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Differentiation
Exercise A, Question 1

Question:

.. d : : :
Find d—i for each of the following, leaving your answer in terms of the parameter
t:

(QX=2t,y=tZ—3t+2
(b)x = 3t y = 23
(O x=t+3t2y=4t

(d)x=t2-2,y=3°
(6) x = f,y:3t2—2

1 t2
(x=3-7.Y= 21

2t _ 1-12
Y= e

(@) x=

1+1t2

(h)x = t%€, y = 2t

() x=4sin3,y=3cos3

() x=2+sint,y =3 — 4 cog
(k) x =sect,y = tant

() x =2t -sin2t,y =1 — cos2t
Solution:

(QXx=2t,y=tZ-3t+2
& _ . dy _
a =2 g =4-3
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Using the chain ru

dy
(5 )

d

dx:

2t-3
2

dx
(E)

(b)x = 3%, y = 23
x . dy _ 0
g - oL =@

Using the chain rule

dy
o _ Lo e _.
dx — dx 6t
(E)
(C)x=t+3t3 y=4t
dx dy _
g —1ta, =4
dy 4

- o = 1+e (fromthe chain rule)

(d)x=t2-2,y=3t°

ax _ o9y a4
a -2 g =18
dy 15¢* 158 _
i = 2 = 3 (from the chain rule)

dx dy
X =2 9
d — Zil ’dt_6t
. _ et

' dX_ _2t—2

I S
D x=57.¥Y= -1

dx

Asx= (2t-1) ~ L —=-2(2-1) ~°2

v dt T
Use the quotient rule to g
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dy  (2t-1) (2t) -t2(2) 28— 2 (t-1)
t - (2t-1) 2 S o(2-1)2 7 (pt-1)2
dy
8y _( i)
HenCedX =
(4
= ——=+-2(2-1
(2t-1) 2 ( )
_o2t(t-1) . -2

(2t-1)2  (2t-1)2
2t(t-1) (2t-1)2
-_— X

(2t-1) 2 -2

= —-t(t—-1) ort(1-1)

_ 2t _ 1-1t2
@x= T 3¥Y= T,
dx  (1+t?)2-2t(2t) _2-2F
dat — (1+t2)2 - (1+t2)2
and
dy  (1+t%) (-2t) - (1-t%) (&) = -4
dt — (1+¢) 2 S (1+2) 2
Hence
dy
&y (4
X = dx
(E)
— 4t . 2 - 22

- (1+12) 2 T (1+12) 2
— 4t
2(1-t2)
2t or 2t
(1-12) t2-1

(h)x = t2el, y = 2t

(LS R dy
5 = t°e + €2t (from the product rule) angtx =2
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dy 2 2

X T 2diod e (t+2)

() x=4sin3,y=3cos3

d—t:12cos ot = -9sin3
d_y_ - 9sin3t _ §
X — 12cos3t — 4 tan3

(j) x=2 + sint,y =3 — 4 cog

ax _ d _ . .

p = CO4t, at = 4 sint
ﬂ _ 4 sint _
dx ~ cost = 4 tart

(k) x =sect,y = tant
ax _ dy _ p.
g = secttant, = =secC t

dy _sect
I_Iencedx ~ sec ttant

sect
tant

1 cost

sint

cost
1

sint
= cosect
(Dx=2t-sin2,y=1-cos2

dx dy )
azZ—ZcosZgzZsmz

dy  _2sin2t
I_Iencedx T 2-2cos2t
2 x 2 sint cost

2-2(1-2 sift)
sint cost
sinft

cost

sint

= colt
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Differentiation
Exercise A, Question 2

Question:

(a) Find the equation of the tangent to the curve with parametric equations

X=3t-2sint,y = t2 + t cost, at the poinP, where t= %

(b) Find the equation of the tangent to the curve with parametric equations
x=9-t2 y =t + 6, at the poinP, wheret = 2.
Solution:

(a)x = 3t — 2 sint, y = t% + t cost

ox _ dy _ ( :
g —3—2cod, ;f =A+ \ —tsint + cost

)
)

ﬂ 2t — t sint + cost

dx 3-2cod
T
(7- 7))
oz dy %2z
Whent= 75, 5 = 3 =~ 6

". the tangent has gradie%t

_z . _ 3 _
Whent = 7 ,x= - —2andy= 7

3
". the tangent passes through the p(ﬁmg =52

The equation of the tangent is

2 T 3z
v-F=six (T2

2

. = _ . = =z
YT T eXT gyt
R
I.e._6x+3

(b)x=9-t3 y=t2+ 6t
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ax dy _

dt A, G =A+6
dy  2+6
dx -2t

dy 10

At the point where= 2,5~ = —, =

Also att = 2,x = 5 andy = 16.
". the tangent has equation
-5
y-16= 7 ( X—5 )
S 2y—32= -%+25
l.e.2y + 5x = 57

© Pearson Education Ltd 2C
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Differentiation
Exercise A, Question 3

Question:

(a) Find the equation of the normal to the curve with parametric equations
x=¢d,y=¢+e~ ! atthe poinP, where t= 0.

(b) Find the equation of the normal to the curve with parametric equations

x=1-cos2 y=sinZ, at the poinP, where t= %.

Solution:

(@)x=é,y=el+e7 !

dx dy

ax e A
& = € andy, =t-¢

& _ d-et

dx d

dy
Whent =0, o~ =0
.. gradient of curve is O
. normal is parallel to thg-axis.
Whent =0,x=1andy = 2
. equation of the normal is= 1
(b)x=1-cos2 y=sin2

da . dy _
pm —23|n2anddt = 2 cosP

ﬂ_ 2(:052t_
dx ~ 2sin2t = cot2
= dy 1 _ 1
Whent = &, 5, = — T3
tan —

3

.. gradient of the normal is </ 3
T 1

T = _1 g T 3
Whent = ©,x=1-cos3 =5 ang=sin3 = 7
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equation of the normal is

V3 1

y- 5 = -3 (X—E}

V3 V3

le.y- & = - 3+
Syt V3x= V3

© Pearson Education Ltd 2C
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Differentiation
Exercise A, Question 4

Question:

Find the points of zero gradient on the curve with parametric equatmns
t t2

TYE TotEL

You do not need to establish whether they are maximum or minimum

Solution:

Use the quotient rule to give

dx  (1-t) x1-t(-1) _ 1
e (1-t) 2 o (1-1) 2
and
dy  (1-t)2t-t2(-1) _2t-+
t o (1-t) 2 To(1-1) 2
dy a2 1 )
x= 027 Gone tiETh)
dy
Wheny, =0t=00r2
Whent =0 thenx=0,y=0
Whent =2 thenx= - 2,y= -4
2. (0, 0) and ( -2, -4) arethe points of zero gradient.

© Pearson Education Ltd 2C
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Differentiation
Exercise B, Question 1

Question:

. . d :
Find an expression in terms andy for d—i, given that:

@x2+y3=2
(b) X2 + 5y? = 14

(c) X% + 6x — 8y + 5y = 13
(d)y3+3x%y - 4x=0

(&) F° -2y +2xy=x°

_ X
(0 x= 2

@ (x-y) 4=x+y+5
(h) ey = xe¥
OV (xy) +x+y>=0

Solution:

@x°2+y3=2

Differentiate with respect to
2 22~
X + 3y dx —

dy - 2x

(b) X2 + By? = 14
dy
2x+ 10y 4 =

PhysicsAndMathsTutor.com
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ﬂ - 2X X

- dx 10y Sy

(c) X2 + 6x — 8y + 5y? = 13
dy dy
2x+6-84 +1¥, =0

_ [ ) 9y
2X+6— k8_1@jdx
dy 2X+ 6 X+ 3

T 8-10y — 4-5y

d)y>+3x%y -4x=0
Differentiate with respect to

d d
3 o + (&2%+yx6x) -4=0

Y (2 a2 )\
Xk3y+3x)—4 By
.Y 4-6xy

Todx T 3 (@ +y2)

() 37 -2y + 2= x° =0

dy ,d (L, ) 2 _
6ydx_2dx+ \Z(dx+yx2j -X°=0
dy[

x| 6y - 2+2x) =32 -2y
dy A2 -2y

E dx 2X+ 6y — 2

(f) x = fy
-y

|e>§ Xy =2y=0

Differentiate with respect to

dy dy
3x2 - (xd—x+y><1) -2, =0

dy
3x2—y: dx (x+2)
Ly -y
*odx T o x+2
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Page3 of 3
(@ (x-y) *=x+y+5
Differentiate with respect to
4(x-y) 3 ( 1 - y ) =1+ > ~ (The chain rule was used to
differentiate the first
term.)

LA (x-y)3-1= %[ 1+4(x-y) 3 }

dy _ 4xoy) 3-
L 1ed(x-y) 3

(h) &y = xe¥
Differentiate with respect to

d d
exﬁ +yeX:erﬁ+ey><1

&L ey L=y

& (eX-xev\ - o -y
dy _ oy
T T X xeY

)\ +x+y*=0
Differentiate with respect to
1 -2 (% ) &
2()(y) Z\Xd +yx1)+1+g/dx_

Multiply both sides by @

ook ) - - (70s
dy = (2xy+y)
dx —  x+4\xy
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Differentiation
Exercise B, Question 2

Question:

Find the equation of the tangent to the curve with implicit equation
x2 + 3xy? — y3 = 9 at the point (2, 1

Solution:
X2+ 3y’ —y3=9

Differentiate with respect tei

d
Whenx=2andy =1
4 + (123—1 +3) —3g—y =0

X

-7
. the gradient of the tangent at (2, 1)s

The equation of the tangent is
() _Z2( 5
YTt ) T e
L9y -9= -+ 14
SOy + Ix =23

© Pearson Education Ltd 2C
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Differentiation
Exercise B, Question 3

Question:

Find the equation of the normal to the curve with implicit equation
(x+y) 3=x2+yatthe point (1,

Solution:

(x+y) S=x*+y
Differentiate with respect ta

dy dy
3(x+y)2(1+&) :2(+&
At the point (1, 0)x=21andy=0
ol dy Yy _, W
..3\1+dxj =2+
R dy -1
L2 =Tl =2 W=

.. The gradient of the normal at (1, 0) is 2.

. the equation of the normal is
y-0=2(x-1)
lLe.y=2x-2

© Pearson Education Ltd 2C
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Differentiation
Exercise B, Question 4

Question:

Find the coordinates of the points of zero gradient on the curve with implicit
equationx? + 4y2 — 6x — 16y + 21 = 0.

Solution:

X2+ 42 —6x-16y+21=0 Q@
Differentiate with respect ta

dy dy
2x+8y o —6-16 =0

dy ay _
8y - 167 =6-X

dy
(8y—16)&:6—2<
. dy  6-2x
" dx = 8y-16

d
Forzerogradien{& =0=> 6-X%=0 = x=3
Substitutex = 3 intoD to give
9+4°%-18-16/+21=0
> 4y°-16y+12=0[ +4]
> y-4y+3=0
= (y-1) (y-3) =0
= y=1lor3
". the coordinates of the points of zero gradient are (3, 1) and (3, 3).

© Pearson Education Ltd 2C
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Differentiation
Exercise C, Question 1

Question:

Find j—i for each of the following:
(@)y =3

Oy= {3 ]

(©)y = xa

2X
dy= T
Solution:

(a)y=3%

dy
=L _ X

(©)y=xa*
Use the product rule to give

d o x Xxoa_x [ 3
o = Xa In a+a*x1=a len a+1)

X

2
dy= 7%

Use the quotient rule to give
dy xx2In 2-2x1  2(xIn2-1)

dx — X2 X2

© Pearson Education Ltd 2C
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Differentiation
Exercise C, Question 2

Question:

Find the equation of the tangent to the cyrwe2* + 2~ X at the point( 2,4

1)
4 )

Solution:
y — 2X + 2— X

dy _
dX—ZXIn 2-2"XIn 2

R A 1 _1H
Whenx—2,OIX =4|n 2—4 In 2—4 In 2

A} IS

M

. the equation of the tangent %t 2

y—4%:%ln 2(x—2)
.4y = (15In 2)x+ (17-301In 2)

© Pearson Education Ltd 2C
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Differentiation
Exercise C, Question 3

Question:
A particular radioactive isotope has an actiWynillicuries at timet days given

by the equatiol = 200 ( 0.9 ). Find the value of;- , wher= 8.

Solution:

R=200 (0.9)!

dr t
i =200 x1In 0.9x (0.9)
Substitutet = 8 to give

drR
= - 9.07 (3sf)

© Pearson Education Ltd 2C
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Differentiation
Exercise C, Question 4

Question:

The population of Cambridge was 37 000 in 1900 and was about 109 000 in
2000. Find an equation of the fof= Pokt to model this data, whetes

: d : :
measured as years since 1900. Evalqj%te in the year 2000. What does this
value represen

Solution:

P=PK

Whent = 0, P = 37 000
©.37000 =P, x K =P, x 1
.. Py =37 000

-.P=37000 (k) !

Whent = 100,P = 109 000
. 109 000 = 37 000 k) 100
100 109 000

37 000

109
k=104 = =101

dP t
o =37 00&In k

Whent = 100
dP (109 ~ 1 109

= 1178 people per year
Rate of increase of the population during the year .

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise D, Question 1

Question:

Given thatV = énr3 and that(i—\t/ =8, finc% when= 3.

Solution:
1
- =3
dv
ar =T

Using the chain rule
dv  dv  dr

L8 =mrex m

L, O 8
Whenr = ) 9

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 2

Question:

Given thatA = %nrz and tha% =6, find‘:f when= 2.

Solution:
- =2

dA 1

ar — 27Tr

Using the chain rule

dA  dA dr 1
G- @ X g = nr X6 =3

_, 9A
Whenr = Tt =6t

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 3

Question:

Given thaty = xe* and that(;—)t( =5, fin% whexr = 2.
Solution:

y = xe*

d

ﬁ =xef+eix1

Using the chain rule

dy _dy odx _ o f )
dt

ax X a —€ (X+t1 ) x5

d
Whenx = 2, & = 158

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 4

Question:

Given thatr = 1 + 3 co®) and that(:j—f =3, fino;L; wheé = %.
Solution:

r=1+ 3 cos

a )

9 = 3 sind

Using the chain rule

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 1

Question:

In a study of the water loss of picked leaves the mageams of a single leaf

was measured at timeslays after the leaf was picked. It was found that the rate
of loss of mass was proportional to the mdssf the leaf.

Write down a differential equation for the rate of change of mass of th

Solution:

dMm
¢ represents rate of change of mass.

dM . : :
o ¢ — M, as rate ofossindicates a negative quantity.
. .. = — kM, wherek is the positive constant of proportionality.

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 2

Question:

A curve Chas equatiog =f ( x) ,y > 0. At any point? on the curve, the
gradient ofC is proportional to the product of tkeand the ycoordinates oP.

The point Awith coordinates (4, 2) is db and the gradient & atAis %

dy _xy
Show that& ST
Solution:

d
The gradient of the curve is given g§

d
: % oc Xy  (which is theproduct of x andy)

d _ .
" ﬁ = kxy, where kis a constant of proportion.

dy 1
Whenx =4,y =2and =3

1
2:kx4x2
o, L
k= 16
dy _x
X — 16

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 3

Question:

Liquid is pouring into a container at a constant rate of 3G sml Attimet

L : : 2 _
seconds liquid is leaking from the container ataratEM cns ~ 1 where

V cm?is the volume of liquid in the container at that time.
d
Show that - 155~ =¥ - 450

Solution:

dv
Let the rate of increase of the volume of liquid e

dv 2
Then~ =30 -7V
Multiply both sides by - 15:

dv

- 1575 =2/ =450

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 4

Question:

An electrically charged body loses its cha@eoulombs at a rate, measured in
coulombs per second, proportional to the ch&ge

Write down a differential equation in terms@fandt where tis the time in
seconds since the body started to lose its ct

Solution:

d

The rate of change of the chargeacfs
dQ

dt

aQ
dt

oc — Q, as the body iksing charge the negative sign is required.
= - kQ, where kis the positive constant of proportion.

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 5

Question:

The ice on a pond has a thickn@sam at a timé hours after the start of
freezing. The rate of increase»ois inversely proportional to the squarexof
Write down a differential equation in termsx andt.

Solution:

) . dx
The rate of increase afis o

. dx 1 . .
L g < ;,as there is aimverse proportion.
dx

e % wherek is the constant of proportion.

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 6

Question:

In another pond the amount of pondweBlidrows at a rate proportional to the
amount of pondweed already present in the pond. Pondweed is also removed by
fish eating it at a constant rate@fper unit of time.

Write down a differential equation relatiyandt, where tis the time which he
elapsed since the start of the observa

Solution:

dp
The rate of increase of pondweedjs
This is proportional td.
dP

.EocP

dP :
. gt = kP, where kis a constant.

But also pondweed is removed at a @Qte
dpP
. gt =kP-Q

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 7

Question:

A circular patch of oil on the surface of some water has racansl the radius
increases over time at a rate inversely proportional to the radius.

Write down a differential equation relatingindt, where tis the time which has
elapsed since the start of the observa

Solution:

d
The rate of increase of the radiusar'{s

dr 1 . . .
& °¢ 7. asitisinverselyproportional to the radius.

dr

k . :
. & = 7 »Wherekis the constant of proportion.

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 8

Question:

A metal bar is heated to a certain temperature, then allowed to cool down and it
Is noted that, at time the rate of loss of temperature is proportional to the
difference in temperature between the metal faand the temperature of its
surroundingg,,.

Write down a differential equation relati@ andt.

Solution:

dg
The rate of change of temperaturejs

do
g < T ( 0 -0, ) The rate ofoss indicates the negative sign.
4 )

= L 0 -0, ) where ks the positive constant of proportion.

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 9

Question:

Fluid flows out of a cylindrical tank with constant cross section. At time
minutes, t> 0, the volume of fluid remaining in the tankvsn®. The rate at

which the fluid flows in M min~ 1is proportional to the square root\af
Show that the depth metres of fluid in the tank satisfies the differential

.__dh : "
equation = = X v h, where kis a positive constant.

Solution:

e\
Let the rate of flow of fluid be ;— , as fluid is flowirayt of the tank, and the
volume left in the tank is decreasing.
- dv
S V'V

v . g
. g = — K'YV, where Kis a positive constant.

ButV = Ah, whereA is the constant cross section.

L =A

. . dh
Use the chain rule to flngt—

dv dv dh

dat = dh X dt

dh_av v KV

dt = dt T dh - A
ButV = Ah,

2—?: -k/iW = (_—2) Vh= —k\/h,where% is a positive
constan

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 10

Question:

At time t seconds the surface area of a cubfe ism? and the volume i¥ cm?®.
The surface area of the cube is expanding at a constant rate?€™ tm

dv 1. 1
Show that i - 2V 3.
Solution:

: dA
Rate of expansion of surface aregs

dv .
Needgso use the chain rule.

av._ dv. ~dA

dt — da X dt

A _,av _ av L[ dA )
Asq =2 =2 0r2+ v ;) O
Let the cube have edge of lengthm.
ThenV = x3 andA = 6x2.

2
Eliminate xto give A= 6V 3
A -1
1
& 2 e 1l
From D a = = 3 =35Vs

© Pearson Education Ltd 2C
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Differentiation
Exercise E, Question 11

Question:

An inverted conical funnel is full of salt. The salt is allowed to leave by a small

hole in the vertex. It leaves at a constant rate of 8 sm?.
Given that the angle of the cone between the slanting edge and the vertical is 30

degrees, show that the volume of the saitnilsﬁ, whereh is the height of salt at

timet seconds.
Show that the rate of change of the height of the salt in the funnel is inversely

proportional tch?. Write down the differential equation relatih andt.
Solution:

1 o
UseV = 37l h

As tan30 ° :L—

3
. dv
Itis given thaty- = - 6.
. dh )
To find o use the chain rule:
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dt — dt dv dt dh
dv 1
av _ 1,2
From(Q g = 37h
dh 1
g~ . 1,9
a = — 6% 3mh
dh  -18
dt - 7l'h2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise F, Question 1

Question:

The curveC is given by the equations
— - 8

X=4t-3,y= t2,t>O

wheret is a parameter.
At A, t = 2. The lind is the normal t& atA.

L, dy .
(@) Flndd—i in terms of.

(b) Hence find an equation KE;

Solution:

(@)x = 4t — 3,y = t%:St‘z
[ dy _ -3
at —4and0It = —-16

o dy —16t_3_ -4
Codx T 4 _t_3

NI~

(b) Whent = 2 the curve has gradien_f1 =

". the normal has gradient 2.
Also the poinA has coordinates (5, 2)
". the equation of the normal is
y—-2=2(x-5)
lL.ey=2x-—-8
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Differentiation
Exercise F, Question 2

Question:

The curveC is given by the equations= 2t,y = t2, wheret is a parameter. Fir
an equation of the normal C at the poinP onC wheret = 3.0

Solution:

X=2ty=t2
ax _ . dy _
at 2 g -4
dy _ 2t _
©dx T 2 =t
Whent

3 the gradient of the curve is 3.
1
. the gradient of the normal is 3

Also at the poinP where t= 3, the coordinates are (6, 9).
. the equation of the normal is
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Differentiation
Exercise F, Question 3

Question:

The curveC has parametric equations
x=t3,y=t2t>0
Find an equation of the tangeniC atA (1, 1)@

Solution:

X dy
X _ 2 ay _
= 3t an e

*dx 3t2 = a
At the point (1, 1) the value ofs 1.

2
. the gradient of the curve s, which is also the gradient of the tangent.

. the equation of the tangent is

y—lzé(x—l)

, 2 1
lLey= 3x+ 3
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Differentiation
Exercise F, Question 4

Question:

A curve Cis given by the equations
X=2cod +sind,y=cost—2sin3,0<t<rzx
wheret is a parameter.

(@) Flnd— and— in terms df

(b) Find the value o% at the poiRton C where t= %.

(c) Find an equation of the normal to the curvP. @

Solution:
(a)x=2cog +sin,y=cost — 2sina
dx ) d )
P —23|nt+20052,%: —sint —4 cos?2
] d__ — sint — 4 cos 2t
(b) ** dx T —2sint+ 2 cos2t
—1 5
_xody V21
Whent = 4'dx T -2 -2
20

(c) .. the gradient of the normal at the pdijtwhere t= %, is — 2.

The coordinates ¢f are found by substituting= 7 ~into the parametric
eqguations, to give

2 1
x= Tz *+ly= 73 -2

. the equation of the normal is

T T

2
Y= (V272 ) T T2 X \W”N

|

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Page2 of 2

_ 1 4
lLe.y- 75 +2= —-X+ 5 +2

542
LY+ 2X= T

N
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Differentiation
Exercise F, Question 5

Question:

A curveis given bx =2t + 3,y = t3 - 4t, where tis a parameter. The poiAt
has parametdr= — 1 and the lin¢ is the tangent t€ atA. The line lalso cuts
the curve aB.

(a) Show that an equation fois 2y + x = 7.

(b) Find the value ct atB.@®
Solution:
(Q)x=2t+3,y=1t3- 4t

At pointA,t= - 1.
. the coordinates of the poiAtare (1, 3)

& _ ay
 =2andy =%¥-4

dy 32 -4

E dx 2

1

: dy
At the pointA, |~ = — 3

. the gradient of the tangentAis - %

". the equation of the tangentAats

y-3= —%(x—l}

le.y-6=-x+1
L2yt x=7

(b) This line cuts the curve at the polht
S2(8-4t) + (2t+3) =7 gives the values ofatA andB.

ie.22-6t-4=0
AtAt= -1
. (t+1) isaroot of this equation
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29—&—L=(H4) (#—a—4)= @+1

A\ ( \
2t-4 —20+1)2\t—2)

t+1

~—
A~
~—
/N

So when the line meets the cunve, — 1 (repeated root because the line
touches the curve) oF 2.

. atthe poinB, t = 2.
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Differentiation
Exercise F, Question 6

Question:

A Pancho car has valu&/ft time tyears. A model fo¥ assumes that the rate
of decrease o¥ at timet is proportional td/. Form an appropriate differential

equation foN.@
Solution:

av .
5 s the rate of change ™

dv - . .
o < —V, as adecrease indicates a negative quantity.

dv

. gt = — KV, where Ks a positive constant of proportionality.
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Differentiation
Exercise F, Question 7

Question:

The curve shown has parametric equations
x=5cod),y=4sin0,0 < 6O<2r

NG

(a) Find the gradient of the curve at the p&irat which 6= %.

(b) Find an equation of the tangent to the curve at the point

(c) Find the coordinates of the poR where this tangent meets x-axis @

Solution:

(@)x=5cod,y=4sind

dx : dy _
w0 " —58|n<9andd9 = 4 co¥
ﬂ_ -4 coy)
* dx ~  5sind

d -4
At the pointP, where 6= ”z, ax = 5 -

4

(b) At the pointP, x = %andy = 72

". the equation of the tangentRats
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L, A 8
Y= s Xt

Multiply equation by 5 and rationalise the denominator of the surd:
By + 4x = 20V 2

(c) The tangent meets tikeaxis wheny = 0.
. x=5+ 2 andR has coordinates (%2, 0) .
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Differentiation
Exercise F, Question 8

Question:
The curveC has parametric equations
x=4cos2,y=3sint, - > <t<

: . 1) .
Ais the p0|nt\ 2, L ) o and lies @
(a) Find the value dfat the poinfA.
. dy .
(b) Find - in terms of.

(c) Show that an equation of the normaCtatAis 6y — 16x + 23 = 0.
The normal af cutsC again at the poirs.

(d) Find they-coordinate of the poir.

(E

Solution:

(a)x =4 cos2 andy = 3 sint

Aisthepoint( 2, 1%} and so

1
40032:2and33im:1§

N -

1 .
J.cosd = Eand sirt =

T T T .
As -7 <t< 7,t= 7atthe point A
dx ) dy
(b) 5 = —8sin2andy  =3cos
dy _3cod
" dx ~  -8sin2t
_ _—3cod )
= Teemcog  (Using the double angle formula)
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-3
16 sint

-3

z  dy
(c) Whent = 5 i = 8

8
. the gradient of the normal at the pohnis 7.

. the equation of the normal is

y—1%:§(x—2}

Multiply equation by 6:
6y — 9 = 16x — 32
S.ey—-1ex+23=0

(d) The normal cuts the curve when

6(3sint) —16 (4cos2) +23=0

.18 sint — 64 cos2 + 23 = 0.

S.18sint-64(1-2 siﬁt) +23 =0  (using the double angle
formula)

. 128sirft + 18 sint — 41 = 0

: 1, : : : :
But sirt = 7is one solution of this equation, as paiites on the line and

on the curve.
. 128sirft + 18 sint — 41 = (2sint—-1) (64sint+41)
S.o(2sint-1) (64sit+41) =0

. atpoint Bsint= —~

: .. —123
. they coordinate of poinB is —¢,— .
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Differentiation
Exercise F, Question 9

Question:

The diagram shows the cur@ewith parametric equations

. 1
x=a sift,y=acost, 0<t< >z

wherea is a positive constant. The pollies on Cand has coordinateé

3 1)
22 2a).

VA

~

i
P
;
0 X

. ,d . :
(@) Flndﬁ , giving your answer in termstof

(b) Find an equation of the tangentato C.

LE

Solution:

(a)x = a sirft,y = acost

dx . dy )
—— =2asintcostand- = —asint
dt dt
ﬂ B —asint - 1 - 1
dx ~ 2asintcost - 2cos ~ 2 sect
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(3 )

(b) P is the pointk 2, %a ) and lies on the curve.

_ 3 1
.. a sirft= Jaandacost = 3a

) V3 1 1
C.osint= 7and cos$ = EandOStS o

St= 3
1 T

. the gradient of the curve at polis - 5 sec 57 = - 1.
The equation of the tangentRais

1 ( 3_)
y- za= -1 \x— 4a)

1 3

Sy+x= Ja+ Za

Multiply equation by 4 to givdy + 4x = 5a
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Differentiation
Exercise F, Question 10

Question:
This graph shows part of the cur@eawith parametric equations
x= (t+1)2y= %t3+3,t2 -1

P is the point on the curve wherre 2. The line lis the normal t& atP.
Find the equation df

JJ‘. f C

o X, %
F

Solution:

1
x= (t+1) 2 y= 5t3+3
dx ( \

dx dy _3,
t—2 \t+1janddt =5t

3.
(2t) »
x — 2(t+1) T 4(t+1)

dy

dy 3x4

Whent =2, = 753 =

The gradient of the normal at the pditvhere t= 2, is — 1.
The coordinates d? are (9, 7).
". the equation of the normal is
y-7=-1(x-9)
lLeey—-7=-x+9
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S y+x=16
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Differentiation
Exercise F, Question 11

Question:

The diagram shows part of the cu@evith parametric equations
Xx=t%y=sin2,t>0
The point Ais an intersection df with the xaxis.

VA

: >
0 N X
(a) Find, in terms of, thex-coordinate ofA.

(b) Find £ in terms of, t > 0.

(c) Show that an equation of the tangenttatA is 4x + 2ry = 2.

(E

Solution:

(a)x = t? andy = sin2
At the pointA, y = 0.

C.sin2=0
C.2t=1x
t= 3

2

The pointA is (% : O}
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dx dy
(b) o =2andy =2cos®

. _ cos 2t
Codx T t
: dy = -1 _ =2
(c) At pointA, = =~

(E)

-2
. the gradient of the tangent/Ats — .

". the equation of the tangentAats

-2 i
o (x- )

l.e.y= — >
Multiply equation by 2 to give

21y + 4x = 2
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Differentiation
Exercise F, Question 12

Question:
Find the gradient of the curve with equation

5x2 + 5y2 — 6xy = 13
at the point (1, 2).

(E

Solution:

5x2 + 5y? — 6xy = 13
Differentiate implicitly with respect t&:

10x+10yg—i— (6xj—i+6y) =0

. %(1Q/—6x) +10x - 6y = 0

At the point (1, 2)

ay () _
dX\14) +10_12—O
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Differentiation
Exercise F, Question 13

Question:

Given that & + Y = xy, find g—i in terms of andy.

LE

Solution:

e2X+QZY:xy

Differentiate with respect tai
d d
26X + 26 - =x o +yx 1

2e2y% —x%:y—Zezx

- (Zezy—x ) =y — 2

dx )
. dy  y-2e%
Todx T 28—
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Differentiation
Exercise F, Question 14

Question:
Find the coordinates of the turning points on the cyfve 3xy? — x° = 3.

LE

Solution:

y3 + 3xy2 -x3=3
Differentiate with respect tai

dy dy

3?4 (3x><2y&+y2><3) -¥X*=0
dy

e (3y2+6xy) = 3% - 3y?
d_y 3(X2_y2) _ X2_y2

ST 3y (y+x) T oy(y+ )

Wheng—i =0x° =y iex= +y

Whenx= +y,y3+3y3-y3=3 = 3°=3 = y=landx=1
Whenx= -y, y3 -3y +y3=3 = -y3=3 = y=3(-3) and

. the coordinates are (1, 1) and F( =-3) , 3 (-3) ) .
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Differentiation
Exercise F, Question 15

Question:

Giventhaty (x+y) =3, evaluatef% whepn = 1.

LE

Solution:

y(x+y) =3
CLyX+ Y2 =3
Differentiate with respect tei
SR DR T ELI
Wheny=1,1(x+1) =3 (from original equation)
SoX=2
Substitute intdD:
1+22 4% =9
dx dx
dy
dx

. dy -1
e = 2

A= -1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Core Maths 4 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise F, Question 16

Question:
@nf(1+x)(2+y):x2+ﬁ,mm§§mUymso&mMy
(b) Find the gradient of the curve (1x9 (2 +y) = x% + y? at each of the

two points where the curve meets jhaxis.

(c) Show also that there are two points at which the tangents to this curve are
parallel to they-axis.

(E

Solution:

(@) (L+x) (2+y) =x+y?
Differentiate with respect to

d d
o) (2] (o) (1) s
( Y dy _

\1+X_2yjdx 2)(_y_2
dy _ 2x-y-2
dx T 1+x-2y

(b) When the curve meets tix@axis,x = 0.
Put x= 0 in original equation (1 x) (2+y) =x%+y2.
Then 2 +y = y?
ie.¥-y-2=0
= (y-2)(y+1) =0
S.y=2ory= —1whenx=0

(c) When the tangent is parallel to y-axis it has infinite gradient and
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dy _ 2x-y-2

dx = 1+x-2y

Sol+x—-2y=0

Substitute 1 ¥ = 2y into the equation of the curve:
2y(2+y) = (2y-1) °+y

2y + dy = 4y’ — Ay + 1 +y?

3y?-8y+1=0

8J_r\|64—12_ 4J_r\IT3

4 +Y\13 5+ 2{13
Wheny = +1_ :+T1_

4 - \|_3 5-2{13
» X 3

Wheny =

. there are two points at which the tangents are parallel {pdRs.

Theyare( 5+§1T3 ,4+3\|T3) ano( 5_§1T3 4,_31?)’)
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Differentiation
Exercise F, Question 17

Question:

A curve has equationx?’ + 48xy — 7y2 + 75 = 0.AandB are two distinct point
on the curve and at each of these points the gradient of the curve is eﬁual to
Use implicit differentiation to show that+ 2y = 0 at the point& andB.

(E

Solution:

X + 48y - Ty* + 75 =0
Differentiate with respect t (implicit differentiation):

14x + (48(d—y+48y) —14yj—i20

2

Given that— =1

. 14x + 48K x —+4&/ 14y x 1—:

Multiply equation by 11,
then 154 + 96x + 528y — 28y = 0

. 250k + 500/ = 0
l.e.x + 2y = 0, after division by 25(

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise F, Question 18

Question:

Given thaty = x*, x> 0,y > 0, by taking logarithms show that

g—i:xx (1+Inx)

LE

Solution:

y=x"

Take natural logs of both sides:
In y=1In xX

S Iny=xIn x  Property of Ins
Differentiate with respect tei

1
=X X ;+Inx><1
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Differentiation
Exercise F, Question 19

Question:

(a) Given thak = 2!, by using logarithms prove that
2 = 2tin 2

A curveC has parametric equatiors: 2\, y = 3t2. The tangent t€ at the
point with coordinates (2, 3) cuts thaxis at the poinP.

(b) Findj—i in terms of.

(c) Calculate the-coordinate of, giving your answer to 3 decimal places.

F

Solution:

(a) Givenx = 2!
Take natural logs of both sides:
In x=1In 2!=tIn 2

Differentiate with respect to

1 dx

;E:InZ

dx
. g =xIn 2=2>In 2

(b)x = 2 y = 3t2
dx dy
- _ ot == _

dy 6t

X oty o

(c) At the point (2, 3)t = 1.
6
The gradient of the curve at (2, 355~

". the equation of the tangent is
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6
y-3= 2In2(x_2}

: _ 3 6
l.e.y= |7 oX— In2+3

The tangent meets thexis wherny = 0.

3 6

In 2 = In2_3

~Xx=2-1In 2=1.307 (3 decimal places)
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Differentiation
Exercise F, Question 20

Question:

(a) Given that &= & where a and kre constants, 2 0 and x€ R, prove that
k=1In a.

(b) Hence, using the derivative dfgprove that when y 2%
L= X 2.

(c) Hence deduce that the gradient of the curve with equatio®yat the point
@,4)is In 16.

e

Solution:

(a) & = &
Take Ins of both sides:

In @ =In &

Le.xIn a=kx
As this is true for all values of k=In a.

(b) Therefore, 2= dn 2 %X
When y= 2X = dn 2 xx
dy _ 2 XX _
o =In 2 d"2XX=n 2 x
(c) At the point (2, 4), x 2.
". the gradient of the curve is

221n 2
=41n 2

=In 2* (property of logs)
=In 16
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Differentiation
Exercise F, Question 21

Question:

A populationP is growing at the rate of 9% each year and at tigears may b
approximated by the formula

P=P,(1.09)Lt > 0
whereP is regarded as a continuous functiort ahdP, is the starting
population at time = 0.

(a) Find an expression foin terms ofP andP,

(b) Find the timeT years when the population has doubled from its value at
t=0,
giving your answer to 3 significant figures.

(c) Find, as a multiple d?, the rate of change of populati%t?r at timeT.@

Solution:

(@P=Py(1.09)"
Take natural logs of both sides:
In P=In [Py(1.09) "] =In Py+tin 1.09
S tin 1.09=InP -In P,

In ( P)
n L
In P-1n P0 I:)0

= t= " i 109 or In 1.09

(b) WhenP = 2P, t =T.

In 2
In 1.09

ST = = 8.04 (to 3 significant figures)

dP t
() & =Py(1.09) "In 1.09
Whent=T,P=2P,so (1.09)"=2and
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ap
a —P0><2><In 1.09

=In (1.09) xP,=1In(1.1881) xP,
= 0.172 (to 3 significant figures)
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