ 3k and
the point B has position vector 31+ 2j—k

a Find a vector equation of the line L which passes through 4 and B.
The point C lies on the line I and OC is perpendicular to L.
b Find the position vector of C

The pomts O, B and A4 together with the point D) lie at the vertices of
parallelogram OBAD.

C Find the position vector of D.

d Find the area of the parallelogram OBAD. E

Solution:
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0
a a=|3| and b=| 2 4+—— [The position vectors can be
5 1 written in this form.
AB = b—a.
3N
Using AB = |2 |-]|5 & |L_5E‘ the triangle law.
-
3
= —3
—6
FIY [You might have found
N '
The direction of the line 1s anv multple of | —1 (=11
| o) BA andused | 1
An equation of the line 15 \2/
(0 (1] [ 3 1
| 1 | |
r=|5|4+Akl-1lorr=]| 2 |+pu|—1
| | ,)5 | £ +—— ——— [You only need one
ot T -1 —2 form of the equation.
b C lies on the line
[ A ) [ 3+u ) Ao You obtain your directions
OC=| 5—-A |or| 2—n from the equation of line [.
IR 1 R L Y

Use the condition for
perpendicular vectors
-2 xy=0.

[ 4 L 1} You could have used
-4 ‘ —-1/=0 [ 3+u Y1)
| B o | | | ;
\I=-240 2 \ 2—u ‘ —1| to obtain
SLA-(5-A)-2(-24=0 —1-2u \—2)
Le.. -1
] _ = §—
64-15 1] £ 3
e b 3
SA=E— = =
6 2
5! - , .
a1 G Substitute your value of A (or i)
L 5 ; to obtain the answer.
L0C=|—|
21
A

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Page3 of 3

c
A
sk D ketch of parallel
AT N raw a sketch of parallelogram
\C \\‘ / (OBAD. labelling vertices in order.
P

= e

0D = BA 4———— Opposite sides of a parallelogram are

i —E(fcund in 2) equal and parallel.
= SEEHEE e Bttt position vector of D.
d Area of parallelogram OBAD
= 2« Area ofA ORD
= |OB|x|0D|xsin8 =
where & 1s angle between OB and OD . 4+— [Think through the method that you
d will use before you begin.

use cosd=—— to find 8.
g g b T _3 :

h-d = 2 3| - Use the formula for scalar product.

!
', _1 PN r
= 3Fx3+2x3+(-1)x6
= -9
b = EGE 1224 (1)) — [Use the formula for magnitude of a

ector.

= Ji4
] = 3 +3 46

iy i [You could use a calculator 1n this
7 ; / kuestion.
e DT

.cosd = :
\"ﬁﬁ (Give the answer to 3 significant figures
L8 = 109.1°(4 1) 1f vou use a calculator.
s Area = 14x+/54xsin109.1 The exact answer is 15+/3 and is easier

to obtain using further mathematics
techniques 1.e. vector product.

26.0 (3s.£)

© Pearson Education Ltd 2C
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Exercise A, Question 32

Question:

Find the gradient of the curve
3x —2.1:];'+.1-': =17

at the point with coordinates (2. 1) E
Solution:
30— 2.1'3)' + _1.'3 =17
Dufferentiate with respect to x: 4——— [This 15 an implicit differentiation as

Substitute x=2_y=1

36—[8_'—3 +32 =
] dx

dy 28
& 5
= 52

© Pearson Education Ltd 2C
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vou cannot make v the subject of the
formula.

Use the product mle to differentiate

the 2x*y term.

Use the chain rule to differentiate 3.

Differentiate 17 to give 0.

[You can make d—ll the subject of
dc

the formula before substituting
x =2,y =1 but the algebra 1s more

difficult.

dy 9x —4x
You would get = _—
de 2x" -3y
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Exercise A, Question 33

Question:

A curve has equation

X +2x-3y"+16=0.

Find the coordinates of the points on the curve where j—l =0 E
X
Solution:
4+ 2xy-3y+16=0 . (1)

Differentiate with respect tox.  4+—— [Use maplicit differentiation as it is
awlkward to make v the subject of the

T+ 3.‘C£+21' '—ﬁl'i formula.
dx ) _1 " dx
+0=0 +—— [Use the product rule to differentiate

the 2xy term.

dy Use the chain rule to differentiate
Put —_—= 'D 3

dx =3y
S 2x+04+2y-0=0 Differentiate 16 to give 0
re. Ax+y)=0

hx—__

E Find the relationship between x and v

| -

dy
: . . when —=0.
Substitute this into equation (1) dx

V2 —3 +16=0 « Solve equations (1) and (2) as
: o ' simultaneocus equation.
Syt = 16

Ly = %2

x = F2

The points at which d—1 =0 are (—2.2) and (2.2}
dx e

and y to give the required
coordinates.

Match corresponding values for x

© Pearson Education Ltd 2C
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Exercise A, Question 34

Question:

A curve C 1s described by the equation

3 =2y +2x—3y+5=0.

Find an equation of the normal to C at the point (0, 1). giving vour answer
in the form ax+by+¢=0. where a, b and ¢ are integers. E

Solution:

3Ix' -2y  +2x—3y+5=0

Differentiate with respect to x +— [Use mmplicit differentiation.
Then
6.‘(—43'£+ 2 —3E—' 0=0

EA' dox

Use the chain rule to differentiate

Substitute x =0,y =1 then _ _2}'1 and —3y.
—4% +2-3 3—1 =0 T Z
_ . You could make — the subject of the

T odx formula before substituting x =0, y=1.
. dy 2 - 42
jEy = 5 [n this case di: 92+ .

d 7 de 3+4y
The gradient of the normal to C at (0.1) 1s % 4— [Jse the result that mm' = —1

for perpendicular lines.

.. Equation of the normal1s y—1= _T(l -

This could be obtained directly
from yv=mx—+c.

4
-

1e. _1'=_—J:—l
2

of Tx+2y—2=0 - .
: zive the answer in the form

required by the question.

F

© Pearson Education Ltd 2C
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Exercise A, Question 35

Question:

A curve C 1s described by the equation
3 +4y —2x+ 63y —5=0.

Find an equation of the tangent to C at the pomt (1.—2). giving vour
answer in the form ax+by+¢=0, where a, b and ¢ are integers. E

Solution:

/ Uze mmplicit differentiation.
I +4y —2x+ 6xy—5=0

Differentiate with respect to x - : : : -
————— [Use the chain rule to differentiate 4y~ .

& . [, d
6x+8yL— 2+[5xi-—ﬁ;} —0=0
dx dx

+—————— [Uze the product rule to differentiare 6xy.

Substitute x =1, y=-2

Then

Ty dy ; oW
6—161—2+6'—1—12=D +—— [ you rearranged vou would get

dx dx dy 2-6x—6y

dx 8y+6x
—8—1{?£=
dx

dy_-8
Cdxe 10

Gradient of the tangent ar {1.—2) 1s —% .

. Equation of the tangent is

(y+2) = —_S(x_ 1) = Use the equation on
10 y—y=m{x—x).
_ i —8 8
mPpEE = e
10 10
S 10p+8x+12 = < Multiply by 10 and collect the

1e.dx+5y+6

terms as required by the question.

© Pearson Education Ltd 2C
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Exercise A, Question 36

Question:

A set of curves is given by the equation sinx+cosy =03

a Use implicit differentiation to find an expression for a2,
X

For —7=x<mgand —7=y=n.

b find the coordinates of the points where % =0. E
Solution:
a sinxy+cosy=03 =

Differentiate with respect to x:

_dy
cosx—smy—=20
< dx [Use the chain rule to differentiate
cos ).
_dy  cosx

- -—
dr  siny B T

Make % the subject of the formula.
dx

dy
h When —=0.
d}‘
cosx = 0
L7 “« (Give answers in the range
r = Iz —T<x<I.
when x= 7‘ substitute into *
l+cosy = 0.5 _ _
: s (Give answers 1n the range
Scosy = 0.5 o
—A<Y<T.
2r 2x
Ly = or .
3 3
T . .
when x = —5 substitute into *
~lbcosy =09 ,_f—"// iAs cosy cannot be greater than 1
this equation has no solutions.
Secosy = 15 4 1
e ; x 2r T =2
. Stationary points at (—,—) and (—, }
2 3 2 3

only in the given range.

© Pearson Education Ltd 2C
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Exercise A, Question 37

Question:

a Given that =2, and using the result 2° =™ | or otherwise,

d 5
show that o N 2 In2.
ds

X
b Find the gradient of the curve with equation v = > at the point
with coordinates (2. 16). E
Solution:
a :
y = P=el! < You usedrhe result that if
_dy
' ) =", == k™.
& In2e™ =2 dx
dx
= In2(®)
= In2x2" = Note that ™ =2
or
y = 2
Iny = In2*
22 e “ [You could use a different method,

by taking logs of both sides and

Differentiate with respect to x: et o
usmg implicit differentiation.

1dy

= In2
v dx
d—l = ykn2

d.l-

= 2In2

b
na? +———— [Use the chain male.
Jl = - vy ! r vy
dy 3 If y = T""‘.d—J= F(x)2 P m?2.
— = (202" In2 dx
dx
When x=2
P, 4x2'In2
dox
= 64ln? «+——— [Substitute ¥ =2 into vour exprassion.

© Pearson Education Ltd 2C
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Exercise A, Question 38

Question:
Find the coordinates of the minimum point on the curve with equation

y=x2*. E

Solution:

PhysicsAndMathsTutor.com
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Y, = x2* #
dr W W 4———— [Use the product rule.
dor T
= 2 (xln241)
At a minimum point,
dy _ d
dox s Put == =0 and solve.
dx
rln24+1=0

-1
1e. x=—

In2

-1 T s :
% g -1 (oml Substitute x value into the equation
¥ n?2 miven, to find y.
=
i | — }\ 1
In2 ¥

Let 202 =y

Take lns of both sides Vo Al 2= =&,
n2® = Ilnu

.'.Lxlnl = lnu
12

1e. mu=1=2u=e.
Substitute back into T

-1
= oIn? - To check that this 1s indeed a minimum
- point you would need to find

L - Iy _
S point 1s A 21 In 2[1_]]32 4 2]

(-1 -1 dx’
at| —.——|. e

\In2 eln2/ Mg this 1s posifive at x = e the turning

point 1s a minimumn.

© Pearson Education Ltd 2C
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Exercise A, Question 39

Question:

The value £17 of a car ¢ vears after the Lst January 2001 1s given by the
formula F"=10000=(1.5)7".

a Find the value of the car on 1st January 2003,
dlr
b Find the value of T when r=4. E
ar
Solution:
a I =10000=(1.5)"
On 1st January 2003, r=4
S~V = 10000= (1_5}_t 4+———— [Give yvour answer to a suitable
= £197531(2d.p) pCCuIaty.
b
dV

—10000%(1.5)" xIn1.5 <———— [Differentiate and substitute =4

dr

~800.92 2dp)

© Pearson Education Ltd 2C
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Exercise A, Question 40

Question:

A spherical balloon 1s being inflated in such a way that the rate of increase
- r 3 - - 3 :
of its volume, 77" cm’ , with respect to time ¢ seconds is given by

dV & sy iz
1 = 7 where I is a positive constant.
if fa

(Given that the radius of the balloon 1s # cm. and that 7 = %m'z.

a prove that » satisfies the differential equation
dr B .
—=— . where B is a constant.
dr
b Find a general solution of the differential equation obtained in part
a. E
Solution:

PhysicsAndMathsTutor.com
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I = —ar -
b o M R
dr

Use the chain mle:

v _dv i
dr dr dr

mto the chain rule:

AERES

3k
16m7
b Separate the variables.

[rer = f]éif dt

You need to find — 1n order
s

dr dl’ ;
to connect — and — . using
dr dr

the chain rule.

dif k drv .
Substitute — = — (given) and — =47 (from =)
¢ ¥V dr

3 ; 4
Substitute 7 = Em" and note that

4 1
15 the same as = by =
dmr

B 2t A ——— Integrate each side and include constant
.. %

of integration.

© Pearson Education Ltd 2C
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IMultiply by 6 and take the sixth root to
Zve 7
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Review Exercise
Exercise A, Question 41

Question:

At time r seconds the length of the side of a cube is x cm, the surface area
of the cube is § cm’ . and the volume of the cube is V' cm’ .

i 3 T =]
The surface area of the cube is increasing at a constant rate of SEcm™ 7.

Show that
dv k& .
a — =—_ where k15 a constant to be found,
dr x
dF & 2}}3 .
dr
Grven that 7' =8 when =0,
C solve the differential equation in part b, and find the value of ¢
when V7=162 . E
Solution:

PhysicsAndMathsTutor.com
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Let S be the surface area

12x

Blg @

Given that — =8 . - :
d - [This comes from the information

t

ds dS dx

Use ~m—ge=—
de dx dr ‘\
Use the chaimn rule to connect

4 The surface 1s made up of six squares
2 cach of area x° .
6l /

Differentiate to give i

that the surface area 1s increasing at

¢ by
a constant rate of 8cm™s™ .

8 = 12x % — EE and E
dr dr dx dt
cdx 3
dt 12x \
8 .2 dv
= where f = —=— Make — the subject of the formula
X 12 3 dr
i}
V = x < The volume of a cube is .

Nl

Use
dir dlVf  dx
— = ey ———
dr dr dr
= 3x'=
X
= 3kx=12x
Ly e e
= W3
c Separate the varniables
dF ¢
[ i | 2de
I3

s Ay = [ade ®
ie. 273 =2
2

But " =8 when t=10

PhysicsAndMathsTutor.com

= 45! b e
dx dr

Differentiate to give —.

dx
Use the chain mule to correct ﬂ db
dr  dy
and E
dr

As F=x" sox=F"

—— [Integrate and include an arbitrary
constant 4.

Use the initial condition to find 4.

Page2 of 3
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Ayiag=ds
2
when
Vo= 1647 =
ik
e
V5 o= @)
= 3

© Pearson Education Ltd 2C
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Substitute I = lﬁﬁ into the solution of
the differential equation to find 7.
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Exercise A, Question 42

Question:

Liquid is poured into a container at a constant rate of 30 cm® s~ . At time 7

.
5 g : L ¥ = 1 . |
seconds liquid 1s leaking from the contaimner at a rate of —F cm’™ 57 .

where 7 em’ is the volume of liquid in the container at that time.
a Show that

—15£= 21 —450.
dr

Griven that 7 =1000 when r=10,

] find the solution of the differential equation, in the form 77 =£(r) .
c Find the limiting value of Fas r — @ E
Solution:

PhysicsAndMathsTutor.com
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his 1s liquad being poured in|

T
2
=30-—F

15

dV’
dt

a
Multiply this equation b}f‘N

17
< —or =450

dt ‘\

o.—-13

b Separate the variables:
I" —15dV _ I‘dr
J o —450 J

L

nd increases the volume in
he container.

Page2 of 2

This 1s denoting the ligud leaking out,
50 decreases the volume in the container.
So you need a minus sign.

This answer was given in the
question.

15
_Tln |2V —450=t+c

Given that 7" =1000 when r=10

—15
.-.%mlsﬁo - e
N
g 1550 '
F__"1 .y
o - N )
775 1
V—225 3,
; ek = e 15
775
¥V = 20547756 &

]r
c Ast—omels 0 ‘\

o limiting value of 715 223

© Pearson Education Ltd 2C
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Integrate and include a
constant on one side of yvour
Equation.

Use the initial condition to find c.

Collect the two In terms together
-15
—{In(2¥ - 450) - 1n1550]

15, 2F—430
=——Ihn————.

2 1530

Take exponentials of both sides.

Make I the subject of the formula.
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Review Exercise
Exercise A, Question 43

Question:

Liquid is pouring into a container at a constant rate of 20cm’ ™ and is

leaking out at a rate proportional to the volume of the liquid already in the

container.

a Explain why, at time ¢ seconds. the volume, cm’ _ of liquid 1 the
container satisfies the differential equarion

dV’

dt
where I is a positive constant.
The container 1s initially empty.
b By solving the differential equarion. show that

=20-kV,

V=A4+Be",

giving the values of 4 and B in terms of k.
ra

=10 when r=35.

(iven also that
dr

c find the volume of liquid in the contamner at 10 s after the start. E

Solution:

PhysicsAndMathsTutor.com
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4

a Rate of change of volume is
"

: yors
Increase is 20cm’ s

- ;L - - e
Decrease is k7 cm’ s~ . where & is constant of proportionality.

i 20—kV
dr
h Separate the variables:
{ dV o i ds
S20-kF -

—llng W-kV|Et+c
k

When t=0.V=0 4—

/

cm’ 57

Page2 of 3

Explain the minus sign
and the function of the
constant i

i
e |

You need to mclude a constant of
integration c.

'Y ou were told that the container was

1
So——In20 = ¢
k B
1, 20-kr _
TTET 20 e

Multiply both sides by —&

20—kV
20
20—k

i = B

20

~In

4 4 20-20e7

Differentiate the equation *

c
dV
dt

+_

-kt
=20e

Substitute ﬂ =10 when t=35

dr
2RO e e AR
o 1
o = =
i
Taking Ins:

PhysicsAndMathsTutor.com

initially empty 1.2, F=0 when r=0.

Use this to find ¢.

Combine the two in terms together as

20—V
20

1 1
——(In(20-AF)-In20|=——In
i i

Take exponentials of each side.

Rearrange to give V as the subject of the
formula.

. . . d¥
Differentiate to give G
L8

use the given information to find .
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-5k

Inlor Sk=In2
2

-~k %mz or 0.1386 (4d p)

Substitute mto equation *

I

v 00 HOOELE e
23 23]
When =10
o 100 100 1
In2 In2 4
75
B In2

= fea@dgy T

or Volume =108 cm’ (3 s.f)

© Pearson Education Ltd 2C
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This 1s the particular solution of the
differential equation.

(Give 7 to a suitable accuracy.
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Exercise A, Question 44

Question:
2x-1 : i .
a Express —————— 1n partial fractions.
(x—12x—-3)
b Given that x = 2 | find the general solution of the differential
equation

(2x—3)(x—1 }i =(2x—1)y.
dx

c Hence find the particular solution of this differential equation that
satisfies ¥ =10 at x =2, giving vour answer in the form y=1f(x).
E
Solution:
a
2x-1 A B

C-DEx—3) 1) 2x-3)

A=-land B=4 =
_\_\_\_—_—_\_\_\_—_—_\_‘_\—\_
2x—1 -1 4

4 *

E-D0E-% i1 %3

b (2;‘—3}(1‘—1)%2 (2x-1)y
X

Separating the variables.

{d_l - [ Cx—1Ddx
¥ “ (2x-3(x-1)
Sy = { -1 d.x—'F 4 dx
“x—1 AR e
= —In|x-1|+2In|2x-3|+c
Iny = —In|x—1|+In(2x-3)’+InA
]_n_]' = hldiw
(x—1)
) A(2x-3)
R 'L' e —_—
' (x-1)
c Grven 1 =10 when x=2
S10=4 «
- Particular solution1s —— ———u
e 10(2x—3)
(x-1)

© Pearson Education Ltd 2C
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Use denominators (v—1) and

(2x-3).

Compare numerators to find 4 and
B (see earlier gquestion 1).

Use the partial fractions from part a to
split this fraction.

These fractions can be integrated to give
In functions.

[Express the constant as In 4.

Combine the In terms nsing the law for
combining logs.

Malke y the subject of the formula.

[Use the given coordinates to find the
walue of the constant.
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Exercise A, Question 45

Question:

The rate of decrease of the concentration of a drug in the blood stream is
proportional to the concentration C of that drug which 1s present at that
time. The time ¢ 15 measured in hours from the administration of the drug
and C 1s measured in micrograms per litre.

a Show that this process 1s described by the differential equation
dC - : .
Y =—kC , explaining why & is a positive constant.
I
b Find the general solurion of the differential equarion, in the form
C=1f(1).

After 4 hours, the concentration of the dmig in the blood stream is reduced
to 10% of 1ts starting value C,.
c Find the exact value of i E

Solution:

PhysicsAndMathsTutor.com
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1C
a c{? 1s the rate of change of concentration. +—— Explain the term %
b —kC . b k is th f ionality
v . because & 1s the constant of proportionality. o Explain the nature of k.
The negartive sign and & = 0 indicates rate of decrease.
b Separate the variables. \\ Explain the negative sign.
I s I "Ll
C .
InC = —kt+ln4 «+——— [Give the constant of integration as In.A.
where In 4 is a constant.
© — " ibie R A
i s = ‘ombine In =In 7
A E
o i +-
o = B TR Take exponentials of each side of the
C o Equation.
c When t=0,C=C|
‘R The starting concentration 1s C, .
=C, = A
5 C _ Cu i
S The concentration 1s 10% of its starting
when =4 0= i(-, 4/”/ walue after 4 hours.
T
1 sk
... ﬁ Cl:' = Cnf
s o= 10
te.dk = Inl0 ____— |As an exact value of & 1s requured — give
T llnl[] g T this answer.
2 2

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 46

Question:

A radioactive isotope decays in such a way that the rate of change of the
number, N of radicactive atoms present after ¢ days. 1s proportional to N
a Write down a differential equation relating N and ¢,

b Show that the general solution may be written as N = 4e™™  where
A and k are positive constants,

Initially the number of radioactive atoms present is 710" and 8§ days

later the number present is 3% 10"

c Find the value of k.
d Find the number of radioactive atoms present after a further § days.
E
Solution:

PhysicsAndMathsTutor.com
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W / i—‘? is rate of change of V.
(a1 o : o i
a = —iN _ where & 1s a positive constant.
dt *———_____f_
o ———
|k 1s the constant of
_ proportionality.
] Separate the variables
AN : — sign because "decays’
J N = __J k dt pmplies that V is decreasing.
N = cHthAd o :
, — [Put vour arbitrary constant as
P TEAR— n 4
:I-d—-—__%_______
N - ——— [Collect the In terms, as
G s = T _-"'l'T
A InN-lnd=In—.
.. _I,\'.:I' — d‘ie_ﬂ * P
c When t=8,N=7x10% —_

710" = o4
when =8 N=3x10"
- 3x107

[

Take exponentials to give the
required answer.

Initially — means when =0
substitute into equation *

Page2 of 2

Substitute =8 N =3x10" and

A=7x10" into equation *_

Tale Ins of both sides of the

Equation.

A fter a further 8 days means that =16 .

- =
o8k =
Lk = l].!.‘1 E =0.394 (3s1)
8 | 3|
d When r=16 o
_‘_\_\_\_‘_‘_‘_‘—'—-—..
_ va —!]r_g
4:"*' = ? x ].D”E' i \
= 710t
B ?X](}:E o
4500

-

. i 0 .
Substitute 4=7x10" k= 2]11% nto
3

equation * .

1.286 %10 (4 s.f)

‘+r-—

(rive your answer to an appropriate

ACCuUracy.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 47

Question:

The volume of a spherical balloon of radius » em is I em’. where

3
., d¥
a Find —.
-
The volume of the balloon increases with time r seconds according to the
formula
d¥V 1000
=——¢t=0
dt (2r+1)°
b Using the chain rule. or otherwise, find an expression in terms of »
and ¢ for d—’ ;
dr
c Given that F=0 when r=0, solve the differential equation
dir 1000 R
—= — to obtain 7 in terms of .
dr (2e+1)
d Hence, at time =3,
i find the radius of the balloon, giving your answer to 3
significant figures,
ii show that the rate of increase of the rads of the balloon 1s
approximately 2.90x107 ecms™ . E
Solution:

PhysicsAndMathsTutor.com
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4

V = —m

3

i = Am

dj.
h From the cham rule:-

E = ¥ * i < Use the chain mle to connect

dr dr df A dr dr

s & w
o 1000 F e '
dr (2r+1)
1000 , dr

= = dar” x—

(2e+1) dr

dr 250
S— = e U -— dr i
dr T2r+1)yw Make % the subject of the formula.
f
c dV o 1000 i
dr (2r+1)

Separating the variables.

[ar =

. I,’

But I"=0 when r=0

S0o=
1e.c =
ol
d (i)

(1)

dr

This integration 1s reverse of the
t_'_,..--""_f’ chain rule.

[- 1000
J 2r+1)

T e

Do not forget the constant of
integration. .

—300+c¢
500 -
00— 500
(2t+4+1)
When r=3,
V = 5DD—L.G
11
= 4545---
Using
P e gdsasys
3
A 477 (3s.£)
Substitute »=4.77. r =3 into *
_dr

s —=00289.__~290x107
dr

© Pearson Education Ltd 2C
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Use initial conditions to find ¢.

to find the radius »= |-

Find volume and then use V' = %ﬂ

3

+—— [Use the answer to part h.
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Review Exercise
Exercise A, Question 48

Question:

A population growth is modelled by the differential equation ;E:;:P,
r

where P 15 the population. r is the rime measured in days and ¥ 1s a
positive constant.
Given that the mnitial population 1s F.

a solve the differential equation. giving P in terms of F. fand ¢.

Given also that £ =25,

b find the time taken, to the nearest minute, for the population to
reach 2F, .

In an i1mproved model the differential equation 1s given as

dP

1 = APcos At. where P 1s the population. t is the time measured 1n davs
¢

and A 15 a positive constant.
Given, again, that the imtial population 1s F, and that time 1s measured n

days,
c solve the second differential equation, giving F mn terms of F. A1
and 7.
Given also that A =2.3.
d find the time taken, to the nearest munute, for the population to
reach 2F, for the first ime, using the improved model. E
Solution:

PhysicsAndMathsTutor.com
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a

dP

2 P

dr

Separate the variables.

dP
=
InP

| kit

__—— |InF, 1s the arbitrary constant which 1s

f+InF, «+—

(as P=F, when t=0)

S InP-InF =ikt
ln£ = It
r
: P &
1e S— = e
R —
b Substitute £ =2.5 and P=2F,
. El.ir i 2
25 = In2 «
s = L].1_‘12
25
= 0277. .days
= 665h *

C

6 h39 munutes

= APcos At

+
{

Separate the vanables.

{.E cos Ar df
= smmdAi+InF

= sin Af

found from the imitial condition.

_— [Collect the two In terms and use the

law that InP—In f, = ]‘.ng.

Take exponentials and make P the
subject of the formula.

Take Ins and make ¢ the subject of the

formula.

[The units are days and need to be
convertad to minutes, so multiply by 24

then by 60

sin At -
Fe

PhysicsAndMathsTutor.com

The method 1s similar to that used in
part a.
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d Substitute P=2F, and A=25
ei'_u] ir (s 7
Ssm23 = In2
~25t = sin'(ln2)
.t = 0306days «———— [Use radians to calculate sin" (In2)
= 735h
= 441 mins or
Th21min 4-———— |Again change the time from days to
minutes.

© Pearson Education Ltd 2C
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Review Exercise

Exercise A, Question 49

Question:

i 02 04 1,/

The diagram shows the graph of the curve with equation

y=xe" x=0.

L]

The finite region R bounded by the lines x =1, the x-axis and the curve 1s
shown shaded in the diagram.

a Use integration to find the exact value of the area for R

b Complete the table with the values of ¥ corresponding to x =04
and 0.8

X 0 02 04 0.6 08 1
y=xe’* 0 029836 1.99207 7.38906

c Use the trapezium mle with all the values m the table to find an
approximate value of this area. giving vour answer to 4 significant
figures. E

Solution:

PhysicsAndMathsTutor.com
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u

v

o 2, le: A simpler integral than I..H ﬁn:iJ.' :
L4~ 4] -
_ 1., 1 —
= o _1 Apply the limits on the wv
term and to the integral term.
b
X 0 0.2 04 0.6 0.8 1
¥ 0 0.29836 | 0.89022 | 1.99207 | 3.96243 | 7.38906
\ IComplete the table to find
c the values of v.
I = %x 0.2/0+2(0.29836+ 0.89022 +1.99207 +3.96243)+7.38906
= ID.I:EI.IST?-EE;
= 2168 (4s1)
© Pearson Education Ltd 2C

du
= _1-::;—:]_
dx
= le‘tx {:E: EEL‘ -4
2 dx

- S
—{1 (%e"x

dx

Iy

=
[etu=x and —=e
d}.‘

Complete the table for w, v,

Take care to differentiate u
dv

but integrate —
dx

- d
MNotice that I Ed—“dt 15 a

PhysicsAndMathsTutor.com
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Review Exercise
Exercise A, Question 50

Question:
a Given that y =secx , complete the table with the values of y
' T T
corresponding to x=—,— and —.
16 8 4
x 0 4 ir T
16 5 16 4
¥ 1 1.20269
h Use the trapezium rule. with all the values for y in the completed

table, to obtain an estimate for FEJ' sec x de.

Show all the steps of your working and give your answer to 4
decimal places.

"

The exact value of {]T sec x dx1s In(1+ '\E} .

c Calculate the % error in using the estimate you obtained in part b.
E
Solution:
a
x 0 T T ir T 4— [Complete the table.
16 3 16 4 Ensure that your
y 1 [1.01959 | 1.08239 | 1.20269 | 1.41421 calculator is set to use
: radians and use
b S e S ll
1 : : ; 16} | |16
I = e 1+-2(1.01959+1.08239 +1.20269 ) +1.41421 : - :
lor —
= L 7355 L
3 = 9.02355 c::rs]ﬁ

= 0.88588 . =0.8859 (4dp)

c Percentage error 1s

(0.8859 —In(1++/2) |
In(1+~/2|
0.5136% (4dp)

=100 =

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 51

Question:
[ Gl
I: 1_'3 ._.1.‘(—]. d.:\-_
«U
- T [ - :
a Given that y=e . complete the table with the values of »
corresponding to x=2_ 3 and 4.
x 0 1 2 3 4 3
. 1 2 3
J e e =
b Use the trapeziuvm mule, with all the values of v in the completed
table, to obtain an estimate for the oniginal mntegral I, giving vour
answer to 4 significant figures.
c Use the substitution #=+/(3x+1) to show that [ may be expressed
b o » 5
as { kte' dr . giving the values of a, & and k.
d Use integration by parts to evaluate this integral. and hence find
the value of I correct to 4 significant fisures, showing all the steps
in your working. E
Solution:

PhysicsAndMathsTutor.com
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a
X 0 1 p 3 4 5 +— [You could
¥ gl el 14094 | 23624 | 3p.802 et complete the table
with e, ¥
b . and ¥
E = Ex1|e‘+2[e1—14_094—23.&24—36_802}+e*
= lx 2211 .
2
= 110.6 (4s.1)
» P J '5 Vel gy o You need to replace each
40 i term with a
Let corresponding f term.
t = JGEx+1) First ?ephce dx with a
4 g o3 term 10 di.
— = —((Bx+1) *=—
dx 2 2
Replace dx with %dr “— Use r=,J(3x+1) to
change the limits. When
X f
0 1 x=0,r=1 and when
3 1 x=5t=4.
4 4
N : ;
SoI=[¢-2Lar= [2re' ar
"I 3 3
: 2
1e.a=1b=4 and A_=E'
d
2 '
v o= E;:,E:E = Let u=—t and d—1=er
30 " dr 3 3 de
¢ dv
¥ = 8 ‘:E—f‘ - IComplete the table for
du dh
v, — and —
7 4 49 dr de
I = Zre' — [ —e'dr
3§ 13
r 4
g 2
3 13
g . ~ -— Apply the limits to both
= —¢' —e——¢ +—e terms.
3 3
= 2e”
= 1092 (4s1)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 52

Question:

The following is a table of values for y=./(1+smnx). where x is in

radians.

x 0 0.5 1 1.5 £
¥V 1 1216 2 1.413
a Find the value of p and the value of g.
b Use the trapezium rule and all the values of ¥ in the completed

table to obtain an estimate of I, where

I=[ J@+sinz) dx E

Solution:
4 ) +———— [Your calculator should be in
p = 1357(3dp) radian mode.
g = 1382(3dp)
b Using the trapezium mle

ey
Il

%<0.5[1+ 2[1.216+1.35?—l_413)—1.382]

= 0.25x10354
= 2.5885

= 2.589 (45.£)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 53

Question:

i} 1

The figure shows a sketch of the curve with equation

y=(x—1Dlnxx=0.

a Copy and complete the table with the values of ¥ corresponding to
x=15and x=25.

x 1 1.5 2 2.5 3
¥ 0 In2 2In3
Given that [ = |']°(x ~Dlnxdr.
b Use the trapezium rule
i with values of v at x=1.2 and 3 to find an approximate
value for { to 4 sigmificant figures,
il with values of y at x=1.1.5,2.2.5 and 3 to find another
approximate value for [ to 4 significant figures.
c Explain. with reference to the figure, why an increase in the
number of values improves the accuracy of the approximation.
d Show. by mtegration, that the exact value of {f{.‘c—l}ln xdx 1s
3
—In3. E
2
Solution:

PhysicsAndMathsTutor.com
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a
x 1 1.5 2 2.5 3
: D5Inl5 In 2 15In25 21n3
-
_‘———____ F - v
h i Trapeziom rule with 2 strips ok iy lave you

Answers in terms of
In at this stage.

I = %xl:ﬂ+3xm2+3h13]
= lx3.5835...
2
= 1792 (4s.1£)
ii Trapezinm mule with 4 strips:
I = l.\( U.ﬁ[G—l— 3{[}.5]111_5—1n3—1.5]112.ﬁ]—2lnﬁ-l +— | Show all vour
- ) working.
= 0.23x6.737836---
= 1684 (4s.£)
c The trapezia are closer to the required area when there are more strips.
o A 44— |A diagram can help
#_,;faj_fff' : vou to explam.
‘5:.::::_,_.-—" } | .
[}] 1V 2 X
d Letf={[x—l}h1xda:. —— letu=Ilnx and
! . 1
—=x—-1.
uo= an;:}E:l dx
dr x
3 < Complete the table for
X dv
v = ?—ICEZI—]_ i da '1_11d£
" TUde T dx
[+ 31 [x°
I = l——xlnl —Il—] e dx
2 J1 x| 2
1 LY
3 . F-\\\ Apply the limits to the uv term
= ?ln?r— I 5—1‘4:11‘ and to the integral term.
= E1113— md—
2 4 !
i
P e 3—3|—‘1—1]
2 4 )l
3
= —In3

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 54

Question:

a . ¥
]

The figure shows part of the curve with equation .f(tanx) . The finite region R,

. . . . T . .
which is bounded by the curve. the x-axis and the line x=>=_ is shown shaded in

the figure.
a Given that y=./(tanx). copy and complete the table with the
_ T im .

values of v comresponding to x=—.— and —. giving vour

16 8 16

answers to J decimal places.

x 0 ks T 3T T

16 8 16 4

v 0 1

b Use the trapezium rule with all the values of v in the completed

table to obtain an estimate for the area of the shaded region R,
giving your answer to 4 decimal places.

The region R is rotated through 27 radians around the x-axis to generate a

solid of revolution.

c Use integration to find an exact value for the volume of the solid
generated. E

Solution:

PhysicsAndMathsTutor.com
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a
¥ | ® x x o x
16 8 16 4
v 0 044600 | 0.64360 | 081742 1
b From the trapezium rule ™
i o ~ mode.
Area == Exl'—ﬁ[ﬁ+3{ﬂ.4469ﬂ+0.64360—0.81?42}—1_
=~ —x481404
32
= 04726
c Volume —

= TITN tan x )  dx
¥}

[Ensure that vour
calculator 1s in radian

~ [Use the formula

v= .-':‘I.J S

[ranx de=1n|cosx|

15 gIVen 111 Vour
formula book.

= ‘TJ tan x dx
j‘ s1m X
= W I dx <
o COSX
= 7| —Incosx ]51
1]
= T —ln—|
] 2]

1
= 7.-].11\5 or ;ﬁlnE

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 55

Question:

Using the substitution %~ = 2x —1_ or otherwise. find the exact value of

3x

2 b

Solution:

Let =

3x

17@Ex-1)

dx

Let u° =2x-1

du

2u—=2

So replace dx with « du and x =

dx

Also L SO
(2x-1) u
X i
1 1
5 3
So
3@ +1)
I {;.n e

© Pearson Education Ltd 2C
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4+———— [Replace each term in x

u +1

with a term 1 2.

4+————— [Change the limits. When x=1,
u' =1 and when x=35.2"=9.
+———— Simplify and integrate.

+——— [Evaluate the integral using the

mew i lumits.
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Review Exercise
Exercise A, Question 56

Question:

[

The figure shows the fimte region R, which 1s bounded by the curve
y=xe’ the line x=1, the line x=3 and the x-axis.

The region R is rotated through 360 degrees about the x-axis.
Use integration by parts to find an exact value for the volume of the solid

generated. E
Solution:
Use
Vo= .‘r! i
= @ [..a::e dx

u o= = E = 2x

ch.

e . dy .

1 — = ==

9 d'l" -
Let 1 =x" and — =™

dx

di
Complete the table for w, v. IH
x

and d—-L Take care to
dx

: : ; dv
differentiate » but integrate =
£

F g 5 1 ki
rLe. V=ml=e"—=¢" —r[;.‘erd\. = = :
: |2 2 | |_1 +—— This integral 1s sumpler than V/
but still not one you can write
du down. Use mtegration by parts
o= x=—=1 . 7 dy 1
dx again with # = x and K =g
1 5, dv i
1 = iR e
2 dx
9 . X 1 5, . Complete a new table for the
VF = o ?e“ —?e‘ - \'-;&‘ 4 f?e‘* ldx du dv
2 2 ! Yol new wu, v. — and d_
; X
[9:4 1 , R e 1.3
= @lgye —et—mlje — e |l e : .
12 2 2 2 4 | A pply the mtegration by
13 , ™, parts formula a second
= Tﬂ' _:f—' time.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 57

Question:

oF ap

The curve with equation y = 35'111:.05 x=27. 1s shown in the figure.

The finite region enclosed by the curve and the v-axis 1s shaded.
a Find, by integration, the area of the shaded region.

This region 1s rotated through 2.7 radians about the x-axis.

b Find the volume of the solid generated.

Solution:

Area = [35in£cl.x 4+—— [Recall (3) in the mtroduction to
I integration. Integrating a sin function
.:|3N iz1ves a change of sign and a cos function.

.3\
|:—I5cos§]-r - [The 2 here 1s obtained from dividing

1
g by Y which anses from the chain
16 = (—6}] 2

12 rule.

Area
b

p P
= To:2X%
\"OLLIIIIE:TTIQSIII_—dI
.:I S ———

-
Recall cos24=1—2sin’ 4

So sin’ .-1=é(1—c052_~1}

2 3 on X
Y'ou cannot integrate sin” 5 but you can

write this in terms of cos x.

1 X l
So sin” %=E(1—cosx}

N orf
S Vokame = e F (1-cosx)dx
T +———— |You can now integrate each term directly.
9.’:? 2 i d
= —I X+smn x] =
‘;\ U
or
= —x(27-0)
5
volume = 91

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 58

Question:
Use integration by parts to find the exact value of {:1': lnxdx. E
Solution:
Let I= [_EJ.': In xedx ’—— Since there 15 a In x term
du 1 Let 2=Inx and & 3,
¥ = lnxy= = =— dx
¢
' dv 4
} == Lo e e o '
? 3 & dx & Complete the table for u_1-'_E and d—!
dx dx
Using the integration by parts formula. Tdike e s
e R &
1x I "X
I = |—lnx| — —dx
| 3 4 ! 3 =x W T A pply the integration by parts
L formula.
= 93— [T
3 \ du
5 Simplify the v— term.
> o dx
= OIn3i—
9
= Oln3— I 3— ll
26
= 9In3——.
9

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 59

Question:
Use the substitution . =1-2x" to find the exact value of
Lo 3
|E —dx.
(1-x*?
Solution:
Let u=1-x° l N
dui This implies that xdy = e .
Then — =-2x 2
and x” =1—u S—
3 2 44— |Usex =x x and
50 { a = F * vy = [ e d
. i . i

(1—x)2 {l—x']ﬁ ”: Y =l-u with xdr =——.

1 i 1]

== {—di‘f =—= } i T —1ldu =| - +—-'1' | 4— |Stmplify and integrate

R TE -
As limits for x were 0 and % limats for u are 1 and 2 «——— |As the variable has changed. so

= 4 must the limits. Souse u=1—x"
1 N = to find the new limits.
So evaluate | —u? +lu1 [i= —£— 3\]’_ ——(=1+=)
3| 2 3xd 4

33 +——— |[Use the new limits to evaluate
= ) (__} the answer.
JE 3J§

3 8

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 60

Question:
a Express jj_ij_ 2 in partial fractions
2x—3(x+
, § Sx4+3
b Hence find the exact value of F

answer as a single loganthm.

Solution:

Sx+3 A

B

Qxr—3)(x+2)  (2x-3) (x+2) +———

A(x+2)+BQ2x-3)

Qx—3)(x+2)

Chx43=Alx+ D)+ B(2x-3)

il

Y (2x=3)x+2)

E

X . gIving your

Use denominators (2x —3)
and (x+2)

%

Put x=-2_then -7=0-7B=8=1

3 i |
Put x=— then —=
2 2

Z
2
5x+3 3 . 0

A= 4=3

= Nx+2) 2x-3 x+
b

4

2

3 1

d;\.

5 5x+3 L
Lasan® =

g
2x—3mﬂ_l

=_$mh—ﬂ—m@+n

P S

© Pearson Education Ltd 2C
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——

‘)'
';1119+]118—In4

1097 +In >
4

In27+In2
In 34

]

=

Equate numerators.

< x4 2 *— [Rewrite the integral using

artial fractions.

—— [ntegrate and do not
forget to divide by 2.

Substitute the liumats
moting Inl=0_
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Review Exercise
Exercise A, Question 61

Question:
a Use mtegration by parts to find
[xcos 2x dx.
b Prove that the answer to part a mav be expressed as

—smx(2xcosx —smx)+C,

where C 1s an arbitrary constant. E
Solution:
a Let I = I‘xcosExdx — dv
. Let u=x and — =cos2x.
d}'.
H o= x= £ |
do
1 A Complete the table for
v = —sindye—=cosdy 4« du dv
2 dx u.v,— and —.
dx dx
_ 1 . 1.
2o f = —x;mfr—{—smh‘-ldx
2 2 e —
1 ~——————— [This integral can now be
= gk sin 2).'—10:}5 2x+c integrated directly.
. 2
1 : 1 . &
oI = —x2smxecosx+—(1-2sin” x)+¢
2 i
= lsin x(2xcosx—sinx)+—+¢ T [Use double angle formulae:

2 sin2x=2smxcosx

and cos2x=1—2sin" x.

L — cycoon oy
—sinx(2xcosx—sinx|+c

2 \

Where ¢’ = - +c.
4

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 62

Question:
Use the substitution =27 to find the exact value of
1 2.'(
[—adx. E
J0(2° +1)
Solution:
i 2.‘(
Let /= [——dx.
PR
Let u=2"
- [Youneed to replace each "X term
du R 2 T
— =7".1n? with a corresponding i’ term.
d}‘
Replace 2% dx by l%d”'
n A 3 .
—— |Change the limits:
E {lf ﬁ when x=0.u=2"=1
1 2 r=1lu=2'=2.
t 11
Then I = {— du
;E+ln2
L linqu+1))
= EI 11+ )]l
- L[Inﬁ s, 1112] P — L'se. the limits for & to evaluate
In2 the mtegral.
1 3
= —In—.
n2 2

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 63

Question:

Ly | 4

o

The figure shows a graph of y=x/sinx 0 <x =< 7.

The finite region enclosed by the curve and the x-axis 1s shaded as shown

in the figure. A solid body & 15 generated by rotating this region through

27 radians about the x-axis. Find the exact value of the volume of 5.
E(adapted)

Solution:

PhysicsAndMathsTutor.com
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Volume = ;‘:‘f{xﬂsmx}' dx —— ep v= I[_Tld:r_
a J
= ,T{J:] sinx dx
Use integration by parts. — : dv .
Letw=x" and —=sinx.
X
o= 'l.']:>d“_ﬁ.1'
£ == o T 1
‘\_\_\_‘_‘_‘—\_\_
dx . e i
P R e Complete the table for u.v.—
dx 4
v
and —.
= ] dx
S Volume = 7 |F—x' cosxli— [— 2xcosxdx |
_ x| 2+ [Excnsx de | «—— This_ integral 1s s-unp].e; than the
) A origmal one but vou will need to
use integration by parts again,
i dv
du ; —, o
i e 23‘_:,?=_ with w = 2x and n COS X .
X

-
Il

. dv
SIIY & —=CO05X
d‘;\.

S Volume = ’-'|:T1 —[Exsinx]: s }‘lsinx do |

————— [This term becomes zero as

= zT|:Fr3+[2c051']; ﬁ Yt D,

= x( 7 +[-2-2])
. T(7 —4)

= T —4r

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 64

Question:
a Find [.tcoslr dx .
b Hence, using the identity cos2x=2cos” x—1. deduce
}-J; cos vdx. E
Solution:
a Let I= J‘xcos 2x dx 4+—— use integration by parts and
' dv
let ¥ =x and —=cos2x.
da du
u = x=>—=1
1 . dv
- — ety g - = - -
= ) BN dx R 2 Complete the table for .!.'.1'.d—”_
dv
I o= lxsiuzx— [.lsinb'.ldr i di
2 it

| 1
= RreEn 2x+ - cos2x+c o [Donot forget to add the
¥ constant.

b I..'o[E-::-c:us,2 x—1dx=1T
So I‘;\'ms2 x d'c:lf—l [1 dx
; 7 7.

= }lxsin 2.r+lcos %
|4

—ix"-l-c
I 4

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 65

Question:
24’+y _ .. B C
Cx+D(2x-1) e 2x+1) (2x-1) -
a Find the values of the constants 4, B and C.
b Hence show that the exact value of
3 It
i U B S
L 2x+1D)(2x-1)
giving the value of the constant k. E

Solution:

PhysicsAndMathsTutor.com
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a Let
A2
£(x) _ 2 +l)
2x+1(2x-1)
_ 8x*+2
4x* -1
2r4
g iy | 85’ 19 4+—— [Divide the denominator into the
/ numerator.
8x' —2
4
~f(x) = 2+;
2x+1)(2x-1)
| B _ : ;
= P « Express as partial fractions, using
x+l 2x-l denominators 2x+1 and 2x—1.
/ Y G I
SR 4 _A@2x-1)+B(@2x+1)

Qxr+102x-1) Qx+DQ2x-1)

Equate mumnerators

4= AQx-1)+B@2x+1)

Put
1
X = :;4=EB=:-B=2
1
x = —;:4=—2‘i:~.-i=—2
2 ) .
Lf(x)=2

T Q2x+D) Qx-1)
or A=2.B=-2.C=2

b
1 1 " ?
. i o SR 1 :
N -!-f{l’l d [‘_ 2%+1 2x—1 4+ |[Use the partial fractions
) 3 from part a.
= [2x—In|2x+1|+In|2x-1]]
= 4-In5+n3-(2-1n3) Integrate each term using
= 2-In54+2In3 £(x)
- b jﬂﬂch—unﬂﬂ_
= 2+ ]nE :
5
Use the laws of Ins to
combine the log terms,
: e noting that
L km ey Jn3=In3 =1n9.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 66

Question:

f(x)=("+1nx.

Find the exact value of [:f (x) dx.

Solution:

Let 7= (*+1)Inx e
Let
de 1
Moo= Inx=—=—
x X
R i+1‘<:£=(l'2—1} —
3 dx
Using integration by parts:
- v n 1 ¢ 3 v
I = l[lT—xJ'].nx: - {—Il Jl—+Jr‘ dx
3 LN 3 ;
L | ‘___,_,_.—'—'—
f e:\ \II gy _L_] 4
= el =+ dx
g o {l 3 ")
b e ——

1}
w
.
+
o
|
—
|>-«
|
)

1l

| O
+

(a']

|
e
o |,
+

"

|

|

|

i
T

Use integration by parts with

u=Inx and so £:x3+1.
dx

d
IComplete the table for zm-‘.i and

E
dr

— |Apply the limits to the wv term

and to [‘LE de .
Y {h.

Evaluate the limits on uv and
remember Inl=0.

— é.::gc-‘- +10) +————— This 15 an exact answer.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 67

Question:

The curve C 15 described by the parametric equations

x=3cost,y=cos2t0=r=nm

Find a Cartesian equation of the curve C E
Solution:

x=3cost +——— [Rearrange to make cos ¢ the

A subject of the formula.

y o= cos 2r
= Jcositi—1 o Use the double angle formula.
— " [ x } 1

y.o= 4 3 - Eliminate ¢ to give a Cartesian

EquAarion.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 68

Question:

The point Pla.4) lLes on a curve C. C has parametric equations

x=3tsint, y=2sect,0 <t = —~ Find the exact value of a.

Solution:

Put y=2zectr=4 -

Then sect=2

&

: 1
So cosfr=—
2
.t = —
3
a
X = 3—sin—
3 \
. V3
i1e. x=T
3 -—
F —‘——\_\_\_\_\_\__\_\_\_\_
T ——
3 =
Soa=

© Pearson Education Ltd 2C
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E
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|As point P has v coordinate 4.

MNow solve the resulting
trigonometric equation.

(Give your answer in radians as

Gers,
2

Substitute the value of ¢ into
x =3fsint.

This 15 the x coordinate of P and
ko 15 equal to a.




Heinemann Solutionbank: Core Maths 4

Solutionbank C4
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Review Exercise
Exercise A, Question 69

Question:

A curve has parametric equations

.2 ) x
x=2cott,y=2sin"¢,0 -H‘SE.

; : dy .
a Find an expression for — 1n terms of the parameter .
’
b Find an equation of the tangent to the curve at the point where
f=—.
4
C Find a Cartesian equation of the curve in the form y=1f{x).

State the domain on which the curve 1s defined.

Solution:

PhysicsAndMathsTutor.com
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a
r = 2cott,y=2sin"t T :
: = i +——— [Use the chain mle to
dr  _ T dy _ T, differentiate 2sin’ 7
dr dr
+— | dy dy dx
dv s Use —=—=—.
. S de dr  dr
dx —2cosec °f
= _2sin’feost +— [S1mplify using
cosecf=——.
sin t
bA T di 5 | 1Y | 1) Find the valus of th Y
tf=—, gradient =—=*| —=| *| —7=| +— [Find the value of the gradient
A28 EI ﬁi z
1 of the curve at 1=— .
= 4
The coordinates of the point where = — are:

IZE__TZEX[F

N
5 &

. The equartion of the tangent 1s

(-1

_1{1-_ 2) 4+——— [The tangent has the same
2 eradient as the curve.

-1
—x+2.
2

o

x
¢ As x=2cotf.cott=—.
2 «+«——— [Rearrange to make cotr and

2 3
cosec ¢ the subjects of the

] -1 :'.'
Alsoas v=2sin f.sin” = and
2 formulae.

T
cosec f=—
=

use 1+cot’ f = cosec 't 4—«——— [Write down the relationship
FoNE between cot” t and cosec °f .

x| 2)
‘henl_l?? ) T/ = _
£ ¥, Eliminate ¢ to give a

(2} 44x Cartesian equation.
¥ : 4 FRE——— Take the reciprocal of each
B 4 side of the equation.
|l ?J - __1__. .".':
8
|.1 : = .l
4+
As O<t<— cotr>=0

As x=2cott.x=0
This 1s the domain of the function.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 70

Question:

A curve has parametric equations
x=7Tcost—cos 7 yv="Tsint—smn 7t

T T

—_— e —

8 3

: ; dv .
a Find an expression for — in terms of 7.
dx
You need not sumplify your answer.

b Find an equation of the normal to the curve at the point where

I s sib T x
t=— . Give your answer in 1ts sumplest exact form. E

Solution:

PhysicsAndMathsTutor.com
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a
x = Teost—cos Tty =Tsint—sin 7t
dx . o dv - -
— = —TJemr+7smn7r—="Tcosr—TcosTr
dt dt
using the chain mle :
dv _ Tcost—TcosTt
dx —TUsinr+ 7sin 7t

b When t ==

o | =

?x%—l—?xﬁ

Hs —T= . T
z
3
—7
- 5
- Gradient of the normal at the point +———
w. 1
where r=—1s —.
6 3

Ll [ ]

I

When =

~. Equation of the normal 1s

1 -
y—4 ﬁ(x—w'.?}
“ 3

© Pearson Education Ltd 2C
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+«— |dy _dy dx

dc  dr dr

m

Substitute = g to find the

eradient of the curve.

Use mm' =—1 the condition
for perpendicular lines to
find the gradient of the

mormal.

Find the co-ordinates of the
point on the curve when

il

r=—.
]

Use y—3, =mix—x) for
the equation of a straight
line.
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Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 71

Question:

A curve has parametric equations

™
FL!

x=tan" r,y=sinr,0=r=

-
. . dy .
a Find an expression for d_ in terms of 1.
X
You need not simplify yvour answer.
b Find an equation of the tangent to the curve at the point where
x
t=—.
4

Give vour answer in the form v =ax+ 5. where a and b are
constants to be determined.
c Find a Cartesian equation of the curve in the form y" =f(x}). FE

Solution:

PhysicsAndMathsTutor.com
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a
x = tan’ 7,y = sint e
o 5 dy
— = 2tanfsec” r.—=cosf
dt dt
using the chain rule:

dv cost
_:—_' .-—
dx 2tanrsec ¢
b When ==
4
1
S -
v _ V2
dx 2% 1% (\[2)°
_ 1
ING
T 1

. Gradient of the tangent where 1 =— 1s :
4 42

Avr=C v=1y=1—
4

V2

The equation of the tangent 1s:

1

¥ B i Y

1 - —
N A
Lo L 3 2 3
™

: -—
= l—cos ¢
1
= 1— - -
gec” f
1
= 1— -
l+tan“ ¢t +#——-—
»
= 1— or ¥ =
X 1+=x

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Use the chain mule to
differentiate tan” r.

Substitute F= E to find the

wvalue of the gradient of the
curve.

Find the co-ordinates of the
point on the curve where
r=ml4.

The tangent has the same

oradient as the curve at the
)

point l]%J ;

Use y—y, =m(x—x).

= 1 i 3
Use cos  r+sm r=1.

1

cosft

Use sect =

Use l+tan f=sec ¢

Eliminate f by using

tan" f=x.
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Review Exercise
Exercise A, Question 72

Question:

The curve shown in the figure has parametric equations

, f =y = s
r=sinf,}= emt r——] et
. 6/ 2 2
a Find an equation of the tangent to the curve at the point where
a
t=—.
6
b Show that a Cartesian equation of the curve 1s

_1'=ﬂ'§x+%-\ﬂ(1—x:}.—l-=1-x-=111. E

Solution:

PhysicsAndMathsTutor.com
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a
x = sin# '=';iﬂ|:.?—£\Il
- y=siali*g)
dx dy ()
—" = cose‘.;=coslr+—J
dr dt \
using the chain mle:
] I
dv CDSU—I__} dv dr dr’
cb; cost
At the point where 7 = % :
1 - . T i
dv gy 1 Substitute = E to find the
dx 3 \E - oradient of the curve which 1s
also the gradient of the
T It t.
*. Gradient of the tangent at + = E 15 % : anzel

Alsoat t=

=] V=—

2

r 1
P
Equation of the tangent 1s:
B 1)
R o J
5

> BV 2
1 3

1
Ly = \EJ: ﬁ B3

2
. 3 3
1.E. _‘I' =TT

3 3

; T
' = 1 t+—
) sm( )

sin fcos— + cosfsin—.
6 6

= £Slﬂf——CDST
P

As x=sint , using cos’ f=1—sin’ ¢t

means that cost =+/1—x"
V3

| .
.._'I.'=TI+E"I.'(1—.‘L' )]

As —l=sint<l=>-1l=<x<1.

© Pearson Education Ltd 2C
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Find the values of x and ;

when t=—.

+— [Use y—y, =mi(x—x) for

the equation of a straight
line.

— [Expand. using addition formmula.

T 3 . 1
Replace cosg by -y and Eiﬂg by 2

+——— [Eliminate ¢ by using

sinf = x and

cost=YV(1-x").
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Review Exercise
Exercise A, Question 73

Question:

The curve C has parametric equations

I:L_J =L_-1-..‘:r-.:,l_
147 1-¢

The line / 1s a tangent to C at the point where ¢ = 5

a Find an equation for the line /.
b Show that a Cartesian equation for the curve C'is 3= Gt
G
Solution:

PhysicsAndMathsTutor.com
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A <
1 1
x = —. V=
1+t 11—

& _ 1 & 1

dr (1<) "dt (1-0°
Sy _ (1)’
Cdx (1-¢)

At the point where ¢ =

2

dv
dx

|

Differentiate (1+£)" and

(1—)™" using the chain rule.

& _dy_de

Use : ;
de dr dr

. 1
1 Substitute = - to find the
4 eradient of the curve and thus
= =9 the tangent.
. 1 .
. Gradient of tangent, where r= .18 —9.
" 41“— Find the values of x and y
Also x=—= and y=2 where t=—. . 1
3 7 when =~
-. Equation of tangent is —
Y -
‘1'—32—9..1'—5! +—— Use y—3, =m(x—x).
1e. y=-9x+8
1
b As x=—0
1+¢
1
I+ = —
X
1 +—— [Rearrange to make ¢ the
ro= :_1 subject of the formula.
; : 1
Substitute mto y=——
-1
1 — —
Ly = 71 3 +—— [Flininate ¢ and simplify the
i l ——1| fraction multiplying
x numerator and denominator
_ 1 by x.
.
x
_ x
2x—1

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 74

Question:

] -\___h
iy

The curve shown has parametric equations

1
x=t+—,y=t—1fort=0.
i

a Find the value of the parameter ¢ at each of the points where
x= 21.
2
b Find the gradient of the curve at each of these points.
c Find the area of the finite region enclosed between the curve and
: 1
the line x= 2?. E
Solution:

PhysicsAndMathsTutor.com
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1
a x=t+—yv=r—l1lfort=0
F

1 1 1
[ — T =
As x _2.} P -
O |
St =2—t+1 = 0
2
1e2t=5%+2 = 0
S(2e-D(r-2) = 0
=}-I=%DI3
b
dr t- dr
dy 1 ¢
S |
1
When r=l., gradienr=i=__1
2 1 3
——1
4
4 4
t=2, gradient=——=—.
gradien T
c
. dl-
Area = — dt
ea .[J dr
9] ( l
= [ie-p|1-|ar
= [r-1-teta
3 | S ¢
= I——.r—lnr—ll
2 ti
use of limits + =2 and t=—to give
area = —}112—1—‘1—1_1111_
2 18 2 2
1 -
= 15—21112:0.4883

© Pearson Education Ltd 2C
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MMultiply both sides of this
equation by ¢ and collect the
terms to give a quadratic

equation.
Find E and d—1 and use the
dr dr
chain rule T O
dr dr dr

4+— [Substitute the values of 1

found in part a.

Substitute v=r—1 and

dr_ 1
dr r

FExpand the brackets.

Pntegrate each term.

Substitute r=2 and £ =

1d | =

then subtract.
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Review Exercise
Exercise A, Question 75

Question:

The curve shown in the figure has parametric equations

x=t—2sint,y=1-2coss,

0=t=<2m

S

’ i3 y
a Show that the curve crosses the x-axis where = E and = T ;

The finite region R 15 enclosed by the curve and the x-axis. as shown

shaded in the figure
b Show that the area R 1s given by the integral

iz

ff[l =32 cosr}:dr.

c Use this integral to find the exact value of the shaded area. E

Solution:

PhysicsAndMathsTutor.com
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a The curve crosses the x-axis when yp=10_
As y=1-2cost, when y=0

cosf=—
2
T W
S — e —.
3 3
b Areaof R is given by J_T1E dr
g dr
As x=r—2sinr,
E=1—2<:'::l;r_
dr
- Area = I.;T(I—Ecosr)(l —2cost) drt——— [ubstitute ¥ =1-2coss and
: 5s ?=l—2cosr mnto the
ediE = t
= I% (1—2cost) dr. integral.
c
s Area = l‘_-T(l —4cost+4cos' t)dr +—— [Expand the bracket.

3
S 5w

[t—4sinf3 +2 [ (cos2e +1) dr

£ El

e - - .. Integrate 1 —4cost directly.
g g
= [r—4sne]? 4[sin 2+ 2|3 \

T [Use double angle formula

) ) . cos2t=2cos’ t—1 to replace
— o Ap o 3
- |3t —4sint 51112:]; 4cos’ t with 2(cos2¢+1).

. low integrate (2cos2r+2).
3

F‘.ollecr the terms. |

Use the limits to find an
exact answer.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 76

Question:

The curve shown in the figure has parametric equations

x=acos3t ) =asinr.—£i~'r5 E.
6 6
The curve meets the axes at points 4, B and C, as shown.
The straight lines shown are tangents to the curve at the points 4 and C
and meet the x-axis at point D). Find, in terms of a
a the equation of the tangent to A,
b the area of the finite region between the curve, the tangent at 4 and
the x-axis, shown shaded in the figure.
Given that the total area of the finite region between the two tangents and
the curve is 10 em®

C find the value of a. E

Solution:

PhysicsAndMathsTutor.com
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a Atpoint 4 x=0

coacosit=0= 3=

ra | =

T
2
Bur y=asint

% e

mw

Arr=— 1=
5

(B [

. A1 the pomnt (0.%)

x acos3t ¥y =asint

E —3asi113r,£=acosr‘ / . dy E
dr dt s2 i dn

Sy _ cost
dx 3sin3s
V3 i
Tdr 2 A3
when t=—, —=——=-=——"|
6 du 3 6

: : a
.. Equation of the tangent at 4 1s ¥ =

B a )

e %5 S

6 2

Find the co-ordinates of the
point 4.

Find the gradient at the point 4.

V3

(x—0) «— [Use
y—y=m(x—x}.

6

b This tangent meets the x-axis when y =0, at the point D.

L]
6

Lx =

3

]

ﬁ"ﬂ o |

1
Area of triangle AOD 15 > » \Ea ® %

o %ﬁa: ﬁ Use area of triangle =

Atthe pomt B, r=0

; 1 ; r
Area of region required = —\Eﬂ‘ — J\ —ds
4 Y7 odt

PhysicsAndMathsTutor.com

Find the point where the
/ tangent meets the x-axis.

base

1 | =

* heightie. %GD 0

dx
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L*Jr_a —{ asinf(—3asm 3Hdr

\ area = area of triangle —area beneath the curve .

+— [Use 2sintsin 3 =cos2t—cosdt

= : -.."'_c;r 2 Crtalic § cos 2t —cosdr dr This is from the trigonometric
6 factor formulae' —see C3.
1 _J-: M Lk b i
2 G _—!5 sin 2f ——';m 4?‘ A""'f The E limit corresponds to point
14 and the 0 limit corresponds to
s 1 atse 1.:: J_ “"— point B
— — a T B E— ‘\\ G
4 Z 4 8 | Use the limits and the result
1 1 2 2 R Yar 3
= ~\Ba' - =34 su1;—51n——£ to give an
4 16 3 7
7 1 v ExAct answer.
= —J3a
¢ Total areais 2% iﬁal =10 «——— [The total area is twice the area
16 found in part b
P 80
el — -
NE
a = 679 (4s1)

© Pearson Education Ltd 2C
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Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 77

Question:

[ 1
A table top. in the shape of a parallelogram. 15 made from two types of
wood. The design 15 shown in the figure. The area inside the ellipse 1is

made from one type of wood, and the surrounding area is made from a
second type of wood.

The ellipse has parametric equations,

x=5cosf.y=4smf 0=8=21

The parallelogram consists of four line segments. which are tangents to the
ellipse at the points where

=w 8=—a. 8=m—0a. =—T+c.

a Find an equation of the tangent to the ellipse at (Scosa. 4smna).
and show that it can be written in the form
Syvsina+4xcosa=20.

b Find by integration the area enclosed by the ellipse.

c Hence show that the area enclosed between the ellipse and the
parallelogram 1s

80
sin 2o

- 20 E

Solution:
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a
x = SGecosfBy=4sinf
e —5sin Hd—‘ =4cos
dd dg
From the chain mle
dv dcosd < dy dy dx
SrE : Use —=——=—
dx —Jsing dc df dé
= —ic:}tﬂ
J
The gradient of the tangent <— [Substitute 8= & to give
at (Jcos . dsma) = _—4c0t a grgdient at particular
3 point.
~. Equation of the tangent 1s
y—dsmmo= —gcora'(x— Jcos@) +——— IL'se y—y3 =mlx—x).
ie Sysina—20sin'a = —4cosaxx : :
s ; 4—— Multiply both sides of the
—20cos” o . B
. ) equation by sin o .
Sdysma+dxcosa = 20(cos” a+sin o)
= 20x1 4+— [Collect terms using
i 20 cos-@+sin’ o =1.
b
Area = I""}.Edg
<1 df
all ) cE P 2
o I dsin E(—j‘:lﬂg:l qg Substitute 3 =4dsm & and
i dx - o
u: e — = —5sind into integral
= —10 2sin’6ds dé
i)
= 10 L_cos 28—14d7 +— [Use double angle formula
] I, cos2f=1-2smn" 8.
= 10/ —sin28—48|
{2 b 4+— [[ntegrate and use appropriate
limits.

Use limits 0 and 2.7 to obtain /
area = 207

PhysicsAndMathsTutor.com
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¢ Area of tiangle formed by tangent at
(Scosa_4sina) and the coordinate

axes:
. 5 +— [Find the points where the
Tangent meets x-axis at x =
cos o tangent crosses the x- and -
_ Ax1s.
Tangent meets y-axis at v =—
sin o
; 3 4 oz 0T
- Area of triangle = o % — Use area Di;
2 cosa sma : ;
triangle = — base x height .
_ 10 2
510 O/ COs &
_ 20
sin2a
Parallelogram is made up of four such triangles.
80

4—— [From symmetry the area of
g .
BN the parallelogram 1s
—20r. 4 x area of tnangle .

80
sin 2o \
Area required = area of

parallelogram — Area
enclosed by ellipse.

- Area of parallelogram =

.. Enclosed area =
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