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Partial fractions
Exercise A, Question 1

Question:

Express the following as a single fraction:

1.1
3 4
Solution:
i1 4 3 7
3t 2T 2t 2T
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Partial fractions
Exercise A, Question 2

Question:

Express the following as a single fraction:

3 2

4 5

Solution:

3 2 _ 1 8 7
4~ 57 20 20" 20
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Partial fractions
Exercise A, Question 3

Question:

Express the following as a single fraction:

3 2
X Xx+1

Solution:

3 2

X  x+1

3(x+1) 2X

X(x+1)  x(x+1)

3(x+1) —2x
X(x+1)

3x+ 3 - 2X

X(x+1)

X+ 3
X(x+1)
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Partial fractions
Exercise A, Question 4

Question:
Express the following as a single fraction:

2 3
(x-1) (x+2)

Solution:
2 3
(x-1) T (x+2)
2(x+2) 3(x—-1)

(x-1) (x+2) T (x-1) (x+2)
2(x+2) +3(x-1)
(x=1) (x+2)
2X+ 4+ X -3
(x=-1) (x+2)
5x+1
(x=1) (x+2)
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Partial fractions
Exercise A, Question 5

Question:
Express the following as a single fraction:

4 + 2
(2x+1) (x=-1)

Solution:

4 2
(x+1) T (x-1)

4(x-1) 2(2x+1)
(2x+1) (x-1) T (2x+1) (x-1)
4(x-1) +2(2x+1)

(2x+1) (x-1)
4X - 4 + 4x+ 2
(2x+1) (x-1)

8x -2
(2x+1) (x-1)
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Partial fractions
Exercise A, Question 6

Question:

Express the following as a single fraction:

7 _ 2
(x=-3) (x+4)
Solution:
7 2
(x=3)  (x+4)
7(x+4) 2(x-3)

(x-3) (x+4) — (x-3) (x+4)
7(x+4) -2(x-3)
(x=3) (x+4)
X+ 28 — 2x+ 6
(x=-3) (x+4)
5x+ 34
(x=3) (x+4)
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Partial fractions
Exercise A, Question 7

Question:
Express the following as a single fraction:

3 6
2X (x-1)

Solution:

3 _ 6
2x (x-1)

3(x-1) 6 x X
2x(x-1)  2x(x-1)
3(x-1) —12x
2x(x-1)
3x—3 - 12X
2x(x-1)

-9x-3
2x(x-1)

9x+ 3
2x(x-1)
3(3x+1)
2x(x-1)

or -

or -
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Partial fractions
Exercise A, Question 8

Question:
Express the following as a single fraction:

3 2 1

X + (x+1) + (x+2)

Solution:
3 2 1
X (x+1) T (x+2)
3(x+1) (x+2) 2X(x+2) Ix(x+1)

= X(x+1) (x+2) T X(x+1) (x+2) T X(x+1) (x+2)
3(x+1) (x+2) +X(x+2) +1x(x+1)
X(x+1) (x+2)

Add numerators

3 (X2 +3x+2) + 28 + 4+ X2 + X

= X(x+1) (x+2) Expand brackets
32+ Ox+ 6 + 28 + 4X+ X2 + X _ _
= (X 1) (x+2) Simplify terms
6 + 14x + 6

= X(x+1) (x+2) Addlike terms
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Partial fractions
Exercise A, Question 9

Question:
Express the following as a single fraction:

4 2 + 1
3X (x=2) (2x+1)

Solution:

4 2 1

X T (x-2) T (x+1)
4(x—-2) (2x+1) 2x3x(2x+1) X (x—2)
3X(X-2) (2x+1) _ 3x(x-2) (2x+1) T 3x(x-2) (2x+1)

4(x=2) (2x+1) =2x3x(2x+1) +X(x-2)

= I (x-2) (2x+1) Add numerators

4(28-3x—-2) —6x(2x+1) + 3% - 6x

= I (x-2) (2x+1) Expand brackets

82 — 12x— 8 — 12¢ — 6x + 3% — 6% _ _
= X (X=2) (2x+ 1) Simplify terms

- 1x2 - 24x- 8

= 3x(x-2) (m+1) Addlike terms

X2 + 24x+ 8
OF = 3x(x-2) (2x+1)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Partial fractions
Exercise A, Question 10

Question:
Express the following as a single fraction:

3 2, 4
(x-1) (x+1) (x-3)

Solution:
3 2 4
(x-1) T (x+1) T (x-3)
3(x+1) (x—-3) 2(x-1) (x—-3) 4(x-1) (x+1)

= (x-1) (x+1) (x-3) T (x-1) (x+1) (x-3) T (x-1) (x+1) (x-3)

0 3(x+1) (x=3) +2(x-1) (x=-3) +4(x-1) (x+1)
- (x=1) (x+1) (x=3)

Add numerators

3(x2-2x-3) +2(x2-4x+3) +4(x%-1)

= (x-1) (x+1) (x-3) Expand brackets

3R -6X-9+22-8x+6+4% -4

= x-1) (x+1) (x=3) Simplify terms

9% — 14x-7

= xo 1) (1) (x=3) Add like terms

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 5

Solutionbank
Edexcel AS and A Level Modular Mathematics

Partial fractions
Exercise B, Question 1

Question:
Express the following as patrtial fractions:

6Xx— 2
@) %2) (x+3)

2x+ 11
(b) (x+1) (x+4)

- 7x—12
(©) 2x(x-4)

2x- 13
(d) (2x+1) (x-3)

6X+ 6
e
(e) 2o

7 — 3x
f - =
U X2 - 3x-4

8 -X
(9) X2 + 4x

2x - 14
h -
(h) X2 + 2x - 15
Solution:

6X— 2 A B _
(@) Let o) (xs3) = (x-2) * (x+3) Add the fractions
6X— 2  A(x+3) +B(x=2)
7 (x-2) (x+3) = (x-2) (x+3)

So&-2=A(x+3) +B(x-2) Set numerators equal
Substitutx=2 = 6x2-2=A(2+3) +B(2-2)
= 10=HA
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= A=2
Substitutx.= -3 = 6x (-3) -2=A(-3+3) +B
(-3-2)
= -20=Bx -5
= B=4
6x— 2 B 2 4
Hence S oy (xv3) = (x-2) T (x+3)
2x+ 11 B A B _
(b) Let™ Sy (x+4) = (x+1) T (x+4) Addthe fractions
2x+ 11 _ A(x+4) +B(x+1)
T (x+1) (x+4) = (x+1) (x+4)

Sox+11=A(x+4) +B(x+1) Set numerators equal
Substitutx= -4 = 2x (-4) +11=A( -4+4) +B

(-4+1)
= 3=-3B
= B= -1

Substitutx= -1 = 2x -1+11=A( -1+4) +B( -1+1)
= 9=3A

= A=3
2%+ 11 3 (-1) 3 1
Hence Sy (xva) = (x+1) T (x+2) = (x+1) ~ (x+4)

-7x-12 A B _
(©) Let—Zx(x—4) =%t (x-2) Add the fractions

- 7x-12  A(x-4) +Bx2x
2x(x-4) ~ 2x(x—4)

So - k-12=A(x—-4) +2Bx  Set numerators equal
Substitutx=4 = -7x4-12=A(4-4) +Bx4
= -40=8

= B= -5

Substitutex =0 = -7x0-12=A(0-4) +2Bx0
> -=-12= -4

=

= A=3
~7x-12 3 -5 3 5
Hencey i —a)y = x F (x-4) = 2x ~ (x-4)
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2x - 13 A B _
(d)Let” 1) (x-3) = (2x+1) T (x-3) Addthe fractions
2x - 13 _ A(x-3) +B(2x+1)
= (2x+1) (x-3) = (2x+1) (x-3)

Sox-13=A(x-3) +B(2x+1) Set numerators equal
Substitutex =3 = 2x3-13=A(3-3) +B(2x3+1)
= —-7=Bx7

= B=-1
1 () S )
Substitutex= - 5 = 2x | -3 | -13=A| -5 -3 | +B
\ ) \ )
( () )
[ 2x | =5 | +1|
\ \ ) )
1
> -14=Ax -3
= A=4
ox- 13 4 -1 4 1
Hence 5y (x=3) = (2x+1) ¥ (x-3) = (2x+1) ~ (x-3)
6Xx+6 6x + 6

(e) 2ig - (x+3) (x-3) Factorise denominator

6X+ 6 A .
Let"73) (x-3) = (x+3) T (x-3) Addfractions
6Xx+ 6 _ A(x-3) +B(x+3)
= (x+3) (x-3) = (x+3) (x-3)

So&+6=A(x-3) +B(x+3) Set numerators equal
Substitutex =3 = 6%x3+6=A(3-3) +B(3+3)
= 24=Bx6

= B=4

Substitutx.= -3 = 6x (-3) +6=A(-3-3) +B
(-3+3)

= —-12=AX%Xx -6

> A=2
6Xx + 6 2 4
Hence——— =

2_o  (x+3) T (x-3)
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7-3x  _ - X

x2-3x-4  (x=4) (x+1)
7 - X A

Lt 5=y (x+1) = (x-4) T (x+1)

7 - 3x A(x+1) +B(x-4)
= (x-4) (x+1) = (x-4) (x+1)
So7-3=A(x+1) +B(x-4) Set numerators equal
Substitutx.= -1 = 7-3x (-1)=A(-1+1) +B

Factorise denominator

(f)

Add fractions

(-1-4)
= 10=Bx -5
= B=-2

Substitutex =4 = 7-3x4=A(4+1) +B(4-4)
= -5=Ax5

= A= -1
H 7o -t -2 1 2
e o —a (x=4) T (x+1) = T (x-4) T (x+1)
8-x _ _8-x = ise d .
(9) 2 ia - x(x+4) actorise denominator
8 -x A B .
Let x+4) = x T (x+4) Addfractions
8-x  A(x+4) +Bx
= x(x+4) © x(x+4)

So8x=A(x+4) +Bx Set numerators equal
Substitutx=0 = 8-0=A(0+4) +Bx0

= 8=4A

= A=2 Substitutae= -4 = 8- ( —4) =A ( —4+4}
o ()

= 12= -8

= B= -3

8-x _ 2 -3 _ 2 3
Hence , =~ = X+ "(x+4) = x 7 (x+4)
2x-14 2x— 14 , :

(h) o1~ (x+5) (x-3) Factorise denominator
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2 - 14 B A .
Let 5 5) (x=3) = (x+5) T (x-3) Addfractions
2x- 14 _ A(x=3) +B(x+5)
= (x+5) (x-3) = (x+5) (x-3)

Sox-14=A(x-3) +B(x+5) Set numerators equal
Substitutx=3 = 2x3-14=A(3-3) +B(3+5)
= -8=Bx38

> B= -1

Substitutx.= -5 = 2x (-5) -14=A( -5-3) +B
(-5+5)

= -—-24=Ax ( —-8)

= A=3

Hence—2—14_ - —> —— - — -

O 15 (x+5) T (x-3) = (x+5) _ (x-3)
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Partial fractions
Exercise B, Question 2

Question:
- 2x— . .
Showthat(4+x)x(25_x) can be written in the fornuix) +(2Eix) whefe
andB are constants to be fou
Solution:
-2x-5 B A B _ A(2-Xx) +B(4+x)
Let" 0 (2-x) = (4+x) T (2-%x) = (4+x) (2-x)

So —X-5=A(2-x) +B(4+x)
Substitutex=2 = -2x2-5=A(2-2) +B(4+2)
= -9=Bx6

-3
= B= 7~
: _ _ R N S S
Substitutex= -4 = ZXK 4) 5= \2 L 4} +B
( (o))
AT T
= 3=AX6
1
= 5 =A
- 2x-5 B A B 1 _ -3
Hence 750" 2-x) = (a+x) T (2-x) When A= JandB= —.
-2x-5 1 3

OF "44x) (2-x) = 2(4+x) ~ 2(2-x)
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Partial fractions
Exercise C, Question 1

Question:
Express the following as patrtial fractions:

2% — 12x- 26
(@) x+1) (x-2) (x+5)

— 102 - 8x+ 2
(b) X(2x+1) (X-2)

— 5% - 1% - 32
©) x+1) (x+2) (x-5)

Solution:

252 — 12 - 26 A B C
(a)Let(X+l) (X_2) (X+5) = (X+1) + (X—2) + (X+5) Add
fractions

252 — 12x- 26
=

(x+1) (x=2) (x+5) —

A(x-2) (x+5) +B(x+1) (x+5) +C(x+1) (x-2)
(x+1) (x=-2) (x+5)

Sox%-1%-26=A(x-2) (x+5) +B(x+1) (x+5) +C
(x+1) (x—-2)

Substitutex=2 = 8-24-26=Ax0+Bx3x7+Cx0

= -42=2B

= B= -2

Substitutex= -1 = 2+12-26=Ax ( -3) x4+Bx0+Cx0
= =12= -1A

= A=1

Substitutx= -5 = 50+60-26=Ax0+Bx0+Cx28
= 84 =28

= C=3
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22 - 12 - 26 B 1 2 3
(x+1) (x-2) (x+5) = (x+1)  (x-2) + (x+5)

Hence

-10¥-8x+2 A B C _
(b) ety x+1) (ax-2) = x T (2x+1) T (x-2) Addfractions
-10¥-8+2  A(2x+1) (3x—2) +Bx(3x-2) +Cx(2x+1)
= x(2x+1) (3x-2) x(2x+1) (3x-2)

So —18°-8x+2=A(2x+1) (X-2) +Bx(3x-2) +Cx
(2x+1)
Substitutex =0 = -0-0+2=Ax1x (-2) +Bx0+Cx0

> 2= -2A

= A= -1
_ 1 - 10 -1
Substitutx = - 7 = T~ +4+2=Ax0+Bx 5 X
7
> +Cx0
7 7
= 2=Bx;
= B=2
Equate coefficients x: - 10 = 6A + 3B + 2C
= -10= -6+6+Z
= -10=22
= =-5=C
-10@-8x+2 -1 2 5
Hence, 5.1y (ax-2) = x * (2x+1) = (3x-2)
- 5x - 19x- 32 A B C

(C)Let(x+1)(x+2)(x—5) = (x+1) T (x+2) T (x-5)

- 5% - 19x— 32 B
(x+1) (x+2) (x-5) —

=

A(x+2) (x=-5) +B(x+1) (x=-5) +C(x+1) (x+2)
(x+1) (x+2) (x=-5)
So —%2 - 1% -32=A(x+2) (x-5) +B(x+1) (x-5) +C
(x+1) (x+2)
Substitutx= -1 = -5+19-32=Ax1x ( —-6)
+Bx0+Cx0
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= -18= -@A

= A=3

Substitutx=5 = -125-95-32=-Ax0+Bx0+Cx6x7
= —252=4ZT

= C=-6
Substitutx = -2 = -20+38-32=-Ax0+Bx (—1) X (
—7\ +Cx0
)
= -14=8B
= B= -2
- 5 — 19x- 32 B 3 2 6

Hence 1y (x+2) (x=5) = (x+1) ~ (x+2) ~ (x-5)
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Partial fractions
Exercise C, Question 2

Question:
By firstly factorising the denominator, express the following as partial fractions:

6x°+ 7x -3
@ —=_,
b 5x2 + 15 + 8
(0) xS + 3% + 2x

5x2 - 15 — 8

XC-4%+x+6

(c)
Solution:

@x3-x=x(x2-1)=x(x+1) (x-1)
6x°+7x-3 6+ 7x-3 A B C

07 3y = x(x+1) (x-1) =~ x T (x+1) T (x-1)

A(x+1) (x=1) +Bx(x—-1) +Cx(x+1)
x(x+1) (x-1)

Setting numerators equal give@ & 7Xx-3=A

) + Cx (x+1)

(x+1) (x—l) + BX (x—l

Substitutx =0 = 0+0-3=Ax1x (-1) +Bx0+Cx0
= =-3=-1A

= A=3

Substitutx =1 = 6+7-3=Ax0+Bx0+Cx1x2
= 10=2C

= C=5

Substitutx= -1 = 6-7-3=Ax0+Bx (-1) x (-2) +Cx0
= —-4=2B

= B= -2
6x2+7x-3 3 2 5
Hence s = X~ (x+1) ¥ (x-1)

(B) X+ 32+ 2X=X (X2 +3x+2) =x(x+1) (x+2)
52+ 15x+8 5 +1+8 A B C

Odradrx — x(x+1) (x+2) = x & (x+1) T (x+2)
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_ A(x+1) (x+2) #Bx(x+2) +Cx(x+1)
- X(x+1) (x+2)

Setting numerators equal give@ 515x+8=A

) + Cx (x+1)

(x+1) (x+2) +Bx | X+ 2

VR

Substitutx =0 = 0+0+8=Ax1x2+Bx0+Cx0

= 8=2A

= A=4

Substitutx = -1 = 5-15+8=A%x0+Bx ( -1) x1+Cx0
= -2=-1B

> B=2

Substitutc= =2 = 20-30+8=Ax0+Bx0+Cx (_2) y ( _1)

= -2=2

= C=-1

H 5x2 + 15 + 8 4 N 2 1
e 5, =7 -

ONCCe  aeox — x T (x+1) T (x+2)

(c) Consider f x) =x3-4x2 + X + 6

f(-1) =-1-4-1+6=0

Hence &+ 1) is a factor

By inspection

342 _ o V(2 Vo_of Y, o)

f(Xx) =x3— P +x+6= (X+1 ) (-6 ) = X+l x-2
(x5 )

Note. This last part could have been found by division.

X' —5x+6
X+ —4x' +x+6

Y 3, _‘.2

—5Sxi4x

—5x* —5x

Bx+6
bx+6
0
H 5x2 — 15¢ — 8 5x2 - 15¢ — 8 A B C
= = + +
e e e ix+6  (x+1) (x-2) (x-3) — (x+1) T (x-2) T (x-3)

A(x-2) (x-3) +B(x+1) (x=-3) +C(x+1) (x—-2)
- (x+1) (x-2) (x=3)

Setting numerators equal gi
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5x2 — 15x — 8= A (x—z) (x—3) +B (x+1) (x—3) +C (x+1)
\x—z)

Substitutxk=2 = 20-30-8=Ax0+Bx3x ( -1) +Cx0

= -18=-3B

= B=6

Substitutx= -1 = 5+15-8=Ax ( -3) x ( -4) +Bx0+Cx0
= 12=12A

> A=1
Substitutx =3 = 45-45-8=Ax0+Bx0+Cx4x1
= -8=4C
= C=-2
I_Ience5x2—15><—8E 1 N 6 _ 2
X3 — 4% +x+6 (x+1) (x=2) (x=3)
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Partial fractions
Exercise D, Question 1

Question:

Put the following into partial fraction form:

B+ X+2
X2 (x+1)
Solution:
+x+2 A B C
Let L) =t 2 + 1)

_ OAX(x+1) +B(x+1) +Cx?

- X2 (x+1)
Set the numerators equal:
A +X+2=AX(Xx+1) +B(x+1) +Cx2
Substitutex=0 = 0+0+2=Ax0+Bx1+Cx0

= 2=1B
= B=2
Substitutex= -1 = 3-1+2=Ax0+Bx0+Cx1
= 4=1C
= C=4

Equate coefficients iR 3=A+C  SubstituteC = 4
= 3=A+4

= A= -1
H 3 +x+2 —1+ 2 4
encex2(x+1) X 52 (x+1)
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Partial fractions
Exercise D, Question 2

Question:
Put the following into partial fraction form:

-x2-10x-5
(x+1)2(x-1)

Solution:
Let -x2-1x-5 _ A N B N C
(x+1)2(x-1)  (x+1) (x+1)2  (x-1)

_ A(x+1) (x-1) +B(x-1) +C(x+1)?2
B (x+1)2(x-1)

Set the numerators equal:
-x2-10xk-5=A(x+1) (x-1) +B(x-1) +C(x+1) 2
Substitutex=1 = -1-10-5=Ax0+Bx0+Cx4

= -16=4

= C= -4

Substitutex= -1 = -1+10-5=Ax0+Bx ( -2) +Cx0
= 4= -2B

= B= -2
Equate coefficients iR -1=A+C  SubstituteC= -4
= -1=A-14
= A=3

- x%-10x-5 3 2 4
Hence(x+1)2(x—1) = (x+1) ~ (x+1)2  (x-1)
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Partial fractions
Exercise D, Question 3

Question:

Put the following into partial fraction form:

22 + 2x — 18

X(x-3)2

Solution:

Let 2¢+2x-18 _ A _ B c
x(x-3)2 X (x-3) (x-3) 2

_ A(x—3)2+Bx(x—3) + Cx
B Xx(x-3) 2

Set the numerators equal:
2% +2x-18=A(x-3) 2+Bx(x-3) +Cx
Substitutex=0 = 0+0-18=Ax9+Bx0+Cx0

= -—-18=A

= A= -2

Substitutex=3 = 18+6-18=Ax0+Bx0+Cx3
= 6=3C

= C=2

Equate coefficients iRe: 2=A+B  SubstituteA= -2
= 2=-2+B

= B=4
H 2% +2x-18 2 4 2
ence gz = " x T (x-3) 37
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Partial fractions
Exercise D, Question 4

Question:

Put the following into partial fraction form:

72 — 42X + 64

X(x=-4) 2

Solution:

Let ne-ax+e4 AL B c
x(x-4)2 X (x=4) (x-4)2

_ A(x-4) 2+Bx(x—4) + Cx
a x(x-4)7?

Set the numerators equal:
X2 —AX+64=A(x-4)2+Bx(x-4) +Cx
Substitutex=0 = 0-0+64=Ax16+Bx0+Cx0

= 64=1A
= A=4
Substitutex=4 = 112-168+64=-Ax0+Bx0+Cx4
= 8=4C
= C=2
Equate coefficients iR 7=A+B  SubstituteA = 4
= 17=4+B
= B=3
Hence7xz_42x+ 64 _ 4 _ 8 2
X(x-4) 2 X (x-4) (x-4) 2
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Partial fractions
Exercise D, Question 5

Question:
Put the following into partial fraction form:

52 — 2x — 1
x3 — x2

Solution:

X-x2=x2(x-1)
C
(x-1)

5x2 - 2x - 1 52-2x-1 _ A B
So = = -+ S+
x3 — %2 X2 (x-1) X X

_ OAX(x-1) +B(x-1) +CX
B X2 (x-1)

Set the numerators equal:

52— 2x-1=Ax(x-1) +B(x—-1) +Cx?
Substitutex=1 = 5-2-1=Ax0+Bx0+Cx1
= 2=1C

= C=2

Substitutex=0 = 0-0-1=Ax0+Bx (-1) +Cx0
= -1=-1B

= B=1

Equate coefficients iRe: 5=A+C  SubstituteC =2
= b5=A+2

= A=3

5x°-2x-1 3
Hence™ 5, X

2
(x-1)

1
+ = +
- X X2
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Partial fractions
Exercise D, Question 6

Question:
Put the following into partial fraction form:

22 + 2x - 18
x3 — 62 + 9x

Solution:

x3—6x2+9xzx(x2—6x+9) =X(x—-3) 2

2x% + 2x - 18 2x2 + 2x - 18 A B C
So = = — + + >
x3 = 6x2 + 9x X(x-3)?2 X (x=3) (x-3)

_ A(x-3) 2+Bx(x—3) + CX
B X(x-3) 2

Set the numerators equal:
2%+ 2x-18=A(x-3) 2+Bx(x-3) +Cx
Substitutex=0 = 0+0-18=Ax9+Bx0+Cx0

= -—-18=A

= A= -2

Substitutex=3 = 18+6-18=Ax0+Bx0+Cx3
= 6=3C

= C=2

Equate coefficients iRe: 2=A+B  SubstituteA= -2
= 2=-2+B

= B=4
H 22 +2x-18 2, 4 2
eNCe s e+ ox X (x=3) (x-3) 2
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Partial fractions
Exercise D, Question 7

Question:

Put the following into partial fraction form:

2X
(x+2) 2
Solution:
2X _ A B _ A(x+2) +B
Let——— = + =
et(x+2)2 (x+2) * (x+2)2 (x+2)2

Set the numerators equal: x2A(x+2) +B
Substitutex= -2 = -4=Ax0+B = B= -4
Equate coefficients ir: 2=A

2X 2 4

Hence—(x+2)25 (x+2) ~ (x12)2
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Partial fractions
Exercise D, Question 8

Question:

Put the following into partial fraction form:

X2 + 5X+ 7

(x+2)3

Solution:

Let X2+ BX+ 7 _ A N B N C
(x+2)3  (x+2) (x+2)2 (x+2)3

_ A(x+2)2+B(x+2) +C
B (x+2)3

Set the numerators equal:
X2 +5x+7=A(Xx+2)2+B(x+2) +C
Substitutex= -2 = 4-10+7=Ax0+Bx0+C = C=1

Equate coefficients iR 1=A

= A=1
Equate coefficients in: 5=4A+B  SubstituteA =1
= 5=4+B
= B=1

X2 + 5x+ 7 1 1 1
Hence(x+2)35 (x+2) + (X+2)2+ X223
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Partial fractions
Exercise E, Question 1

Question:
Express the following improper fractions as a partial fraction:

X2+ 3x -2
(a) (x+1) (x—-3)

X2 - 10
(b) (x-2) (x+1)

x2—x?-x-3

(C) Xx(x-1)
g 22 -1
(d) (x+1)2
Solution:

X2+ 3x—2 X2+ 3x -2

@) ) (x-3) T e-mx-3
Divide the numerator by the denominator:
A
x2—2x-3x? +3x-2
g 2
x"—2x-3

_5x+1 « Remainder

X2+ 3x -2 _ 5x+ 1
Therefore 5 77 %-3) =1+ %+1) (x-3)

5x+ 1 _ A B .
Let(x+1)(x_3) = T+ T (x-3) Add fractions

_ A(x=3) +B(x+1)
- (x+1) (x-3)

Set the numerators equal: x61=A(x-3) +B(x+1)
Substitutx =3 = 5x3+1=Ax0+Bx4

= 16=48

> B=4

Substitutex= -1 = 5x ( -1) +1=Ax (-4) +Bx0
= —-4=-4A

> A=1

Henc
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X2+ 3x -2 B Bx+ 1 B 1 4
(x+1) (x-3) 1% xv1) (x-3) 1t v 1) T (x-3)

X2 - 10 X2 - 10 X2 + 0x — 10

(b) (x=2) (x+1) — R-x=-2 x-x-2
Divide the numerator by the denominator:

l
a Y 2 .
X —x-2)x"+0x-10

X— x— 2

_ X— 8 ¢ Remainder

x? - 10 B x-8
Therefore(x_z) (x+1) =1+ (x-2) (x+1)

X—8 _ A
Let™ o) (x+1) = (x-2) T (x+1)

A(x+1) +B(x-2)
(x=2) (x+1)

Set the numerators equal: x-8=A(x+1) +B(x-2)
Substitutx =2 = 2-8=Ax3+Bx0

> -6=3A

= A= -2

Substitutx= -1 = -1-8=Ax0+Bx ( -3)
> -9=-3B

Add fractions

= B=3
Hence
X2 - 10 X—-8 -2 3

(x-2) (x+1) 1% "2y (x+1) =1t (xm2) T+ 1)

B 2 3
=1- "0y Y v 1)

Divide the numerator by the denominator:

—3Ix+2
X2 +2x— _'-,: -3¢ +4x" —19x +8
3 —6xt —9x
2x? +10x+8
2x* +4x—6
6x+14  « Remainder

X-x2-x-3 -x-3
Therefore—x(x_l) =X+ x-1)
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-Xx-3 . A .
Letx(x_l) =Xt -1 Add fractions
_ A(x-1) +Bx
- Xx(x=-1)

Set the numerators equal: x—3=A(x-1) +BXx
Substitutx =1 = -1-3=Ax0+Bx1

= -4=1B
= B= -4
Substitutx =0 = -3=Ax (-1) +Bx0
= A=3
x-x2-x-3 -x-3 4

3
Hence 57y =X+ T x—1) =X+t X 7~ x-1)

22 -1 22 -1 22 -1 22 +0x-1

(x+1) (x+1) = 42x+1  x@+2x+1

@ 2™
Divide the numerator by the denominator:

3
“

2120 +0x -1
2x" +4x+2

—4x—3 ¢ Remainder

2¢-1 -4x-3
Therefores ——5=2+ ———
(x+1) (x+1)2
—ax - A
L tﬁ = x+1n t ﬁ Add fractions
_ A(x+1) +B
C (x+1)2
Set the numerators equal: x43=A(x+1) +B
Substitutex= -1 = -4x ( -1) -3=Ax0+B
= 1=B
= B=1
Equate coefficients ixi -4=A
= A= -4
2%-1 —4x-3 4 1
Hence a2 =2% a2 27 on Y e
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Partial fractions
Exercise E, Question 2

Question:
By factorising the denominator, express the following as partial fraction:

()4x2+17x—11

Q) —

X2+ 3x - 4

X — 43 + 9% — 17x + 12
X3 — 4x2 + 4x

(b)

Solution:

(a) Divide the numerator by the denominator:

. S
X +3x—414x +17x 11
4x* +12x-16
5%+ 5 « Remainder
4C+17x - 11 Bx + 5 . .
Therefore—; =4+ ——  Factorise denominator
X“+3x -4 X2+ 3x - 4
_ 5x + 5
=4+ 1) (x-1)
5x+5 _ A B .
Let" 7 4) (x-1) = (x+4) T (x-1) Add fractions

A(x-1) +B(x+4)
(x+4) (x-1)

Set the numerators equal: x 65=A(x-1) +B(x+4)
Substitutx=1 = 5x1+5=Ax0+Bx5

= 10=3

> B=2

Substitutx= -4 = 5x ( -4) +5=Ax ( -5) +Bx0
= -15= -5

= A=3
Hence
4+ 17~ 11 5x +5 3 2

Cim-a 4T (xra) (x-1) AT vy T x-1)

(b) Divide the numerator by the denomine
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X
o T - 2
43 +4x40)x* =4 +9xF —17x +12
g
xt—d4x +4x° +0x

Sx —17x+12 ¢ Remainder

Theref X — 43+ 9x% - 17x + 12
erefore
xS — 4x2 + 4x

5x2 — 17x + 12

3 o Take out a factor of in the denominator
X7 = 4x° + 4X

=X+

5x2 — 17x + 12

=X+ m Factorise the denominator fully

5x2 — 17X + 12

=X+

X X(x-2) 2

L t5x2—17x+12 A B C
—_— = — 4 + —

€ x(x-2)?2 X (x-2) (x-2) 2

Add fractions

A(x-2)2+Bx(x-2) +Cx
X(x-2) 2

Page2 of 2

Set the numerators equal: X5 17x+12=A(x—-2) 2+Bx(x—2) + CXx

Substitutec=0 => 0-0+12=A%x4+Bx0+Cx0
= 12=4A

= A=3

Substitutx =2 = 20-34+12=Ax0+Bx0+Cx2

> =-2=2X

= C=-1

Equate coefficients x: 5=A+B

> 5=3+B

> B=2

Hence

X - 43+ 2 - 17x + 12 5x2 — 17x + 12

X3 — 4x2 + 4x =X+ x(x—2)2

_ 3 2 1
=X+ 3t -2y —m
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Partial fractions
Exercise E, Question 3

Question:

- 33 - 42 +19x+ 8
X2+ 2x— 3

Show that can be expressed in the form

A+ Bx+ (X(f 0 + (X[: 3) whereA, B, C andD are constants to be found.

Solution:
Divide the numerator by the denominator:

—3x+2
bl e ) el ) —3x° —4x? +19x+8

—3x° — 63t +9x
2x* +10x+8
2xi+ 4x—6

6x+14 & Remainder

- 33 - 4% +19x+ 8 6x + 14 . .
Therefore > = -3 +2+ ——  Factorise denominator
X+ 2x-3 X2 +2x-3
_ 6x + 14
= X+ 2+ 0T (ke 3)
6x+ 14 C D C(x+3) +D(x-1)
L + =

UG (x+3) = (x-1) ¥ (x+3) T T (x-1) (x+3)
Set the numerators equal: x€614=C(x+3) +D(x-1)
Substitutex=1 = 6+14=Cx4+Dx0

=> 20=4C

> 5=C

Substitutex= -3 = 6x ( -3) +14=Cx0+Dx ( —4)
> -4=-D

= D=1
Hence
-3¢ - 4 + 19x+ 8 6x + 14
Crm-3 - XFT 2 LTy (xes)
1
= —-3+2+

(x-1) T (x+3)
SoA=2,B= -3,C=5andD =1
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Partial fractions
Exercise F, Question 1

Question:
Express the following as a partial fraction:

Xx—-3
(a) Xx(x-1)

X2+ 2x -2
b) o

X2 (x+1)

- 15+ 21
©) -2y (x+1) (x-5)

X2+ 1

(d) X(x-2)
Solution:
Xx—3 A B .
(@) Letx(x_l) =3t -1 Add the fractions
_ A(x-1) +Bx
- x(x-1)

Set the numerators equal: x-3=A(x-1) +BXx
Substitutx=1 = 1-3=Ax0+Bx1

= B=-2
Substitutx =0 = 0-3=Ax (-1) +Bx0
= —-3=-1A

= A=3
x-3 3 2
Hencex(x—l) T x  (x-1)
+2x-2 A B C _
(b) Let 2(x+1) = + 2 * x+1) Add the fractions

Ax(x+1) +B(x+1) +Cx2
xz(x+1)

Set the numerators equal:

X+ 2Xx-2=AX(x+1) +B(x+1) +Cx?
Substitutx =0 = 0+0-2=Ax0+Bx1+Cx0
> -2=1B

= B=-2

Substitutex = =1 = 7-2-2=Ax0+Bx0+Cx1
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= 3=1C
= C=3
Equate coefficients ix: 7=A+C  SubstituteC =3
= T7=A+3
= A=4
Henceﬁhﬂ =22,
X2 (x+1) X X2 (x+1)

- 15¢+ 21 B A B C _
(C)Let(x—Z)(x+1)(x—5) = x-2) + (x+1) + (x-5) Add the fractions

_ A(Xx+1) (x=5) +B(x=2) (x=5) +C(x=-2) (x+1)
- (x=2) (x+1) (x=-5)

Set the numerators equal:
-15+21=A(x+1) (x-5) +B(x-2) (x=-5) +C(x—-2) (x+1)
Substitutx= =1 = 15+21=Ax0+Bx ( -3) x ( -6) +Cx0

= 36=18

> B=2

Substitutx =5 = -75+21=Ax0+Bx0+Cx3x6
> -54=1&

= C=-3

Substitutx. =2 = -30+21=A%x3x ( -3) +Bx0+Cx0
= —-9=-9A
= A=1

— 15+ 21 . 2 3
Hence -5 (x+1) (x=5) = (x-2) ¥ (x+1) ~ (x-5)

d X2+ 1 _ X2+ 1 _ X2+ 0x + 1
@ Xx—2) = @-x = ¥-m+0

Divide the numerator by the denominator:

1
¥ —2x+0 ) e Ox+1
¥P—2x+0

2x+1 & Remainder

X2+ 1 2+ 1
Thereforex—(x_2 =1+ X (x-2)
x+1 A B _ A(x-2) +Bx
I‘etx(x—Z) =%t (x=-2) = x(x-2)

Set the numerators equal: x21=A(x-2) +Bx
Substitutx =0 = 1=Ax ( -2) +Bx0
= 1=-2A
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1

= A:—2

Substitutec=2 = 2x2+1=Ax0+Bx2

= 5=2B
5
= B= >
Hence
_1 >
X2+ 1 x+1 2 2

X(x-2) =1+ X(x-2) =1+ 4 (x=2)

© Pearson Education Ltd 2C
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Partial fractions
Exercise F, Question 2

Question:

Write the following algebraic fractions as a partial fraction:

X+1
a —
()x2+2x+1
2x +2X—-8
() X2+ 2x -3
32+ 12X+ 8
(C) (X+2)3

(C) Rra—

X2 —2x+1
Solution:

(@) 1 oo el Repeated factor in denominator

X2+ 2x+1 (x+1) 2

Xx+1 A B _ A(x+1) +B
Let——— = + =

(x+1)2  (X*FL) 0 (x41)2 (x+1) 2
Set the numerators equal: x81=A(x+1) +B

Substitutex= -1 = -3+1=Ax0+B

= B= -2
Equate coefficients of 3=A
= A=3
Hence X+1 X+1 3 a 2
X2+2X+1 (X+l)2 (X+1) (X+1)2
22 +2x -8 _ fracti
( —X2+2X_3 Is animproper fraction
Dividing gives
T +2x— 2*( +2x—8
21 +4x—6
—2x—2 ¢« Remainder
22+ 2x -8 —2x-2 . .
Therefore— 2 + 2—2)(3 Factorise the denominator
X+ 2X =

PhysicsAndMathsTutor.com
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B —2x-2
=2+ 43 (x- 1)
-x-2 A B A(x-1) +B(x+3)
Let™ 3 3) (x-1) = (x+3) T (x-1) = (x+3) (x-1)

Set the numerators equal: x22=A(x-1) +B(x+3)
Substitutx=1 = -2-2=Ax0+Bx4

> -4=4B

= B= -1

Substitutx= -3 = 6-2=Ax ( -4) +Bx0

= 4= -4A

= A= -1
Hence
22+ 2%-8 -2x-2
Crm-3 27T (x+3) (x-1)
B 1 1
=2 (x+3) - (x-1)
32+ 12X+ 8 A B c
= + +
(C)Let (x+2)3 (x+2) (x+2) 2 (x+2)3

A(x+2)2+B(x+2) +C
(x+2)3

Set the numerators equal:

A+ 1X+8=A(x+2)2+B(x+2) +C

Substitutx= -2 = 12-24+8=Ax0+Bx0+C
= C= -4

Equate coefficients xt: 3 =A
= A=3

Equate coefficients ixi 12=4+B SubstituteA = 3
= 12=12+B

= B=0

H 3 +1x+8 3 4

ence (x+2)3 — (x+2) (x+2)3
q x4 X +03+ 0%+ 0x+0
()x2—2x+1_ X2 —2x+1

Divide the numerator by the denomine
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x4+ 2x+3
¥ =2x+ 1t 007 £ 007 +0x 40

b it o

23 —xt +0x

22X —4x* +2x
3x' —2x+0
3x° —6x+3

_ 4x-3 & Remainder

Therefore
_ .2 4x - 3 . .
> =x“+2x+3+ ———  Factorise the denominator
Xt - 2x+1 - 2x+1
(x-1) 72

-3 _ __A B _ A(x-1) +B
Let———= — 5 + =

(x-1)2  (x=1) © (x-1)2 (x-1)2

Set the numerators equal: x43=A(x-1) +B
Substitutx =1 = 4-3=B = B=1
Equate coefficients ixi 4=A

Hence

4x - 3

=x2+2x+3+ =x2+2x+3+

X2 —2x+1 (x-1) 2 (x-1) T

© Pearson Education Ltd 2C
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Partial fractions
Exercise F, Question 3

Question:

Given that f (x) =2+ 9x% + 10x + 3:

(a) Show that — 3 is a root ofxj(

(b) Expressf(l—f) as partial fractions.

e

Solution:

@f(-3) =2x (-27) +9x9+10x%x ( —3)
+3=-54+81-30+3=0
Therefore —3isaroot = (x+ 3) isafactor

b)f(x) =23+9x%+1x+3 (x+3) isafactor
(x+3) (2%+3x+1) By inspection
(Xx+3) (Xx+1) (x+1)

10 10 A B C

F(x) = (x+3) (2x+1) (x+1) — (x+3) T (x+1) T (x+1)

_A(2x+1) (x+1) +B(x+3) (x+1) +C(x+3) (X+1)
- (x+3) (2x+1) (x+1)

Set the numerators equal:

10=A(2x+1) (x+1) +B(x+3) (x+1) +C(x+3)
(2x+1)

Substitutx= -1 = 10=Ax0+Bx0+Cx2x(-1)

= 10= -2

= C=-5

Substitutex= -3 = 10=Ax(-5x(-2)+Bx0+Cx0
= 10=10A

= A=1

N -

N—

+Cx0

7N
N -
N7

1
Substitute<:—5 = 10=Ax0+Bx (2
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-~ 10=1.28
= B=8

101 8 5
Hencery = v3) * (x+1) ~ (x+1)
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Coordinate geometry in the (X, y) plane
Exercise A, Question 1

Question:

A curve is given by the parametric equatians2t,y = tEWheret # 0. Complete the table

and draw a graph of the curve for - % t < 5.

t 5| 4 [ 3] 2]-1]-05]J05] 1 [ 2]3][] 4735
x=2t | -10 | -8 —1
5
y==| -1 | -125 10
t
Solution
¢ S| -4|-3|-2|-1|-05|l05| 1| 2| 3] 4] s
x=2 |-10| -8 |-6|-4|-=2]-1 1 2| 4] 6 10
5
Vg —1 |-1.25-1.67|-25| -5 |-10]| 10| 5 | 25 |1.67|1.25] 1
Yar 3
13 N
B | Ll
| I_b
T = ErEaEs A a3 T
LT
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PhysicsAndMathsTutor.com


http://www.kvisoft.com/pdf-merger/

Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Coordinate geometry in the (X, y) plane
Exercise A, Question 2

Question:

L : : 3
A curve is given by the parametric equatuxnstz, y = 3. Complete the table and draw a

graph of the curve for —4< t < 4.

t | 4 |3l =2alol1|2]3]4
=1 16
3
s | B
N
Solution:
t -4 -3 g I 0 1 2 3 4
x=1 16 9 4 1 0 | 4 9 16
3
,v=% ~128 | -54 | -16 | 02 0 0.2 1.6 54 12.8
Fary
{F
n RRRF 4
Zaan,
\\.‘J .
"
‘:_.J"
s g e o B i e
o h.\.\ Ll
A ""\
e
\\
'\‘\
a ‘\‘
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Coordinate geometry in the (x, y) plane
Exercise A, Question 3

Question:

Sketch the curves given by these parametric equations:
(@Qx=t-2,y=t?+1for -4 < t < 4
(byx=t2-2,y=3-tfor -3 < t < 3
©)x=t3y=t(5-t) for0 < t < 5
@x=3ty=t3-2tfor0 < t < 2

(e)x=t2y= (2-t) (t+3)for -5 < t < 5
Solution:

(@

t —4 3 <9 T 0 1 2 3 4
x=t-2 —6 -5 —4 —3 -2 —1 0 l 2
y=£'+1| 17 10 5 2 1 2 5 10 17

L
_1'}‘ -
T T >
-6 0 2 *
(b)

t -3 = <] 0 1 g 3
x=f -2 7 2 -1 -2 -1 2 7
y=3—1 6 3 4 3 2 1 0

PhysicsAndMathsTutor.com
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VA

1 T >
_2 0 -;.! X
(c)
t 0 1 7 3 4 5
x="F 0 1 4 9 16 25
v=H5-t1| 0 4 6 6 4 0
VA
T
Y >
0 75 X
(d)
t 0 025 | 05 | 075 1 125 | 15 [ 175 2
x =3t 0 1.5 | 212 | 260 3 335 | 3.67 | 397 | 424
v=r-2t| 0 | -048 | —0.88 | —1.08 | —1 | 055 | 038 | 1.86 4
Answers have been rounded to 2 d.p.
VA
44
e

PhysicsAndMathsTutor.com
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! S | 4| 3] 2] 1o 1 |2]3] 4| 5
x=1 25 16 9 4 1 0 1| 4 9 16 | 25
y={2-1Nt+3) | -14 | -6 0 4 6 6 | 4 0| -6 | —14 | —24
V A
6_
| »
0 95 &
—24 4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 6

Solutionbank
Edexcel AS and A Level Modular Mathematics

Coordinate geometry in the (x, y) plane
Exercise A, Question 4

Question:
Find the cartesian equation of the curves given by these parametric equations:
(Qx=t-2,y=t2

(b)x=5-t,y=t2-1

(c)x = %,y:B—t,t;éO

(d)x=2t+1,y= 7,t#0

(e)x=2t2-3,y=9 -2
MO x=\t,y=t(9-t)
(gx=3t-1,y=(t—-1) (t+2)

1

(hyx= —5,y=t5t+2

1 1
t+11y_ B!t¢ _11t¢2

(i) x =

. t t 1
Ox=z-7¥y= ot ~Lt# 3

Solution:
(@Qx=t-2,y=t2
X=t-2
t=x+2
Substitute = x + 2 intoy = t2
y= (x+2)°

So the cartesian equation of the curveas (x + 2) 2
(b)x=5-t,y=t2-1

PhysicsAndMathsTutor.com
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Xx=5-t1

t=5-X

Substituté = 5 — x intoy = t2 - 1

y= (5-x) %-1

y=25-1k+x2-1

y= X2 — 10x + 24

So the cartesian equation of the cur\)yaz'rsx2 - 10x + 24.

(c)x= %,y:3—t

X |k =

X
t=
: 1.
Substitute = “intoy = 3 -t
1
y=3-73%

So the cartesian equation of the curwe=s3 — .

1
dx=2t+1,y= T
Xx=2t+1
2t=x-1
x-1
t= =
: _ x-1, _1
Substitute = —~intoy =
1
y:
x-1
(=)
I . .
y= -7 | Note: This uses = |
: (=) |

: : .2
So the cartesian equation of the curwess ;7.
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(e)x=2t2 - 3,y=9 -t
x=2t2 -3
22 =x+3
2 _ X+ 3
- 2

| +3
Substitutd? = ~intoy = 9 - t2

18- (x+3)
y= 2

_ 15 -x
y= >

15 -x
2

So the cartesian equatioryis

M x=\Ly=t(9-t)
\t

X =

t = x2

Substitute = x2 intoy =t (9 - t)
y=x°(9-x)

So the cartesian equatioryis x2 (9 - x?2) .

(gx=3t-1,y=(t—-1) (t+2)
x=3t-1

gAt=x+1
_ x+1
-3
: X+1,
Substitute = —5~intoy= (t-1) (t+2)

X+ 1 X+ 1

X+ 1 3 X+1 6
=55 ) U5
_ [x+1—3\ [x+1+6\
Y=t s ) 3
_ o x=2) [ x+7)
Y= (s ) U 3 )

PhysicsAndMathsTutor.com
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SEICPERD

So the cartesian equation of the curweas

1+

Substitute = intoy = t2

X

((1+2x )5

Y= U x )

So the cartesian equation of the curweas

. 1 : -
Substitute = -~ - 1lintoy= 75

1

y =
1
(;—1) -2

PhysicsAndMathsTutor.com
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y= 1
=-3
X
_ 1
T
X
y= —
1-
(=)
y [ _ . o |
Y= T-ax | Note: This uses = |
L (%) ]

So the cartesian equation of the curwess T .

. t ot
X=2-1,¥Y= 1

t

X= o1-1
xx -1 ) ==—=x 21 Multiply each side b
1 ) T asl % ) ply each side by
(2t-1)

x(2t—-1) =t Simplify

2tx—x=t  Expand the brackets
2tx=t+ X Add x to each side
2tx—t=xX Subtract 2from each side
t(2x—-1) =x  Factorise t

t(2x-1) X . .
(2x-1) - 2x-1 Divide each side by (x-1)

X N
t=5_-7 Simplify

t
t+1

, _ X _
Substitute = — —7intoy =

PhysicsAndMathsTutor.com
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(5o7)
y:
( 2xx—1+1)
X
(2x—l)
y= X 2x-1
(1" %ot
X
(2x—1)
y= X+2x-1
2x—-1
(5o7)
Y= -1
(5 —7)
a
y I _ (p)
Y= 31 | Note: This uses o = |
] () ]
. . . X
So the cartesian equation of the curve#s 7. —7.
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Coordinate geometry in the (x, y) plane
Exercise A, Question 5

Question:

Show that the parametric equations:
()x=1+22y=2+3

(i) x= 53.¥= 33t # >
represent the same stra|ght |

Solution:

()x=1+22y=2+3
=1+2
2t=x-1
x-1
2

-1
Substitutd = = intoy = 2 + &

_ ((x=1)
y—2+3\2)
_ (x 1)
y=2+3 3 73
L %3
y=2+ 75 -3
!
y="51%3

. y. I
Substitute = |ntox -3
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X = 1

2(Ly -3

X

[, (Y)Y _ 51 _
2y -3x=1
2y=3+1

3 1
y= 52X+ 5

The cartesian equations of (i) and (ii) are the same, so they represent the same
straight line
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Coordinate geometry in the (x, y) plane
Exercise B, Question 1

Question:

Find the coordinates of the point(s) where the following curves megtdkis:
(@x=5+t,y=6 -t

(b)x=2t+1,y=2t-6

C)x=t3y= (1-t) (t+3)

@x= $,y={(t-1) (Z-1) ,t#0

(e)x= 777, y=t-9,t# -1

Solution:

(@x=5+t,y=6 -t
Wheny =0
6-t=0
sot = 6
Substituté = 6 intox =5 +t
X=5+6
x=11
So the curve meets thaxis at (11, 0).

(b)x=2t+1,y=2t-6

Wheny =0

2t-6=0

2t=6

sot=3

Substituté = 3 intox =2t + 1
x=2(3) +1

XxX=6+1

Xx=7

So the curve meets thexis at (7, 0).

C)x=ty= (1-t) (t+3)
Wheny =0
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(1-t) (t+3) =0
sot=1landt= -3
(1) Substituté = 1 intox = t2

x =12

x=1

(2) Substituté = - 3 intox = t
x=(-3)2

X=9

So the curve meets thaxis at (1, 0) and (9, 0).

1
@x=t,y=\(t-1) (2-1)

Wheny = 0
V(t-1) (2-1) =0
(t-1) (2-1) =0

1
sot =1 andt = >

1
(1) Substituté = 1 intox = T

1

X= "1y

x=1

|~

1
(2) Substituté¢ = Zintox =

X=2
So the curve meets thaxis at (1, 0) and (2, 0).

2t
(e)x= 7. y=t-9
Wheny =0
t-9=0
sot=9
2t
1+t

Substituté = 9 intox =

. 2(9)
1+ (9)
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_ 18
X= 10
_ 9
X= 5

9
So the curve meets thexis at ( 5 O)
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Coordinate geometry in the (x, y) plane
Exercise B, Question 2

Question:

Find the coordinates of the point(s) where the following curves megtdkis:

(Qx=2t,y=t?-5

1
(B)x=\ (3-4) y= 5, t#0
©x=t2+2t-3,y=t(t-1)
(d)x=27-By= =7 t#1

t-1 2
t+lly_ t2+1’t¢_1

(€)x=

Solution:

(a) Whenx =0

2t=0

sot=0

Substitute = 0 intoy =t - 5

y=(0)?-5

y= -5

So the curve meets tig@xisat (0, -5) .
(b) Whenx =0

\| 3t-4=0

3t—-4=0

3t=4

sot =

wls

) 4. _ 1
Substitute = zintoy = 2

PhysicsAndMathsTutor.com
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o | _ . o |
y= 17 | Note: This uses = |

L () |

_ 9
So the curve meets tiy@axis at ( 0, 76

N—

(c) Whenx =10
°+24-3=0
(t+3) (t-1) =0
sot= -3and=1
(1) Substituté= - 3intoy=t(t-1)
y=(-3)[(-3)-1]
y=(-3)x(-4)
y=12
(2) Substituté=1 intoy=t(t—-1)
y=1(1-1)
y=1x0
y=0
So the curve meets tip@xis at (0, 0) and (0, 12).

(d) Whenx =0
27 -t3=0
t3=27

t =327
3

sot =

1
Substitute = 3 intoy = 77
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1
So the curve meets tir@xis at ( 0, 3 )

(e) Whenx =0
t-1
t+1_O
t-1=0 | Note:> =0>a=0 |
L b |
Sot=1
Substitute = 1 intoy = 2.1
_ _2(1)
Y= (1) 2+1
2
y=5
y=1

So the curve meets ty-axis at (0, 1

© Pearson Education Ltd 2C
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Coordinate geometry in the (x, y) plane
Exercise B, Question 3

Question:

A curve has parametric equations dat?, y=a(2t-1) ,wheredsa
constant. The curve passes through the point (4, 0). Find the via.

Solution:

Wheny =0
a(2t-1) =0
2t-1=0
2t=1

t=

N -

1
Whent = 5,x:4

1
So substituté = andx = 4 intox = 4at?

(1) o_
4ak2) =4
1_
4a><4—4

a=4

So the value cais 4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Coordinate geometry in the (x, y) plane
Exercise B, Question 4

Question:

A curve has parametric equations b (2t-3) ,y=b (1 - t2) , Where lis
a constant. The curve passes through the point (0, -5) . Find the value of
b.

Solution:

Whenx =0
b(2t-3) =0
2t—-3=0
2t=3

t=

N w

Whent= 7,y= -5

N | w

3
So substitut¢ = Sandy = - 5intoy=b (1 -t?)

[ (3)7] -
b{1-3 ] =-5
b (] =-5
o o5
(=)
b=4

Sothevalueabhis 4

© Pearson Education Ltd 2C
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Coordinate geometry in the (x, y) plane
Exercise B, Question 5

Question:

A curve has parametric equations p (2t—-1) ,y=p( 3+ 8 ) , where ps
a constant. The curve meets thaxis at (2, 0) and thgaxis at A

(a) Find the value gb.

(b) Find the coordinates A.
Solution:

(a) Wheny =0

Whent= - 2,x=2
So substitute= -2 andx=2intox=p(2t—-1)
pl2(-2) -1] =2
p(-4-1) =2
p(-5) =2
2
P=— %

(b) Whenx =0
p(2t—-1) =0
2t-1=0
2t=1

t=

N =

_ 1
When the curve meets thexist = 5

. 1.
So substitute= intoy =p (t3+8)

1
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2
butp= - 3
20 (1) 3 1 __2/(1 Yy _ _2 6 _ 13
SOV=ETS | L2 8 T TE T8 ) T 75 X% T 7
. ( 13 )
So the coordinates Afare L 0, -7 )
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Coordinate geometry in the (x, y) plane
Exercise B, Question 6

Question:
A curve is given parametrically by the equations 3(qt2, y=4 (t3 +1) ,whereq

Is a constant. The curve meets the x-axis ahthe y-axis at.XGiven that
OX = 20Y, whereO is the origin, find the value @.

Solution:

(1) Wheny=10
4(3+1) =0
2+1=0
= -

Substitute £ - 1 into x= 3qt2
x=3q( -1) ?

X =3q

So the coordinates of ate (3q, 0).
(2) When x=0

3qt2 =0

t°=0

t=0

Substitute £ 0 intoy=4 (t3+ 1)
y=4[(0)3+1]

y=4

So the coordinates ofafe (0, 4).
(3) Now OX= 3g and OY=4

As OX = 20Y
(3q) =2(4)
39=8

8
q= 3

8
So the value of qig
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Coordinate geometry in the (x, y) plane
Exercise B, Question 7

Question:

Find the coordinates of the point of intersection of the line with parametric
equationx =3t + 2,y =1 —tand the liney + x = 2.

Solution:
(1) Substitutex =3t + 2andy =1 —-tintoy + x=2

(1-t) + (3t+2) =2
1-t+3t+2=2

2t+3=2
2t= -1
__ 1
t=-3

1
(2) Substitute = — Jintox =3t + 2
L (1) _ _3 _1
X_3\_2j+2__2 +2—2

1
(3) Substitute = — Jintoy =1 -t
_ (_1ry _, 1 _3
y=1- 1 -3 ) =1+3 =5

. . . , 1 3)

So the coordinates of the point of intersection érg 21
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Coordinate geometry in the (x, y) plane
Exercise B, Question 8

Question:

Find the coordinates of the points of intersection of the curve with parametric
equationsx = 2t2 - 1, y=3(t+1) andthe line3x — 4y = 3.

Solution:

(1) Substitutex = 22— 1 andy=3 (t+ 1) into X - 4y =3
3(2A2-1) -4[3(t+1)] =3

3(2A%-1) -12(t+1) =3

6t°-3-12-12=3

6t°— 12 - 15=3

6t2-12-18=0 ( +6)

t?-224-3=0

(t-3) (t+1) =0

sot=3andt= -1

(2) Substitute = 3 intox =2t - 1andy=3 (t+ 1)
x=2(3)%-1=17

y=3(3+1) =12

(3) Substitute = — 1 intox=2t°-1andy=3 (t+1)
x=2(-1)2%2-1=1

y=3(-1+1) =0

So the coordinates of the points of intersection are (17, 12) and
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Coordinate geometry in the (x, y) plane
Exercise B, Question 9

Question:

Find the values dfat the points of intersection of the line4 2y — 15 = Owith
the parabolix = t2, y = 2t and give the coordinates of these po

Solution:

(1) Substitutex = t2 andy = 2t into 4 - 2y - 15 =0

4(t2) -2(2) -15=0

42 -4 -15=0
(2t+3) (2-5) =0
-3

So2+3=0 = 2t=-3 = t:Tand

2t-5=0 => 2t=5 = t=

N o

3
(2) Substitutet = — Jintox = t andy = 2t

3 9
- (3]s

L 3 _

Y272y 773

(3) Substitute = gintox = t2 andy = 2t
_ (5)2_ 3

T lz2) T oa

N
w
SN
)
o

9
So the coordinates of the points of intersection %Wg :
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Coordinate geometry in the (x, y) plane
Exercise B, Question 10

Question:

Find the points of intersection of the parabolratz, y = 2t with the circle
X2 +y? - 9x+4=0,

Solution:

(1) Substitutex = t2 andy = 2t intoxZ + y2 — 9x + 4 = 0
(t7) 2+ (2t) -9(t?) +4=0

th+ 42 -9t2+4=0

th-5t2+4=0

(P-4) (t#-1) =0

Sot?-4=0 = t?=4 = t=\{4 = t= t2and
?2-1=0 = t?=1 = t=\{1 = t==+1
(2) Substitute = 2 intox = t2 andy = 2t
x=(2)2%=4

y=2(2) =4

(3) Substitute = — 2 intox = t2 andy = 2t
x=(-2)2=4

y=2(-2)=-4

(4) Substitute = 1 intox = t2 andy = 2t
x=(1)2=1

y=2(1) =2

(5) Substitute = - 1 intox = t2 andy = 2t
x=(-1)2=1

y=2(-1)=-2

So the coordinates of the points of intersection are (4,4), (4, —-4) , (1, 2)
and (1, -2) .

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4

Solutionbank

Edexcel AS and A Level Modular Mathematics

Coordinate geometry in the (X, y) plane
Exercise C, Question 1

Question:

A curve is given by the parametric equatians?2 sint, y = cost.

Pagel of 1

Complete the table and draw a graph of the curve fokO t < 2r.
T T x| 27 | 5« Tom | 47 3x | Sx | 1lx
i 0 — — — — g |—|— |—|—|— |27
6 3 2 [ [ 3 2 3 6
x=2sint 1.73 1.73 —1 =2 1]
y=cosf 0.87 o —0.5 0.5
Solution:
T T fis 2T 5T T 4x 3r ST 1l
t ol — - | =] — — T — — | — | — 2T
[ 3 2 3 6 (] 3 2 3 6
x=2sint |0 1 173 2 | 1.73 1 0 -1 193 | =2 | -1.73 | -1 0
y=cost |1 |087| 05| 0| -05]|-087 |-1|-087 | -0.5 0 05 [087] 1
vk
L] \i*--.
r; TN
{ /R

LKl
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Coordinate geometry in the (x, y) plane
Exercise C, Question 2

Question:

A curve is given by the parametric equatianssint, y = tant, — % <t< % Draw a graph

of the curve

Solution:
.r —Ar -3 -2 - 0 T 2x 3T 4
10 L0 10 10 10 10 10 10
y=sinf | =095 | =0.81 | =0.59 | =031 0 031 0.59 0.81 095
y=tanf | -3.08 [ -1.38 | —0.73 | -0.32 0 032 073 1.38 3.08

Answers are given to 2 d.p.

J: A
4_
[ U‘ | }
~1 ] #*
_4_
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Coordinate geometry in the (x, y) plane
Exercise C, Question 3

Question:

Find the cartesian equation of the curves given by the following parametric
equations:

(a)x = sint, y = cost

(b) x = sint — 3,y = cost
(c)x=cost—2,y=sint + 3
(d)x=2 cod,y =3 sint
(e)x=2 sint—1,y=5 cosd +4
() x=cost,y =sin2
(g)x=cost,y=2 cos2
(h) x = sint, y = tant

() x=cost+2,y=4 sed
(j)) x =3 colt, y = coseit
Solution:

(a)x = sint, y = cost
X2 = sirft, y? = coft
As sirft + cost =1
R+y2=1

(b) x = sint — 3,y = cost
sint=x+ 3
sift= (x+3) 2
cost =y
cogt = y?
As sirft + cogt =1
(x+3) 2+y*=1
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(c)x=cost—2,y=sint+3
cost=x+ 2
sint=y-3
As sirft + codt =1
(y=-3)2+ (x+2)2=1 or (x+2)2+ (y-3)2=1

(d)x=2 cod,y=3 sint

S
sint= 3
_ X
cost = 3
As sirft + cogt = 1
(Y Y2, (X )o_ (x VY2, (Y )2_
(3 )0 2 )%F o (5% (5 )%=
(e)x=2 sint—1,y=5 cogd +4
2 sint—1=x
2 sint=x+1
. _x+1
sint= —
and
Scos+4=y
Scosd=y-4
y—4
cost=

5

As sirft + cogt = 1
(x+1 Yo (y=4 )\, _
Lz )"t s e

() x=cost,y =sin2
As sin2 =2 sint cost
y=2 sint cost= (2 sint) X
Now sirft + cogt = 1
SosiRt+x2=1
= sift=1-x2

> sint=\1-x
Soy= (2{1-x) x or y=21-x2

(g)x=cost,y=2 cos2
Ascos2t = 2 colt — 1
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=2(2 coét-1)
But x= cost
Soy=2(2¢-1)
y=4x2 - 2
(h) x = sint, y = tant
_ Sint
Astan = _
_ sint
~ cost
But x= sint
X
SOY= ox
Now cog =\ 1 -sirft=\1-x2 (from sirft + cost = 1)
Soy= —
¥ \|l—x2
(i) x=cost +2,y=4 sed
1
Asset= o
1A
y=4x cost ~ cost

Now x=cost+2 = <cost=x-—-2

4
Soy= 2

() x=3 cott, y = cosed
As sirft + coft =1
in? &
sin‘t cost 1 ( . Sir\2t )

sn?t T sn?t sirft L
(et Yo (L >
1+ \ sint ) = | sint )

1 + cott = coseét

X
Now x=3 cott = cott= 3

and y= cosed
Sol+ ( X2, (y) 2 (using 1 + co$t = coseét)
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Coordinate geometry in the (x, y) plane
Exercise C, Question 4

Question:
A circle has parametric equatioxs sint — 5,y = cost + 2.
(a) Find the cartesian equation of the circle.

(b) Write down the radius and the coordinates of the centre of the

Solution:

(@)x=sint—5,y=cost + 2
sint=x+5 and cos=y-2
As sirft + cogt = 1

(x+5) 2+ (y-2)°=1

(b) This is a circle with centit ( =5, 2) and radius :
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Coordinate geometry in the (x, y) plane
Exercise C, Question 5

Question:

A circle has parametric equatioxns 4 sint + 3,y =4 cog - 1. Find the
radius and the coordinates of the centre of the ¢

Solution:
Xx=4 sint+ 3
4 sint=x-3
. x—-3
sint= =,
and
y=4 cog-1
4 cog=y+1
y+1
cost=

As sirft + cogt = 1
[X—3\2+ [y+l)2:1

\ 4 ) \ 4
(x=3)2  (y+1)?

2 7 2 1
_ 2 2
(x-3) N (y+1) _1

16 16

(x-3)2+ (y+1)2=16  Multiply throughout by 16
So the centre of the circle (3, -1) and the radius is
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Coordinate geometry in the (x, y) plane
Exercise D, Question 1

Question:

The following curves are given parametrically. In each case, find an expression

dx .
fory - in terms oft.

@x=t+3,y=4t-3
(b)x =13+ 3t y=t2
(©x= (2-3)2y=1-t
(d)x=6- 7,y=4531>0
E@)x=\ty=6t3t > 0
e -,

(H x= t2,y—5t,t<0

1 3
(Q)x=5t2,y=4t" 2,t>0

1
(hx=ts-1,y=\t,t > 0O

() x=16-thy=3- Z,t<0

2
() x=6t3,y=t?

Solution:
@x=t+3,y=4t-3
dx _
dt —
dx [ \
Soyd—t: \4t—3} x1=4-3
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(b)x =13+ 3t y=t2

dx
ax 2
pm =3tc+ 3
d
SOﬁf:ﬁz(&2+3) :32<f2+1) Factorise 3

C)x= (2-3)2y=1-1
X=4t2 - 12+ 9

dx

o =8t-12

oy = (1—t2) (&—12) =4( 1-2 | (Zt—S)
Factorise 4

(d)x=6- 7,y=d

x=6-t"1
dx 2

da ~t

d
Soyﬁﬂzm3Xt‘2:4t

e)x=\ty=6

X=t2
dx 1 1
azgt 2
x .o 1 _1 5, 1 5
Soyg =6rx St 2=3t 2 =3t 2

4
() x = t—z,y:5t2

X =4t~ 2

dx

= _ _ -3
dat — at

d 40
Soyd_)t(:5t2x 8 3= —402-3= -4y~ 1= - =

1 3

(Q)x=5t2,y=4t" 2
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ax _ i _5_132
g —oXx St 2=t 2
dx 3 5 _ 1 s_1
Soyg =4 2x StT2=100" 2" 2=10" 2
i
(hx=ts-1,y=\t
& _1:_,_1._2
a — 3ts =3t s
dx 2 i 1 _2 11 _2 1 _12
Soyg =Vtx 3t7 s=tzx 5t73=3tz” 3= 3t7 &
4 2
() x=16 -t",y=3 - ;
X
X _ _ 43
- = - 4
dx _ 2 3 )
Soyd_t— \S_t)\_4)

=3x | -4 + 7l
= — 123+ 82 [or8t2 - 123 or4? (2 - )]

2
() x=6t3,y=t?

& 221 - s
Soy—dt:t X4t~ 3 =4t 3=4ts3
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Coordinate geometry in the (x, y) plane
Exercise D, Question 2

Question:

. : d
A curve has parametric equations 2t - 5,y = 3t + 8. Work out | 04y d—)t(dt.

Solution:

X=2t-5y=3+8
dx

dt

d
Soyy = (3+8) x2=@+16

d
Ty qdt= 1 fet+16 d

[3t°+16t]

[3(4)2+16(4)] -[3(0)2+16(0) ]
(3x16+16%x4) -0

48 + 64

112
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Coordinate geometry in the (x, y) plane
Exercise D, Question 3

Question:

A curve has parametric equations 2 - 3t+1, y = 4t2. Work out | _ 15y
dx

4 ot

Solution:

X=t2-3t+1,y=4t
dx
o =2a-3

d
Soyg = 42 (Zt—s) = a3~ 122

d
| Syqdt=[ _ 58 -122 o
[2t4-43] _ O

1
=[2(5)%-4(5)3] -[2(-1)%-4(-1)73]
=750-6
= 744
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Coordinate geometry in the (x, y) plane
Exercise D, Question 4

Question:

. . 1
A curve has parametric equations 3t%,y = < +t3,t> 0. Work out] ;

dx
adt.
Solution:
_3t2 _l+t3
x=3t5y=;
ax _
sovE= (2.8 ) xa= S xa+t3x6t=6+6°
OYar = Lt ) Tt B

d
JosY ﬁdt =[50+ 6t dt

6
= [6”?5}053
- [6(3) +§(3)5}— [6(0.5) +2 (05)
5 |
]

= 309.6 — 3.0375
9
= 306.5625 (or 3065 )
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Coordinate geometry in the (x, y) plane
Exercise D, Question 5

Question:

. . d
A curve has parametric equations t3 - 4t,y =t - 1. Work out [ _ /% ﬁdt.

Solution:

x=t3-4t,y=t?-1
dx 2
o -t -4

d
Soy & - (t2—1) y (32_4) — - a2 -3+ 4= -T2+ 4

2048 _ 72 _ 1 355_ 1.3 2
[ _ %3t M4 d = [ - SPHat]

3 7 3 7
=15(2)°-35(2)°+4(2) 1 - [5(-2)°- 5(-2)°+
(-2)]

8 8
_8E_ ( _8E)
1
_17E
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Coordinate geometry in the (x, y) plane
Exercise D, Question 6

Question:

4

1
A curve has parametric equations 9t s,y =t~ 3,

t>0.

d :
(a) Show thay ﬁ = a, where as a constant to be found.

(b) Work out [ By <.

Solution:

4 1
(@x=9%s3,y=t" 3

dx _ 4.2 9 _ a1
g = 9% 3ts =9x 3ts =12

[SSH I

dx 1 L 1,1
Soyg =t~ s3x123=12" 3+ 3=129=12

Soa=12

dx [ (
(b) [y gdt=15"12 d= LlZ]35:12k5) - 12
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Coordinate geometry in the (x, y) plane
Exercise D, Question 7

Question:

A curve has parametric equations \|_t y = 4‘@, t> 0.

(a) Show thay 3—: = pt, where pis a constant to be found.

(b) Work out | 8y St

Solution:
(@)x =\t y=a{t
1
X=t2
dx 1 1 1 1
ax 1 -_q1_ 1 _
t_2t2 —2’[ 2
&x _ 3, 1_-2
ydt—4t><2t 2
3 1 1
=4t 2 x Et_z
3 1
=2t2 "
=2t
=2t
Sop=2

(b) | By Sdt=[ Sadt= [2] B= (6)2- (1)2=35
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Coordinate geometry in the (x, y) plane
Exercise D, Question 8

Question:

The diagram shows a sketch of the curve with parametric equation’s— 3,
y = 3t, t > 0. The shaded regidis bounded by the curve, theaxis and the
linesx = 1 andx = 6.

(a) Find the value afwhen
()x=1
(i) x=16
(b) Find the area dk.
JJ F 3

4

;\.,I"II‘

O 1 6
Solution:

(a) Substitutex = 1 intox =t% - 3
t2-3=1
t2=4
t=2 (ast > 0)
Substitute = 6 intox = t2 - 3
t?-3=6
t2=9
t=3 (ast > 0)

(b) | ,Bycx = ] 3y St
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dx
a =2

dx 2
SoyE:StXZt:&

d
ngy ﬁdt: .[236'[2 dt

= [20°]

=2(3)3-2(2)3
=54 -16
= 38
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Coordinate geometry in the (x, y) plane
Exercise D, Question 9

Question:
The diagram shows a sketch of the curve with parametric equatironez,

y=t(5-2) ,t > 0. The shaded regiddis bounded by the curve and
x-axis. Find the area &t

?
Y a

-.*"."

0

g
Lh

Solution:

Whenx =0
42 =0
t2=0

t=0
Whenx = 25
42 = 25

25 e = [ 2y
So | (#ydx = |2y g dt

dx

dt

d
Soy g =t (5—2) x 8 = 82 (5—2) = 402 - 1663
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S dx

5
o2y grdt=[,2402% - 163 ot
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Coordinate geometry in the (x, y) plane
Exercise D, Question 10

Question:

The regionR is bounded by the curve with parametric equationst3, y = 3—12

thex-axis and the lines= — 1 andx= - 8.

(a) Find the value afwhen
()x= -1
(i) x= -8

(b) Find the area (R.
Solution:

(a) (i) Substitutec = - 1 intox = t3
= -1
t=3-1
t= -1
(i) Substitutex = — 8 intox = t3

b)R = Ly = ly od
(b) g YOX 2 Yg ot
dx
= _ 32
dt_3t
dx 1 5 _
Soyg = 55 X ¥=1
Lo d ) L )
J 7y qat=f _," M= | t] _,7t=1 -1 -] -2
\ ) \ )
= -1+2=1
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Coordinate geometry in the (x, y) plane
Exercise E, Question 1

Question:

The diagram shows a sketch of the curve with parametric equatiodscog,
y=3sint,0 < t<2nu.

(a) Find the coordinates of the poidtandB.
(b) The pointC has parameter= %. Find the exact coordinates ©f

(c) Find the cartesian equation of the curve.
}.l ‘.
B

=Y

Solution:

(@ (1) AtAy=0 = 3sint=0 = sint=0
Sot=0andt==x
Substituté = 0 andt = 7 intox = 4 cog
t=0 = x=4cos(0) =4x1=4
t=r = x=4cosr=4x (-1)=-4
So the coordinates Afare (4, 0).
(2)AtBx=0 = 4coe=0 = <cost=0

3z

T
So t= 2andt =

3
Substitute = %andt = fintoy: 3 sint
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t= 5 > yzssin(”;) =3x1=3
_ 3 3
t= 2 2

= y=3 sin (_) =3x -1=-3
)

So the coordinates Bfare (0, 3

(b) Substitute = %intox =4 cod andy = 3 sint

\3
X =4 cos =4 x =43

)
J

1
) :SXE

T
6

T
6

(
\
_aoain [
y—3S|nK

So the coordinates Gfare ( A3, g }

(c)x=4 cog,y=3 sint

X .Y
cost = 4andsm— 3

As sift + coft =1
T () (e
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Coordinate geometry in the (x, y) plane
Exercise E, Question 2

Question:

The diagram shows a sketch of the curve with parametric equationsst,
1.

y= 3 sin

0 < t< 2z The curve is symmetrical about both axes.

(a) Copy the diagram and label the points having parantetedst = %,t =x

3z

andt = EX

(b) Show that the cartesian equation of the cury® isx% (1 - x2) .

y4

=Y

Solution:

(@) (1) Substituté = 0 intox = cost andy = % sin
x=cos0=1
y= % sin ( ZXO) =
Sowhen=0, (x, y) = (1, 0)
(2) Substitute = 7T;intox = cost andy = % sinZ

N -

1
sinO:E x0=0

— r _
X—0082 =

1.
yzzsm\Zx

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Page2 of 2

Sowhert= %, (x, y) = (0, 0)

1
(3) Substitute = z intox = cost andy = 7 sin2

X=cost= -1

y:%sin(%}:

N -

x0=0
Sowhen=z (x, y)=(-1, 0)

3 1
(4) Substitute = fintox =costandy = 5 sin2

— e E
X=C0S~, =

sin(zx?’?n) =% sin( 3) =%><0=0

N -

y:
Sowhet= =, (x, y) = (0, 0)

.1; "

S

1 1
(b)y= 3 sinad= 7 x 2 sint cost = sint cost

As x= cost

y = sint x X

y =X sint

Now sirft + cot = 1

Sosift+x2=1

= sirft=1-x°

> sint=\1-x2

Soy=x{1-x or y2=x2(1-x?)
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Coordinate geometry in the (x, y) plane
Exercise E, Question 3

Question:
A curve has parametric equations sint,y =cos2,0 < t< 2.

(a) Find the cartesian equation of the curve.
The curve cuts the-axis at @, 0) and b, 0).

(b) Find the value ca andb.
Solution:

(a)x =sint,y = cos2
As cosP=1 - 2 sirft

y:1—2><2
(b) Substitutey = 0 intoy = 1 — 2
0=1-2¢

2% =1

2_ 1

"= 32

N O §

X= = Z_i\rz_i\li
1_1 _

27 2%z~ 2

N

So the curve meets thexis at (
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Coordinate geometry in the (x, y) plane
Exercise E, Question 4

Question:

. . 1
A curve has parametric equations 757,y = t# +1.

(1+t) (1-1) "

Express in terms ofx. Hence show that the cartesian equation of the curve is

X2

Y= ox-1-

Solution:

1 (
(1+1) < | 1t
x(1+t) =1  Simplify
Xx(1+t)

Multiply each side by (1 )

N—

1 . :
= < Divide each side by

1
1+t= 7  Simplify

1
(1+t) (1-t)

. 1 . _
Substitutet = —~ — 1 intoy =

1

y:
1 1
(1+ = -1)[1- (F -1) ]

1

1 1
=(1- = +1
X( X )

1

1 1
(2730
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— 1
1 2X 1
—(—--)
X X X
— 1
1 2x—-1
X ( X )
— 1
2x—-1
2
X2 ( 1 b \\
S |\ Remember — =;)|
( E)
2

So the cartesian equation of the curvg#s 7 —7.
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Coordinate geometry in the (x, y) plane
Exercise E, Question 5

Question:

A circle has parametric equatioxs 4 sint — 3,y =4 cod + 5.
(a) Find the cartesian equation of the circle.

(b) Draw a sketch of the circle.

(c) Find the exact coordinates of the points of intersection of the circle with the
y-axis

Solution:

(@)x=4 sint—-3,y=4 cog+5
4 sint=x+3

. X+ 3

sint= =,

and

4 cos=y-5
y->s

cost= —,

As sirft + cogt = 1

[ X+3 ) 5 ((¥y=5)o_

S U R

(x+3)2 (y-5)2
42 * 42 =1

_E\ 2
><42+ %x42:1x42

(x+3) 2
42

(x+3)2+ (y=-5)2=42 or (x+3)%2+ (y-5)2=16

(b) The circle (x+3) 2+ (y-5) 2=4%hascentre ( -3, 5) and
radius 4
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>
X

(c) Substitutex = 0 into (x+3) 2+ (y-5) 2=42
(0+3) %+ (y-5) *=4#
F+ (y-5)2=4
9+ (y-5)2=16

(y-5)2=7
y-5= £\7
y=5=\7

So the circle meets ty-axisat (0, 5+ \|7) and (0, 5- \|7) :
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Coordinate geometry in the (x, y) plane
Exercise E, Question 6

Question:

: : : : : : . 2-3t
Find the cartesian equation of the line with parametric equatiens .,y =

3+2t
1+t

t#+ — 1.

Solution:

A~

x(l+t) =2-3
X+xt=2-3
X+xt+3t=2
Xt+3t=2-x
t(x+3) =2-x
(x+3) 2-X
(x+3) = x+3
2-X
T x+3

2-X, 3+t

Substitute =

2 -X
X+ 3

3+2( )

y= _
1+ ( 2-X

)

X+ 3

2-X

x+3 (x+3)
===

2-X (x+3)

3+2(
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3x (x+3) +2( 5 ) x (x+3)

2

- X
X +

~) % (x+3)

Ix (x+3) + (

3(x+3) +2(2-x)
(x+3) + (2-x)

_ 3X+9+4 -2x
T X+3+2-x
_ X+ 13

- 5

X 13
Soy= ¢ + &
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Coordinate geometry in the (X, y) plane
Exercise E, Question 7

Question:
A curve has parametric equations -1, y=t- t3, wheret is a parameter.
(a) Draw a graph of the curve for -2 t < 2.

(b) Find the area of the finite region enclosed by the loop of the

Solution:

! -2 -1.5 1 —0.5 0 0.5 1 15
x=£-1 3 1.25 0 -0.75 -1 | =075 0 1.25 3
y=t—p 6 1.875 0 | -0375 0 0.375 0 | -1875| -6

LAt I
=) IR AN
J'. "‘
¥ A
r. A
N >
L4 i N H =
) |
i
o N
e .\‘.
W |

(b) A=2] _1°ydx=2I01yf,—txdt, Whenx= -1, t?-1= -1, Sd=0
Whenx=0, t?-1=0, Sa=1
&y
Soy & = (t—t?’) x2t=2t2 -2t
Therefored = 2| j12t2 - 2t%dt
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2 2
-2 30- 30 |
=2 (S -Fms |- F3-E® ]
M (2z_2) o1
“fll3Ts) 7Y
4
:2)(1_5
£
= 15

8
So the area of the loopTs
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Coordinate geometry in the (x, y) plane
Exercise E, Question 8

Question:
A curve has parametric equations t2 - 2,y=2t,where -2 < t < 2
(a) Draw a graph of the curve.

(b) Indicate on your graph where

Ht=0
(i)t>0
(iit<O0
(c) Calculate the area of the finite region enclosed by the curve ay-axis
Solution:
(a)
VA
‘ t>0
T

A
=10

(b) (i) Whent=0,y=2(0) =0.
This is where the curve meetsxfaxis.
(i) When t> 0,y > 0.
This is where the curve is abovextfexis.
(iif) Whent < 0,y < 0.
This is where the curve is below Kaxis.

d
(c) A=2] _2°ydx:210‘|_2yﬁdt, Whenx= -2, t2-2= -2, sd=0

Whenx=0, t2-2=0, sa=\2

o _
dt_2t
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Soy & = 2t x 2t = 422
Therefore = 2 [ \24t2
=2 58 |
=2 5(12)3-3(0)% |
2x 5 (12) 3
5 (12) 3
=302, as (2)3= ([2x{2) x[2=22

© Pearson Education Ltd 2C
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Coordinate geometry in the (x, y) plane
Exercise E, Question 9

Question:
Find the area of the finite region bounded by the curve with parametric
equations x t3, y = tﬂ, t # 0, thex-axis and the lines = 1 andx = 8.

Solution:

(1) Whenx=1,t3=1,sot=31=1
mmamzst&:SSm:%@:z

A= [ Bydx= [ 2 Gt

dx
B« =
dx 4 2

SOy = 7 X3 =12

Therefore A= | “12tdt
_ 21 2
= [ 6t°] 1
=6(2)2-6(1) 2
=24-6
=18

© Pearson Education Ltd 2C
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Coordinate geometry in the (x, y) plane
Exercise E, Question 10

Question:

The diagram shows a sketch of the curve with parametric equatiroiﬁ,
y=t(4-t) ,where0 < t < 4. TheregiorRis bounded by the curve
and thex-axis.

d 1 3 3
(a)Showthayﬁ:&z—Etz.
(b) Find the area dR.

LY
R
I
0 6 *
Solution:
1
(a)x:3‘|_t:3tz
dx 1 l_l \?)_l
E:Ex?’tz =St 2
& _ Yo 8.2
ydt_t\4_tj x2t 2
_f o) _ 3 _1
- K4t_t j X 2t 2
3 1 3 1
=4tx St 2 —t2x St
1 3
_ml- S 22— =
= 6t 2 2t
1 3 3
:6’[2—Et2
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Heinemann Solutionbank: Core Maths 4 Page2 of 2

()A= [ Ay Gt

1 3 3
= 1046t2— Etzdt

N
_ |r 6, 2° W‘ 4
L () (2 J°
= [4t§—§t§}04
3 3 2 3 3 2
= [4(4)2—3(4)2} —[4(0)2 -z (0)2}
_ 3 )
- \4x8_5x32j _O
1
=32 -1937
4
=12¢

© Pearson Education Ltd 2C
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The binomial expansion
Exercise A, Question 1

Question:

Find the binomial expansion of the following up to and including the ternds in
State the range valuesfor which these expansions are valid.

@ (1+x)3

(b) 7=

©Y (1+x)

1
(1+2x) 3

(d)

@3 (1-%)

(f) (1-1)

) -4
)

N X

@ 1+

1

(h) (1+2¥)

Solution:

(@) (1+X) 3 Use expansion with = 3 andx replaced with 2x

( ) 3x2x (2x) 2 3x2x1x (2% 3
=1+3 | x| + 21 + 31
\ J
3x2x1x0x (2% 4
41

=1 +6ex+ 122+ 83 +0x*  All terms after & will also be zero

=1+ 6x+ 126 + 8¢
Expansion is finite and exact. Valid for all valuex.

PhysicsAndMathsTutor.com
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1
(b) T—% Write in index form

= (1-x) -1 Use expansion with = — 1 andx replaced with X
(oY) v Co) ( yn 2
1+ | -1 | —x|+( )(2')(x)
\ )\ )
(—1)(—2)(—3)(—><)3
31

=1+ Ix+ D¢+ A+

=1 +X+X2+ x5+

Expansion is infinite. Valid when | x| <1 = [x]| <1.
(c)Y1+x  Write in index form

1 1
= (1+x) 2 Use expansion with = 7andx replaced withx

1 21 2
V(3 (-3

2!

+

1

H

+
TN
N -
~—

AT TN
X
+

1 _ 1 _ 3 3
(3) (-3) (-3) ®

3!

+

1
=1+ 5x- 52+ o3+

Expansion is |nf|n|te. Valid whenx|| < 1.

1
(1+2x) 3
= (1+2%) ~ 3 Use expansion with = — 3 andx replaced with £

Write in index form

(d)

(N Y ey a2
P R PR = R LA L,

N N

(-3)(-4)(-5)(20°
31

=1 — 6X + 24x% — 803 +

Expansion is infinite. Valid when k2 <1 = |[x| < 3.
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)3 (1-3x)  Write inindex form
1 1
= (1-X) 3 Use expansion with = Zandx replaced with - 8

)

1V (22 (a2
(3) (-3) (-3

Wl

21 +

|

|
:]_+( I+
|

(
I

\

)}‘3‘
|
.

)
(3) (=3) (=3) (-3¢

3!

+

5
=1-x-x2- x>+

1
Expansion is infinite. Valid when | x3 <1 = |[x]| < 3.

3 3
(f) (1-10x) 2  Use expansion with = 7 andx replaced with — 10
o
3 1 _ 2
(3\| | () (3) (-109
=1+ \E) I -1 I + Y +
| |
\ )
3,1, ,_1 _ 3
() (7)) (-35) (-10%
3! +
3 1 ( \
— = 2 _ — 3
=1-1%+ g x 10 = 75 % L — 100 ) +
75 125
=1- 15+ SxX2+ X3+
1
Expansion is infinite. Valid when | -20 <1 = [x| < 75.
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(9) ( 1+ Xz } ~4  Use expansion with = - 4 andx replaced With%
(

X
21 4

V(=) (-5) (x5,
) La) T

5 5
4 52_ 3.3
=1l-X+ gX°— X7+

Expansion is infinite. Valid Whe+ % } <l= |x| <4.

1
1+2¢
= (1+22) ~1  Use expansion with= - 1 andx replaced with 2%
_ ( Yo a2 ), (=1)(=2)(28)°?

SR Ul B U B 2! *

Write in index form

(h)

=1-2C+

Expansion is infinite. Valid when }(%| <1l = |[x| <73
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The binomial expansion
Exercise A, Question 2

Question:
. . (1+x) -1 .
By first writing (1-2x) 25 (1+) (1-2%) show that the cubic
. . (1+x) . 2
approximation tom is 1 + 8+ 6x2 + 12¢. State the range of valuessof

for which this expansion is val

Solution:
X - (14x ) (1-2) -1 Expand (1-2) - lusing binomial
1-2x = | X ( ) xpand ( ) using binomia
expansion
( 'l ( Y[ ) SV € =2) ( -2 2
e O B B B B O B R
\ )L \ )\ )
(-1)(=2)(=3) (=293 !
3] + . |
]
= (1+x) (1+X%+4¢+83+ ... )  Multiply out
=1+ X+AC+BC+ .. +x+28+ 43+t + ... Add like

terms
=1+ X+ 6x2+ 123 +
1

(1-2) ~lisonlyvalidwhen | -®| <1 = [x| <3
: L+x . : 1
So expansion of -, is only valid wherx | < 7.
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The binomial expansion
Exercise A, Question 3

Question:

Find the binomial expansion ¢f\ ( 1 %3 in ascending powers afup to and

including the term inc. By substitutingk = 0.01 in the expansion, find an
approximation to|\ 103. By comparing it with the exact value, comment on the
accuracy of your approximatic

Solution:

1
2

V(1+3X) = (1+X)

(5) (-3) (3?2

2!

N -

.
| |

_ (1)

_1+\)}3<I+ +
| |

L)

3 9 27
_ >, 22, 4
—1+2x 8x+16x3+

1
This expansionis valid if )3 <1 = |x]| <3

1
Substitutex = 0.01 (OK, as k| < 3) into both sides to give

3 9 27
1+3x0.01= 1+ x001-; x0.06% T, x0.0F

1.03= 1+ 0.015 - 0.0001125 + 0.0000016875

103 _ (],103 103 V103
100 — 1.014889188 L ‘oo V100 ~ 10 )

Y103 _ ( \
o = 1014889188 | x 10,

\| 103= 10.14889188
Using a calculatc
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\| 102 = 10.1488915
Hence approximation correct to 6 (
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The binomial expansion
Exercise A, Question 4

Question:

1
In the expansion of (1 &x) ~ zthe coefficient of is 24. Find possible values

of the constara and the corresponding termx>.
Solution:
()
A SN )
1 ( 1Y | | (-3) (-3) (a)
(1+ax)_2:1+K_E)|aX|+ 21 +
| |
| |
N
_1 _3 _ 3 3
(-3) (=3) (-3) (ax)
3! +
1 35,5 5 3

:1—§ax+ ga™X" — Jga +

: . L 1
This expansionis validif gx| <1 = [x]| < 7.

If coefficient of ¥ is 24 then

a= +8
Termin ¥ is

5 5
- Ea%@: - 16 ( +8) 33 = +160%

Ifa =8, termin X is — 160%
If a= —8, terminx3is + 160x3

© Pearson Education Ltd 2C
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The binomial expansion
Exercise A, Question 5

Question:
. L rex ) .
Show that ifx is small, the expressmrn\ 1-x ) s approximated byx+
1.2
X
Solution:
r Ly 1
TRk
1 1
= (1+x) 2(1-x) ~ 2 Expand using the binomial expansion
1 (2) (-2) (02
=[1+(3) (x)+ "2 2 + 1 [1+(-75) (-x)+
2!
(-2) (-2) (%) 2
2 2 AL ]
21
1 1 1 3
= (1+ 5x= 9+ ) (L+35x+ 9%+ )
— 1 3.2 1 1 3.2 _ 12
—1(1+2x+ Xt . )+2x(1+2x+ Xt . ) 8x(1+
1 3.2
SXt Xt )
_ 1 32,1 12 12 :
=1+ SX+t Xt OX+ OX Xt Add like terms
_ 1.2
=1+x+ —x°+
2
1+x - 1 2
Hence\ 7= 14+ 5x

If terms larger than or equal x3 are ignore(
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The binomial expansion
Exercise A, Question 6

Question:

3

Find the first four terms in the expansion of (1 -)3x. By substituting in a suitable

3
value ofx, find an approximation to 97.

Solution:

(1—3x)§=1+(§) (-X) +

30 Ly (a2
(3) () (=302

R S SN
(5) () (=35) (=307

2!

27%%

273 +
16

:1—? s

Expansionisvaldif | -3k <1 = |x]

3!

1
< =

3

Substitutex = 0.01 into both sides of expansion to give

9x0.00 27x (0.01)2

3
(1-3x001)2 =1-—— +—

3

27 x (0.01)3
16 +

(0.97) 2= 1-0.045 + 0.0003375 + 0.000001687
3
(0.97) 2 = 0.955339187
3 3 3
(ﬂ\\§~ r(ﬂ\\g_Q?E_ 975 _975
(100 j 2 = 0.955339187, |L (100 ) 2 3T (o) T o
2
3
975 ( )
Toog = 0.955339187 |  x 1000
\ )
3
972 = 955.339187

© Pearson Education Ltd 2C
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The binomial expansion
Exercise B, Question 1

Question:

Find the binomial expansions of the following in ascending powexsasffar a:
the term in®. State the range of valuesxdffor which the expansions are valid.

@1 (4+)

(0) 7

1
(c) 2 2

() Y (9 +x)

1

©) Tz

5
M 332

1+x
+ X

(9) 3

[ 2+x

™\ {15

N—

Solution:

@) (4+X%)  Write in index form.
= (4+2) 2 Take out a factor of 4

=g leZ0 15 R ber to put the 4 to the pow

= |4 I emember to put the 4 to the pover
1 1 1

=45(1+X5)5 42 =2

R . L _ X

=2 \1+ 2 )2 Use the binomial expansion with= S andx = 3
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|r
1 _ 1 X 2
I N SN R A L LA S
7 L2) L2) 2!
|
L
i
1 21 _3 X \3
(5) (=5) (-3 (5) |
3! + : }
|
|
( X X2 x3 N _
:2\1+2_§ + gt ) Multiply by the 2
L, x_ ¥ X
=2+ 5 "%t ,
Vamnf}-g} <1 = |x| <2

1
(b) 3% Write in index form

= (2+x) ~ Take out a factor of 2
= [2 ( 1+ X;) } 1 Remember to put 2 to the power -1
—p-1 (g %) - 2-1= . Use the binomial expansion with
n= —1andx:X;
.
_ 1 (X ) (1) (=2) (x>
‘2I1+I_1I\2j+ 21 L2 )
L \ )
T
(-1 (=2)(-3) [ x Vg
30 Il |
L) |
|

PhysicsAndMathsTutor.com
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_ 1y x X %
=2\ 1-2+7 -3¢
I S R
=27 2%%8 "6
vaidit | 21 <1 5 x]
| 2|
(c) ! > Write in index form
(4-x)
= (4-x) ~*2
L, xY 122
=Lttt e )
_a-2 (4 X\ _2 -
=472 1-% 72, 4
X
n=-2andx= 7
ae | o] [ -
== 1+ | -2 _X
16 4
v )N
(=2)(=3)(=4) ( x )3
3 A
_ 1 x ¥ X
=\ 1ttt e Tt
_Lox x
= 161t 32 % 256 t 256

N—

Multiply by the,

(-2) (=3) (
* 21 L

1

]

) - 1
) Multiply by7¢

ValidforI %I <1 > |x| <4

(d)Y9 +x  Write in index form
:(9+x)%
_ gl x) 12
=1ty e
=95(1 %)E

vz X

PhysicsAndMathsTutor.com

Take 9 out as a factor

X
4

)2
)

: 92 = 3. Use binomial expansion with=

Page3 of 8

+

1
and



Heinemann Solutionbank: Core Maths 4 Paged of 8

|r
1 1
| (E)(_E)
_ (1Y) [ x) (x>
B3tz e T e )
|
L
]
1 1 3 |
(2)(—2)(—2)()(\ |
3] \§|3+ |
L) I
|
( X X2 x3 ) _
=3 \1+E ~ %28 T Tieea T ) Multiply by 3
_ x X X
=3+ % ~ 216 T 3888

demr|%| <1 = |x| <9

1
©)Gaix Write in index form

[ERN

= (2+x) ~ 2 Take out a factor of 2

oo x) 122
L2tttz )t
:2‘%(1+X3)‘%, 2‘%:%:%.U5ebinomial
23
expansion witm = - %andx = XE
{
1 3
| (-3) (=3)
1 1 X X
=l (- ) T (3%
|
L

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pageb of 8

|
3
(_E)(_E)(_E)/£\3 |
3! (2
|
|
L ox ¥ 50 ) ol by——
=2\ 1%t et Multiply by=75
1 X 3x? 53 o
= 2" 242t 342 " 128v2 T - Rationalise surds

N2 d2x o 3V2@ s2¢
=2 T g t e T 256

Validif}xg} <1 = |x| <2

5
() 375  Write in index form

=5(3+x) ~1 Take outa factor of 3

I x\ ] -

_5L3\1+ 3 ) |
B

-

(

=5><3‘1\1+2 1 -1 3= 1= =

} '

. Use binomial expansion with

00

2X
n= -1andx = 3

[ Y xy (cn(e2) (o
=3l | —1 ) (B RS )

3 21 3
] \ ) ) \ 3 )
(—1)(—2)(—3)(2X\3 W‘
3| \ 3) 'R J
_5(,_x & 8 ) : 5
=3 \1— 3 9 o7t ) Multiply by3
5 10x  20@  40%¢
=37 9 T 2r T a
| 2x | 3
Va|ldlf‘ 3 | <1l = |[x]| <3
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1+x : 1 . .
(9) 35 Write 3 inindex form

= (1+x) (2+x) ~1 Take outa factor of 2

e 2 (a0 ]
= (1+x)2 1(1+X5) -1 Expand( 1+X§) ~Lusing the
binomial expansion
( \\1|_ ( \\[X\ (_1)(_2)()(\
= [ 1ex [F1 1+ | -1 (5 + . 2)°
N T G AR S
(-1)(-2)(-3)/5\3_'_ 1|
31 L2 )
]
R (
= (1+x)%(1—5+7—§+ ) Multiply\\l—
X X X3 ) 1
2t a8t | by
= (l+x) (%—XZ+X§2—)1(—Z+ ) Multiply your answer
by (1+x)
(1_x ¥ _ X \ (1_x ¥ X
=l 2" %4 *t8 "t ) X273 tE Tt
A
)
:%—XZ+X—82—§+ +XE—XZZ +§+ Collect like
terms
:%+lx— 8X+_X3

(h)

1 1
= (2+x) 2(1-x) ~ 2 Putbothinindex form

PhysicsAndMathsTutor.com
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Expand both using the binomial

(1-x) ‘%

+X3)E

1

SN

=2

expansion
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= ( 1 1.2 1.3 A 1 )
_\/2\1+4x—32x+128x+ J oL oxs PP
5
1_6X3+ } Multiply out
[
| ( 1 32 5 3 \ 1 / 1
=\/2|1\1+§x+gx+1—6x+ JoFax | Le o
| \
L
)
3 5 15 ( 1 3 5 \
32, 2 2.2 1 32, 2
gX* + 16x3+ j‘ - X \1+ X+ gXo+ 16X3+ .
1 1 3 5
+Ex3(1+ SX+ g+ X5+ L ) }
[ 1 3 5 1 1 3 1 1
=2 \\1+ DX+ g+ X0+ X+ gt - X X+
)
1
ng3+ ... | Collect like terms
J
3 15 51
:\/2(1+ X+ §x2+ Ex3+ } Multiply by 2
- 342 15V2 5, 5142
- 2+ 4 X+ 32X+_128

Validif‘%} <land | x| <1 = |x]| <41 forboth to be valid
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The binomial expansion
Exercise B, Question 2

Question:

o . 3+2x-% .
Prove that ifx is sufficiently small,—,—,— may be approximated f)y +

11

5 . . :
X~ gxz. What does ‘sufficiently small’ mean in this question?

Solution:

1

3 + 2x— X2 (
\

3+2x—x2) (4-x) ~1  write;=ras (4x) ~1

4 -x - X
= (3+2x—x2) [4(1—%) }"1 Take out a factor of 4
- (3+2x—x2)%(1—xz) -1 Expand( 1—%) ~ L using the
binomial expansion
( A ( \ y Sy - y
= lseax— [lae | -1 [ %)+ R -
\ ) L \ )
1
}2+ ... | Ignore terms higher tha®
= (3+2x—x2)%(1+%+)1(—2+ ) Multiply expansion by
1
4
= (3+2x—x2) (%+ %+2—i+ . ) Multiply result by
(3+2X-x2)
X X2 X X2 (
:3(%+E+—4+ )+2<(%+E+—4+ ...)—XZL
X X2 )
ittt o |
)

PhysicsAndMathsTutor.com
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_ 3, 32, 302 1 1 1.2
T4 T X T X T XT gX T X T
bigger thanx?
_ 3, 1. S5
= a7 16X eaX
R B
Expan3|on|svalld|f} 2 } <l = |x| <4

© Pearson Education Ltd 2C
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The binomial expansion
Exercise B, Question 3

Question:

Find the first four terms in the expansion|of\ ( 4 ¥ . By substitutingk = %,

find a fraction that is an approximation 135. By comparing this to the exact
value, state the degree of accuracy of your approxim

Solution:
1
[ (4-x) = (4-x) 2
X 1
=[4(1-75) 12
1 1
=47 (1- ) 2
3
1 X (z) (-7%) X (z) (-7Z) (-7
=21+ (35) (-7) +_2 (_Z)2+ 2 2 2
2! 31
X
(- 7)3%+ ]
_ _x X 3
=2(1 8 128 1024 )
L x_ ¥ _ X
=2 4 62 512 T
) X
Vahdfor} —z} <l = |x| <4

1
Substitutex = ginto both sides of the expansion:

1 1 1
= (=)?2 (=)3
(421 LA °
k4_9)_2_4_64 - 512
35 _ 1 1 1
9 ~ 2 - 36 5184 373248
V35 736055
3 T 373248

3= 736055 _ 736055
35= 3 X 37308 = 124416

= 5.916079} 925
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By calculator \ 35 = 5.91607! | 78
Fraction accurate to 6 decimal pls
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The binomial expansion
Exercise B, Question 4

Question:

The expansion of &+ bx) ~ 2 may be approximated bi/

the values of the constara, b andc.

Solution:

[a(1l+ b—X) ] =2 Take out a factor af
a

(a+bx) ~2

_ bx | _
a 2(1+;X) 2

1 Xy -2
2 (1+ 7))

_ 1 _ bx. (-2) (-3) , bx |
=2+ (-2) () + Y ()t
1 2bx 302x2
=27 3 + ) +
11 5
Compare this tg, +7x+ cx
: 1
Comparing constant terms: 2 3
> a’=4 (V)
= a= 2
C . . -2b _ 1
omparing terms ix: 5 T3
a3
= b= T3 Substitute a& +2
+2) 3
S~ p= (_8)
= b=zx1
. 2 362 ) >
Compare terms ig~.  c= o Substitute 4= 16,b%? = 1
_3x1
= C= 16

PhysicsAndMathsTutor.com
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_ 3
3
Hencea= +2,b+t1,c= 16
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The binomial expansion
Exercise C, Question 1

Question:

as partial fractions.

8x +
(@) Express(l_x) (2+%)

8x+ 4
=-X) (2+x)

(b) Hence or otherwise expar |<u'l

the term inx2.

in ascending powers afas far a

(c) State the set of valuesx for which the expansion is val
Solution:

8x+ 4 A B _ A(2+x) +B(1-Xx)

@Let Ty 20 = (10t (20 = (1ox) (24x)

Set the numerators equal: x84=A(2+x) +B(1-x)
Substitutx=1: 8x1+4=Ax3+Bx0

> 12=3A
= A=4
Substitutx= - 2: 8x ( -2) +4=Ax0+Bx3
= -12=3
= B= -4

8x + 4 B 4 4
Hence = (2+x) = (1-x) ~ (2+x)

4 _ -1
(b) (1-x) —4(1_)()

P A
=4ttt

(-1) (-2) (-x)?
21 +

) s

L 1

=A(1+x+X2+  ..)
= 4 + Ix + 4X° +

=4(2+x) 1!

(2+x)

PhysicsAndMathsTutor.com
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—_ I I
N
1

N

X

X X"
2, 1-5+7

o
\
=2-X+ %x2+

Therefore

8x + 4 B 4 4

Page2 of 2

N—

(1-x) (2+x) — (1-x) = (2+x)

(
\

4 + &+ &P+

752
2 +5x+ Py

()

(1-%) is valid for |x| <1

<2
<1l

(2+%) is valid for |x |

Both are valid whe | x |

© Pearson Education Ltd 2C
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The binomial expansion
Exercise C, Question 2

Question:
(@) Exprestx as a partial fraction.
(2+x) 2
+ X

(b) Hence prove that(z_% can be expressed in the form-;0<+ BxZ + Cx°
+ X

where constan® andC are to be determined.

(c) State the set of valuesx for which the expansion is val

Solution:
() Let—2—= —A—, B _ A2+ +B
(2+x) 2 (2% 0 (24x) 2 (2+x) 2
Set the numerators equal: x2A(2+x) +B
Substitutex = - 2: 4=Ax0+B = B=4
Equate terms ix -2=A > A= -2
Hence—2— = ——— 4 4
(2+x) 2 (2+X) (2+x) 2

2 -1
0) 5+ = —2(2+x)
I

_ XY ] -1

= 2L2\1+2}J

= —2x2 1x (1+x5)_1

r ( \ X (-1)(-2) X

=-ix | ie | -1 () e RS ) e
(=) (=2)(=3) (x )3, ]

3! L2 ) '-'J

X X2 X3
:—1x(1—;+z—§+ )

PhysicsAndMathsTutor.com
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) X - - X
=1x [ 1+ | —2)| (E) 4 2;!( 3)(5)2+
|

3!

N—

3
=0 - oX+ oX° - 8x3

1 3
HenceB = 3 , (coefficient ofx?) andC = - 3, (coefficients ok°)

2
(c) (2+x) is valid for |x| <2

—2 —isvalid for |x| <2
(2+x)

Hence whole expressionisve | x| <2

© Pearson Education Ltd 2C
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The binomial expansion
Exercise C, Question 3

Question:

6 + 7x+ 5x° _ _
(1+%) (1-x) (2+x) as a partial fraction.

(a) Express

_ . 6+ 7x+5% _ _
(b) Hence or otherwise expand S 1-x) (2+x) N ascending powers af
as far as
the term inc.

(c) State the set of valuesx for which the expansion is val
Solution:

6 + 7x+ 5X A B C

(a)Let(1+X)(l_X)(2+X) = T T (10t 20

A(l-x) (2+x) +B(1+x) (2+x) +C(1+x) (1-x)
(1+x) (1-x) (2+x)

Set the numerators equal:

6+7x+5x25A(1—x) (2+x) +B (1+x) (2+x +C

( Vo )
K1+X)\1_X)

N—

Substitutex = 1: 6+7+5=Ax0+Bx2x3+Cx0

= 18=@B8

= B=3

Substitutex = - 1: 6-7+5=Ax2x1+Bx0+Cx0

= 4=2A

= A=2

Substitutex = — 2: 6-14+20=-Ax0+Bx0+Cx ( —-1) x3
> 12=-3C

= C= -4

PhysicsAndMathsTutor.com
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6 + X + 5% 2 3 4

HeNCe 150 (1-x) (2+x) = (1+x) T (1-x) ~ (2+x)

2 -1
(b) Tox =2(1+x)

AR N AR PN
P P S I 1H”2H)2+
. ) U ) |

Page2 of 3

-

(-1)(-2)(=-3)(x)?3 |
31 + |
]
=2(1-x+x-x3+ ..)
= 2-x+2¢-23  Validfor |[x| <1
—~=3(1-x) 1
I ( Y[ ) Z1) (=2 ( —x) 2
=3|1+\—1\|—x\+( )(2!)(X)+
L \ )\ )
(-1) (-2)(-3) (-x)3 |
31 + |
]
=3(1+x+x2+x3+  ...)
= 3+3+3¢+3C  Validfor [x]| <1
T =A(2+x) TH
Al X\ | -1
_4L2\1+2)J
=4x2" 1x (1+X3)‘1
I ( \(x\
_ X (1) (-2) ( x
‘2|L1+‘\_1J\2j+ 21 L 2
(1) (=2)(=3) (x )3, }
3| \2} "
]
P R - \
—2\1_2"'4 _8 + }
X2 x3 _
= 2-x+ 7 - Valdfor x| <2

PhysicsAndMathsTutor.com
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Henc
6 + 7x+ 5% 3 2 3 4
(1+x) (1-x) (2+x) = (1+x) T (1-x) ~ (2+x)
= | 2—2<+2x2—2x3 |+ | 3+3<+3x2+3x3 |
\ ) \ )
( X K
T2TXT 2T
=243 -2 —-X+3X+X+%+ 32—
X 23 + 23 X
; T2XH3CH Y

9, 5
=3+ X+ X+ X

(c) All expansions are valid whe | x| < 1.

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 1

Question:

Find binomial expansions of the following in ascending powersasf far as the
term inx3. State the set of valuesxfor which the expansion is valid.

@ (1-4«)3

(b)q (16 +x)

© o

COF e

4

O

1+x

0 7o

@122

X—-3
(h) (1-x) (1-2)

Solution:

(@ (1-4%) 3 Use binomial expansion witih= 3 andx = — 4x
1 (a) [ ca) e BELENT

) (2) (31,) (-2 7 As n = 3 expansion is finite
and exact

=1-1X+ 482 -64¢  Valid for all x
(b) ‘{ 16 +x  Write in index form

1
= (16 +x) 2  Take out a factor of 16

PhysicsAndMathsTutor.com
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N x ) 12
- |_16K1+16)J2
Ly x )L _ _ _ _ 1 X
=162 K1+ 6 ) 2 Use binomial expansion with= Zandx = ¢
[ 1 1 1 1 3
(3) (-3) () (=-35) (-3)
R R S R S L 0 PYE A L
| 2 | 16 ) 21 \ 16 ) 31 L
L
i
X )3
6 ) T I
J
( X X2 X3 \ .
:4K1+§_2048+65536+ ) Multiply by 4

X
=4+ 5 %50t Tezea T

VaIidforI %I <1 = |x| <16

1 L
() T-x  Write in index form

= (1-2x) ~1  Use binomial expansion with= - 1 andx = - 2x

( Y[ ) S1V (22 ( —x) 2
R T I B S R LT Ll
\ ) )
(-1)(-2)(-3)(-%)3
31 +

=1+ 2X+4C+8C+
1
Validfor |X| <1 = |[x]| <3

4
(d) 7% Write in index form

=4(2+x) ~1 Take outa factor of 2
I - - I |
“hLAUtt )

o1y (1) g o SN
=4 x27 % 1+ Use binomial expansion with= - 1 and

\ 2 )

PhysicsAndMathsTutor.com
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_ X
X=
[ ( A
3x (-1) (=2) ( 3% Vo
:2|1+|—1|(2\+ Y > +
] \ )K ) ! L2 )
(1) (=2)(=3) ( & )3 1|
31 L2 ) + ...J
3x o’ 27 _
=2(1_?+T_T+ ) Multiply by 2
_ o 2
=2-X+ > — 4 t
: | x| 2
Valldfor| 2 | <1l = |[x]| <3

(e) \%( =4 (f4-x) =1 write in index form

1
=4 (4-x) ~ 2 Take out afactor of 4

R I A S I B
“ALttTe) o
_ 1y x ) _ 1 : . : : 1
=4 x4 ZKl_ 2 ) 2 Use binomial expansion with= - Zand
W
|
l' . ) (=3) (=3) §
R T SRS It el
|
]
|
3 5
(-2)(-3) (-3) ) |
31 (_Z)S“L I
|
]
:2(1+X§+1—;x2+ﬁx3+ ) Multiply by 2

PhysicsAndMathsTutor.com
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X 3 5
=2+ T+ x4 oo+

4 64 512
vmm} —%I <1 = |[|x| <4
1+x _ ( \ -1 . 1 ..
T+ = K1+X) (1+X) Write 75 in index form then expand
( YT Y () vl —oy (3 2
S R I T B R
\ ) L \ ) U
(1) (=-2) (-3)(x)°* |
Y +
]
= (1+x) (1-3X+9%-27%3+ ... )  Multiply out
=1 -X+O2-27C+ X -3+ W+ ... Collect like terms

=1-2x+6x°-18C+
1
Validfor |X| <1 = |[x]| <3

= Write in index form

(1+x Yo _ (1+x)°?
\

1-x) (1-x) 2
= (1+x) 2(1—x) -2 Expand (1 —x) ‘zusing binomial expansion
( YT ( Y o( ) _ _ 2
— |l+2(+X2||1+ | _2| | _X|+ ( 2)(2?)( X) +
\ ) L \ )\ J
(=2)(=8)(-4) (-x)3 |
Y + .
]
= (L+2X+x2) (1+2X+3%+43+ ...)  Multiply out brackets
14+ X+CHDC+ X+ ACHBC+ X+ 23+ L. Collect like
terms
=1+4x+8x%+ 123+
Valid for |[x| <1
X—3 A B ; ) .
(h) Let(l—x)(l—Zx) = 10 t (1-2 Put in partial fraction form

_ A(1-2x) +B(1-x)
T (1-x) (1-2)
Set the numerators equal:x-3=A(1-2) +B(1-x)
Substitutex = 1: 1-3=Ax -1+Bx0
= -2=-1A

Add fractions.

PhysicsAndMathsTutor.com
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> A=2

. 1. 1 _ 1
Substitute = 5 2—3—A><O+B>< >

1
= —22:28
> B= -5
Xx—3 _ 2 5
Hence .y (1-2) = (1-x) ~ (1-%)
_ -1
(1-x) —2(1-x)
_ _ _ (-1)(-2)(-x)?
=2[1+ (-1) (-x) + Y +
(-1 (=2) (=3) (=) 3 | ]
3!
=2(1+x+X+x3+  ...)
= 2+ 2x+ 2%+ 24
_ -1
1-2) =5(1-2)
_ _ _ (-1)(-2)(-x)2
=5[1+ (-1) (-%) + > +
(-1) (-2) (=3) (=) % | ]
3!
=5 (1+X+2+83C+ ... )
= 5+ 10x + 20x% + 403
Xx—3 _ 2 5
Hence 1 3y (1-2) = (1-x) ~ (1-2

= (24 2xX+ 2@+ 23) — (5+ 10+ 20¢% + 40¢)
= -3 -&- 182 - 383

2 . ,
1 _cisvalidfor x| <1

1

S . .
1_xisvaldfor |[X|] <1 = |x]| <3

1
Both are valid when §| < 7.

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 2

Question:
Find the first four terms of the expansion in ascending powet®bf
(1,12
k l - 2X j 2, |X| < 2
and simplify each coefficiel® (adaptec
Solution:
1 1 (2) (-2) (-3x)2

=1+ ( ¢ - =X) + 2 2 2 +
(1_%)() (3) (-3x) a
L 3 1.3
2 () (=32) (=3) (=57

3!

=1- x4 (= 5) X (PB) +(35) x (—5F)

- i, _ 12 1.3

=1 X X X

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 3

Question:

. . 3 : 3
Show that ifx is sufficiently small theqﬁ can be approximatedpy -
Ser =2
16° 7 256°
Solution:

3
T =3(Ya+x) =1 write in index form

1
=3(4+x) ~ 2 Take out a factor of 4

X _1
:3[4(1+Z)] 2
1
1 _ 1 L = 1
S ACRRCSS PRENELR RIS
3 _1 _3 X2
:Ex[1+(——)(—)+( ) (7)) (07
21
_ = _ =2 _>5 X \3
(=35 (=35) (=35 ()7, ]
3!
_ 3 4_Xx ., 32 : 3
—2(1 s T Xt v ) Multlplyby2
- 3_ 3., 2.2,
=27 16T 256%
- 3_3 2.2 : 2 e
=3 16Xt 2eX If terms higher tham“ are ignored

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 4

Question:

Giventhat [x| <4, find, in ascending powerstip to and including the
term in ¥, the series expansion of:

1

(@) (4-x) 2
1
) (4-x) 2 (1+2x) O (adapted)
Solution:
1
(@ (4-x) 2 Take out a factor of 4
N A - I
=Lttt gt
_ 4= x 2 : : : 1 _ X
—42\1— )2 Use binomial expansion with= Zandx= - 7
|
1 1 X
(=) (-2) (-75)72
g (EV(xy o2Tet Tal
- L2) L "4 2!
|
L
|
3
(5) (=3) (=35) (=73)° |
3! + : I
|
J
(,_x _xX X ) :
:2K1_§_128_1024+ e Multiply by 2
L, x_ X X
=2- 7 "% " s12 T

PhysicsAndMathsTutor.com
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1
(b) (4-x) 2 (1+ ) Use answer from part (a)

_ ! x X X A ) ,
brackets

_ x X X XX

=2 - 4~ 61 512t +&- 5 - o Collect
like terms

_ 15 3o 17 3

=2+ X X T gkt

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 5

Question:

(a) Find the first four terms of the expansion, in ascending powerobf

(2+3) ~1 |x] <3

(b) Hence or otherwise, find the first four non-zero terms of the expansion, in
ascending powers af of:

1+ 2
=, x| <0

2+ 3x’
Solution:
(@ (2+%) -1 Take out factor of 2
[, ( ) 1o
=LAttt
-1 ) oq S L _
=2 K1+ 2 ) Use binomial expansion with= — 1 andx =
3x
2
I ( )
1 (3x ) (1) (=2) (XY
=] 1+ ] -1 + +
2 2 2! 2
I (2
(1) (=2)(=3) ((3x 3 1‘
3| \2) + an J
_ 1 Seq 22 X3 ) : 1
=3 Kl_ SX+ XE - XA ) Multiply by 3

- | 3| 2
Valldfor| 2 | <1l = [x]| <3

1+x .
(b) 573, Putinindex form

= (1+x) (2+3x) ~1  Use expansion from part

PhysicsAndMathsTutor.com
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_ [ Y (L_3 . 8, Z ) :
= \1+X} \2—4x+ gX"— Xt ) Multiply out
_ 1 3 8., Z 1 82,233 -
= 5 = X+ gXo— X+ oX- oXT+ X+ L Collect like
terms
11 3 9
_ = _ = 22 _ =
= 3= WXt X O+
- | x| 2
Valldfor| 2 | <l = |[|x]| <3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

The binomial expansion
Exercise D, Question 6

Question:

Find, in ascending powers olup to and including the term if,xhe series
1

expansion of (4 #) ~ 2, giving your coefficients in their simplest tol®

Solution:
_ [, x )] -2
(4 +x) 2 = L4K1+4)J 2 Take out factor of 4
_iy xY-2 i 1 _1
=4 2K1+4) 2 4 2—_1—2
42
_ 1y x ) -3 : . . . 1 X
=5 \1+ i) 2 Use binomial expansion withs — Jand x= 7
{
_1 _ 2 X2
ol oy ey 2R T
‘2I1+\_2)\4)+ 21 +
|
L
1
_ 1 _3 _ 5 X \3
(=3) (=3) (=3) () |
3! + -
|
|
]
_ i 1 . 32 5 3 )
=2 17Xt X Xt )
11 3 5
- 1 1 3 2 5
= 37 6XT 236X Zoae

valid for | X;| <1 = |x| <4

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 7

Question:

f(x) = (1+3) ~% |x| <3

(a) Expand ) in ascending powers @fup to and including the term i,
(b) Hence show that, for smatl

1+X~ _ 2
o =1 20+ 6x2 - 18¢.

(c) Taking a suitable value far which should be stated, use the series
expansion

in part (b) to find an approximate value ﬁ%é , giving your answer to 5
decimal placee
Solution:

(@ (1+X) -1  Use binomial expansion with= - 1 andx = 3x
( Vo ) (—1)(—2)(3<)2+

=1+ | -1 1| & | + Y
\ ) U )
(-1) (-2)(-3) (33
31 +

=1- X+ -27C +

1+X ( \ -1 .
b)) To3x = L 1 +x ) (1+X) Use expansion from part (a)

= (1+x) (1-X+9%-2%3+ ...)  Multply out
=1 -+ -2 +x-3%+ %+ ...  Collectlike terms
=1-2+6x2-183+ ...  Ignore terms greater thaf
1+x
- 2 3
Hence, 5, =1 — 2+ 6x° - 1&

(c) Substitutex = 0.01 into both sides of the above

PhysicsAndMathsTutor.com
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1+0.01
Tiaxooi- 1-2x001+6x0.01-18x0.0F
101 _ [ 101 101 |
103 — 1-0.02+0.0006 - 0.000018, | 103 To3 |
101 _
103 — 0.980582  Roundto 5d.p.
101 _
103 — 0.98058  (5d.p.)

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 8

Question:

Obtain the first four non-zero terms in the expansion, in ascending powers of

of the function fK) where f (x) = ;, <10

[ (1+32)

Solution:

o == s

1
(1+3¢) ~ 2 Use binomial expansion with= - % andx = 3%

N 2y 2
( ) (=3 (3)

=1+ (- 5) (3f) + |2 +

2!

Ly 22y 22 2y 3
(=3) (=3) (=3) (@)%,

3!

2 6
~1_3i+27x4_135<

B 2 8 16

Valid for |3x%| <1

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 9

Question:

1
Give the binomial expansion of (1)) 2up to and including the term .

By substitutingx = 7, find the fraction that is an approximation 105.
Solution:
Using binomial expansion

1 (3) (-2) (x)2
=1+(E)(X)+ 2 2 +

2!

Ly 2Ly 3 3
(7)) (=35) (=35) )7

3!

Expansionis valid if x| < 1.

1
Substitutingk = 7 in both sides of expansion gives

( 1YL i1 1 (1Yo, 1 (1) 3
VIt 1o Xy sy X )"t X g
(5)21_ i1 1 [ (5Y2_ |5
L4 )2~ 1+ %~ 1 Toa | L4 )27 Y4 |
5 _ 1145 [ 8 _ N5 _ A5
4~ 1024 | 147 V47— 2 |
\5 1145 ) .
> = Toxa Multiply both sides by 2

1145
V5= T

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 10

Question:

When (1 +ax) "is expanded as a series in ascending powetstiog
coefficients ofx andx? are - 6 and 27 respectively.

(a) Find the values & andn.

(b) Find the coefficient af>.

(c) State the values x for which the expansion is val@
Solution:

(a) Using binomial expansion

-1 2
(lL+ax) "=1+n (ax) + MO 2)!(ax) +

n(n-1) (n-2) (ax) 3
31 +

If coefficient ofxis —6then na= -6 O©

-1 2
If coefficient ofx? is 27 then % =27 ©

6 ) )
From ©a= PR Substitute IM@:

n(n-1) [ —6\2_

n(n-1) N 36 _
2 2

(n-1)18 _

— . =27

(n-1)18=2n

18n - 18 = 2'h

-18=T

n= -2

Substituten = — 2 back in®: -2a= -6 = a=3

27

(b) Coefficient ofx? is

PhysicsAndMathsTutor.com
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n(n-1) (n-2)a> (-2)x(-3)x(-4)x3
3! - 3x2x1 = - 108

1
© (1+X) ~Zisvalidif |[X| <1 = |x| <3

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 11

Question:

9x2 + 26x + 20 tial fracti
as a partial fraction.
(1+x) (2+x) 2 P

(a) Express

9x2 + 26x + 20

(b) Hence or otherwise show that the expansiorr ol >in ascending
(1+x) (2+x)

: 7
powers ok can be approximated to 5 % BxZ + Cx3 whereB andC are
constants to be found.

(c) State the set of valuesx for which this expansion is val

Solution:
. x+26x+20 A B C
@ e 0 o2 ™ a0 T e T G2
X +26x+20  A(2+x) 2+B(1+x) (2+x) +C(1+x)
(1+x) (2+x) 2 (1+x) (2+x) 2

Set the numerators equal:

X2+ 26Kk +20=A(2+Xx) 2+B(1+x) (2+x) +C(1+x)
Substitutex = - 2: 36-52+20-Ax0+Bx0+Cx ( —-1)
> 4= -1C

= C= -4

Substitutex= - 1: 9-26+20=Ax1+Bx0+Cx0

= 3=1A

= A=3
Equate terms i". 9 =A+B
= 9=3+B
=> B=6
X2 + 26 + 20 3 6 4
l_h:‘\nce(1+x)(2+x)ZE (1+x) T (2+x) C (2+x) 2

(b) Using binomial expansi
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_ -1
(1+%) =3(1+x)

_ _ (-1) (-2) (x)? (-1)(-2)(-3)(x)?®
=3[1+ (-1) (x) + . + a1 + ]

=3(1-x+X¥-x3+ ..)
=3-K+3C -3+

(2+x) =6(2+x) ot
=6[2(1+5) ] 71

- -1 Xy -1
=6x2"+(1+ 2)

- 1 _ X (=1)(=2) ,xy2, (=1)(=2)(=3) X
=6x S [1+(-1)(5 ) + y (5)°+ Y (%)

+ L)

(21x)  =4(2+x) =2

=4[2(1+7) ] 72

_ -2 X -2
=4 %x2 x(1+2)

1 x (-2) (=3) , X (-2) (=3) (-4) , x
=4x 2 x [1+ (=2) (5 ) +——57—(3) 2%+ 31 (3

S+ ]

- xt+ 32_ 13

=1x (1-x+ 2 X SX+ )
—1oxq4 32_ 1

=1-x+ 7x 2><3+

Hence
Ox2 + 26x + 20 3 6 4
+ —_— —_—_—_—
(1+x) (2+x) 2 (1+x) = (24X)  (g4x) 2

(

(
x 3., 3
+ (3—7+zx2— gx3) - Ll—x+

—_—

3 1
3, 14
2 X 2 |

)
3 3 3 3 1
3-H+3H-3C+3- 7)( + sz— gx3—1+x— zx2+ Exs

I
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X 2 é
2 X 8

-23
HenceB = 3 andC = e

3

(c)misvalid if [x|] <1
6

misvalid if x| <2

—2 __isvalidif [x| <2
(2+x) 2

Therefore, theall become valid 1 | x |

© Pearson Education Ltd 2C
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Differentiation
Exercise A, Question 1

Question:

., d : : :
Find d—ifor each of the following, leaving your answer in terms of the parameter
t:

(QX=2t,y=tZ—3t+2
(b)x = 3%,y = 23
(C)x=t+3t2 y=4t
(d)x=t2-2,y=3t°
(e)x = f,y:3t2—2

1 t2
() X=3-7.Y= 21

2t _ 1-12
Y= e

(@) x=

1+1t2

(h)x = t%€, y = 2t

() x=4sin3,y=3cos3

() x=2+sint,y =3 — 4 cog
(k) x =sect,y = tant

() x =2t -sin2t,y =1 — cos2t
Solution:

(QXx=2t,y=tZ—3t+2
& _ 9 _
gt =2 g —4-3
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Using the chain ru

dy
(5 )

d

dx:

2t-3
2

dx
(E)

(b)x = 3%, y = 23
x . dy _ 0
g - oL =@

Using the chain rule

dy
o _ Lo e _.
dx — dx 6t
(E)
(C)x=t+3t3 y=4t
dx dy _
g —1ta, =4
dy 4

- o = 1+e (fromthe chain rule)

(d)x=t2-2,y=3t°

ax _ o9y a4
a -2 g =18
dy 15¢* 158 _
i = 2 = 3 (from the chain rule)

dx dy
X =2 9
d — Zil ’dt_6t
. _ et

' dX_ _2t—2

I S
D x=57.¥Y= -1

dx

Asx= (2t-1) ~ L —=-2(2-1) ~°2

v dt T
Use the quotient rule to g

PhysicsAndMathsTutor.com
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dy  (2t-1) (2t) -t2(2) 28— 2 (t-1)
t - (2t-1) 2 S o(2-1)2 7 (pt-1)2
dy
8y _( i)
HenCedX =
(4
= ——=+-2(2-1
(2t-1) 2 ( )
_o2t(t-1) . -2

(2t-1)2  (2t-1)2
2t(t-1) (2t-1)2
-_— X

(2t-1) 2 -2

= —-t(t—-1) ort(1-1)

_ 2t _ 1-1t2
@x= T 3¥Y= T,
dx  (1+t?)2-2t(2t) _2-2F
dat — (1+t2)2 - (1+t2)2
and
dy  (1+t%) (-2t) - (1-t%) (&) = -4
dt — (1+¢) 2 S (1+2) 2
Hence
dy
&y (4
X = dx
(E)
— 4t . 2 - 22

- (1+12) 2 T (1+12) 2
— 4t
2(1-t2)
2t or 2t
(1-12) t2-1

(h)x = t2el, y = 2t

(LS R dy
5 = t°e + €2t (from the product rule) angtx =2
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dy 2 2

X T 2diod e (t+2)

() x=4sin3,y=3cos3

d—t:12cos ot = -9sin3
d_y_ - 9sin3t _ §
X — 12cos3t — 4 tan3

(j) x=2 + sint,y =3 — 4 cog

ax _ d _ . .

p = CO4t, at = 4 sint
ﬂ _ 4 sint _
dx ~ cost = 4 tart

(k) x =sect,y = tant
ax _ dy _ p.
g = secttant, = =secC t

dy _sect
I_Iencedx ~ sec ttant

sect
tant

1 cost

sint

cost
1

sint
= cosect
(Dx=2t-sin2,y=1-cos2

dx dy )
azZ—ZcosZgzZsmz

dy  _2sin2t
I_Iencedx T 2-2cos2t
2 x 2 sint cost

2-2(1-2 sift)
sint cost
sinft

cost

sint

= colt

PhysicsAndMathsTutor.com
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Differentiation
Exercise A, Question 2

Question:

(a) Find the equation of the tangent to the curve with parametric equations

X=3t-2sint,y = t2 + t cost, at the poinP, where t= %

(b) Find the equation of the tangent to the curve with parametric equations
x=9-t2 y =t + 6, at the poinP, wheret = 2.
Solution:

(a)x = 3t — 2 sint, y = t% + t cost

ox _ dy _ ( :
g —3—2cod, ;f =A+ \ —tsint + cost

)
)

ﬂ 2t — t sint + cost

dx 3-2cod
T
(7- 7))
oz dy %2z
Whent= 75, 5 = 3 =~ 6

". the tangent has gradie%t

_z . _ 3 _
Whent = 7 ,x= - —2andy= 7

3
". the tangent passes through the p(ﬁmg =52

The equation of the tangent is

2 T 3z
v-F=six (T2

2

. = _ . = =z
YT T eXT gyt
R
I.e._6x+3

(b)x=9-t3 y=t2+ 6t
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ax dy _

dt A, G =A+6
dy  2+6
dx -2t

dy 10

At the point where= 2,5~ = —, =

Also att = 2,x = 5 andy = 16.
". the tangent has equation
-5
y-16= 7 ( X—5 )
S 2y—32= -%+25
l.e.2y + 5x = 57

© Pearson Education Ltd 2C
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Differentiation
Exercise A, Question 3

Question:

(a) Find the equation of the normal to the curve with parametric equations
x=¢d,y=¢+e~ ! atthe poinP, where t= 0.

(b) Find the equation of the normal to the curve with parametric equations

x=1-cos2 y=sinZ, at the poinP, where t= %.

Solution:

(@)x=é,y=el+e7 !

dx dy

ax e A
& = € andy, =t-¢

& _ d-et

dx d

dy
Whent =0, o~ =0
.. gradient of curve is O
. normal is parallel to thg-axis.
Whent =0,x=1andy = 2
. equation of the normal is= 1
(b)x=1-cos2 y=sin2

da . dy _
pm —23|n2anddt = 2 cosP

ﬂ_ 2(:052t_
dx ~ 2sin2t = cot2
= dy 1 _ 1
Whent = &, 5, = — T3
tan —

3

.. gradient of the normal is </ 3
T 1

T = _1 g T 3
Whent = ©,x=1-cos3 =5 ang=sin3 = 7

PhysicsAndMathsTutor.com
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equation of the normal is

V3 1

y- 5 = -3 (X—E}

V3 V3

le.y- & = - 3+
Syt V3x= V3

© Pearson Education Ltd 2C
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Differentiation
Exercise A, Question 4

Question:

Find the points of zero gradient on the curve with parametric equatmns
t t2

TYE TotEL

You do not need to establish whether they are maximum or minimum

Solution:

Use the quotient rule to give

dx  (1-t) x1-t(-1) _ 1
e (1-t) 2 o (1-1) 2
and
dy  (1-t)2t-t2(-1) _2t-+
t o (1-t) 2 To(1-1) 2
dy a2 1 )
x= 027 Gone tiETh)
dy
Wheny, =0t=00r2
Whent =0 thenx=0,y=0
Whent =2 thenx= - 2,y= -4
2. (0, 0) and ( -2, -4) arethe points of zero gradient.

© Pearson Education Ltd 2C
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Differentiation
Exercise B, Question 1

Question:

. . d :
Find an expression in terms andy for d—i, given that:

@x2+y3=2
(b) X2 + 5y? = 14

(c) X% + 6x — 8y + 5y = 13
(d)y3+3x%y - 4x=0

(&) F° -2y +2xy=x°

_ X
(0 x= 2

@ (x-y) 4=x+y+5
(h) ey = xe¥
OV (xy) +x+y>=0

Solution:

@x°2+y3=2

Differentiate with respect to
2 22~
X + 3y dx —

dy - 2x

(b) X2 + By? = 14
dy
2x+ 10y 4 =

PhysicsAndMathsTutor.com
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ﬂ - 2X X

- dx 10y Sy

(c) X2 + 6x — 8y + 5y? = 13
dy dy
2x+6-84 +1¥, =0

_ [ ) 9y
2X+6— k8_1@jdx
dy 2X+ 6 X+ 3

T 8-10y — 4-5y

d)y>+3x%y -4x=0
Differentiate with respect to

d d
3 o + (&2%+yx6x) -4=0

Y (2 a2 )\
Xk3y+3x)—4 By
.Y 4-6xy

Todx T 3 (@ +y2)

() 37 -2y + 2= x° =0

dy ,d (L, ) 2 _
6ydx_2dx+ \Z(dx+yx2j -X°=0
dy[

x| 6y - 2+2x) =32 -2y
dy A2 -2y

E dx 2X+ 6y — 2

(f) x = fy
-y

|e>§ Xy =2y=0

Differentiate with respect to

dy dy
3x2 - (xd—x+y><1) -2, =0

dy
3x2—y: dx (x+2)
Ly -y
*odx T o x+2

PhysicsAndMathsTutor.com
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Page3 of 3
(@ (x-y) *=x+y+5
Differentiate with respect to
4(x-y) 3 ( 1 - y ) =1+ > ~ (The chain rule was used to
differentiate the first
term.)

LA (x-y)3-1= %[ 1+4(x-y) 3 }

dy _ 4xoy) 3-
L 1ed(x-y) 3

(h) &y = xe¥
Differentiate with respect to

d d
exﬁ +yeX:erﬁ+ey><1

&L ey L=y

& (eX-xev\ - o -y
dy _ oy
T T X xeY

)\ +x+y*=0
Differentiate with respect to
1 -2 (% ) &
2()(y) Z\Xd +yx1)+1+g/dx_

Multiply both sides by @

ook ) - - (70s
dy = (2xy+y)
dx —  x+4\xy
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Differentiation
Exercise B, Question 2

Question:

Find the equation of the tangent to the curve with implicit equation
x2 + 3xy? — y3 = 9 at the point (2, 1

Solution:
X2+ 3y’ —y3=9

Differentiate with respect tei

d
Whenx=2andy =1
4 + (123—1 +3) —3g—y =0

X

-7
. the gradient of the tangent at (2, 1)s

The equation of the tangent is
() _Z2( 5
YTt ) T e
L9y -9= -+ 14
SOy + Ix =23

© Pearson Education Ltd 2C
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Differentiation
Exercise B, Question 3

Question:

Find the equation of the normal to the curve with implicit equation
(x+y) 3=x2+yatthe point (1,

Solution:

(x+y) S=x*+y
Differentiate with respect ta

dy dy
3(x+y)2(1+&) :2(+&
At the point (1, 0)x=21andy=0
ol dy Yy _, W
..3\1+dxj =2+
R dy -1
L2 =Tl =2 W=

.. The gradient of the normal at (1, 0) is 2.

. the equation of the normal is
y-0=2(x-1)
lLe.y=2x-2

© Pearson Education Ltd 2C
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Differentiation
Exercise B, Question 4

Question:

Find the coordinates of the points of zero gradient on the curve with implicit
equationx? + 4y2 — 6x — 16y + 21 = 0.

Solution:

X2+ 42 —6x-16y+21=0 Q@
Differentiate with respect ta

dy dy
2x+8y o —6-16 =0

dy ay _
8y - 167 =6-X

dy
(8y—16)&:6—2<
. dy  6-2x
" dx = 8y-16

d
Forzerogradien{& =0=> 6-X%=0 = x=3
Substitutex = 3 intoD to give
9+4°%-18-16/+21=0
> 4y°-16y+12=0[ +4]
> y-4y+3=0
= (y-1) (y-3) =0
= y=1lor3
". the coordinates of the points of zero gradient are (3, 1) and (3, 3).
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Differentiation
Exercise C, Question 1

Question:

Find j—i for each of the following:
(@)y =3

Oy= {3 ]

(©)y = xa

2X
dy= T
Solution:

(a)y=3%

dy
=L _ X

(©)y=xa*
Use the product rule to give

d o x Xxoa_x [ 3
o = Xa In a+a*x1=a len a+1)

X

2
dy= 7%

Use the quotient rule to give
dy xx2In 2-2x1  2(xIn2-1)

dx — X2 X2

© Pearson Education Ltd 2C
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Differentiation
Exercise C, Question 2

Question:

Find the equation of the tangent to the cyrwe2* + 2~ X at the point( 2,4

1)
4 )

Solution:
y — 2X + 2— X

dy _
dX—ZXIn 2-2"XIn 2

R A 1 _1H
Whenx—2,OIX =4|n 2—4 In 2—4 In 2

A} IS

M

. the equation of the tangent %t 2

y—4%:%ln 2(x—2)
.4y = (15In 2)x+ (17-301In 2)

© Pearson Education Ltd 2C
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Differentiation
Exercise C, Question 3

Question:
A particular radioactive isotope has an actiWynillicuries at timet days given

by the equatiol = 200 ( 0.9 ). Find the value of;- , wher= 8.

Solution:

R=200 (0.9)!

dr t
i =200 x1In 0.9x (0.9)
Substitutet = 8 to give

drR
= - 9.07 (3sf)
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PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise C, Question 4

Question:

The population of Cambridge was 37 000 in 1900 and was about 109 000 in
2000. Find an equation of the fof= Pokt to model this data, whetes

: d : :
measured as years since 1900. Evalqj%te in the year 2000. What does this
value represen

Solution:

P=PK

Whent = 0, P = 37 000
©.37000 =P, x K =P, x 1
.. Py =37 000

-.P=37000 (k) !

Whent = 100,P = 109 000
. 109 000 = 37 000 k) 100
100 109 000

37 000

109
k=104 = =101

dP t
o =37 00&In k

Whent = 100
dP (109 ~ 1 109

= 1178 people per year
Rate of increase of the population during the year .
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Differentiation
Exercise D, Question 1

Question:

Given thatV = énr3 and that(i—\t/ =8, finc% when= 3.

Solution:
1
- =3
dv
ar =T

Using the chain rule
dv  dv  dr

L8 =mrex m

L, O 8
Whenr = ) 9
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Differentiation
Exercise D, Question 2

Question:

Given thatA = %nrz and tha% =6, find‘:f when= 2.

Solution:
- =2

dA 1

ar — 27Tr

Using the chain rule

dA  dA dr 1
G- @ X g = nr X6 =3

_, 9A
Whenr = Tt =6t

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 3

Question:

Given thaty = xe* and that(;—)t( =5, fin% whexr = 2.
Solution:

y = xe*

d

ﬁ =xef+eix1

Using the chain rule

dy _dy odx _ o f )
dt

ax X a —€ (X+t1 ) x5

d
Whenx = 2, & = 158
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Differentiation
Exercise D, Question 4

Question:

Given thatr = 1 + 3 co®) and that(:j—f =3, fino;L; wheé = %.
Solution:

r=1+ 3 cos

a )

9 = 3 sind

Using the chain rule
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Differentiation
Exercise E, Question 1

Question:

In a study of the water loss of picked leaves the mageams of a single leaf

was measured at timeslays after the leaf was picked. It was found that the rate
of loss of mass was proportional to the mdssf the leaf.

Write down a differential equation for the rate of change of mass of th

Solution:

dMm
¢ represents rate of change of mass.

dM . : :
o ¢ — M, as rate ofossindicates a negative quantity.
. .. = — kM, wherek is the positive constant of proportionality.
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Differentiation
Exercise E, Question 2

Question:

A curve Chas equatiog =f ( x) ,y > 0. At any point? on the curve, the
gradient ofC is proportional to the product of tkeand the ycoordinates oP.

The point Awith coordinates (4, 2) is db and the gradient & atAis %

dy _xy
Show that& ST
Solution:

d
The gradient of the curve is given g§

d
: % oc Xy  (which is theproduct of x andy)

d _ .
" ﬁ = kxy, where kis a constant of proportion.

dy 1
Whenx =4,y =2and =3

1
2:kx4x2
o, L
k= 16
dy _x
X — 16
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Differentiation
Exercise E, Question 3

Question:

Liquid is pouring into a container at a constant rate of 3G sml Attimet

L : : 2 _
seconds liquid is leaking from the container ataratEM cns ~ 1 where

V cm?is the volume of liquid in the container at that time.
d
Show that - 155~ =¥ - 450

Solution:

dv
Let the rate of increase of the volume of liquid e

dv 2
Then~ =30 -7V
Multiply both sides by - 15:

dv

- 1575 =2/ =450
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Differentiation
Exercise E, Question 4

Question:

An electrically charged body loses its cha@eoulombs at a rate, measured in
coulombs per second, proportional to the ch&ge

Write down a differential equation in terms@fandt where tis the time in
seconds since the body started to lose its ct

Solution:

d

The rate of change of the chargeacfs
dQ

dt

aQ
dt

oc — Q, as the body iksing charge the negative sign is required.
= - kQ, where kis the positive constant of proportion.
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Differentiation
Exercise E, Question 5

Question:

The ice on a pond has a thickn@sam at a timé hours after the start of
freezing. The rate of increase»ois inversely proportional to the squarexof
Write down a differential equation in termsx andt.

Solution:

) . dx
The rate of increase afis o

. dx 1 . .
L g < ;,as there is aimverse proportion.
dx

e % wherek is the constant of proportion.
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Differentiation
Exercise E, Question 6

Question:

In another pond the amount of pondweBlidrows at a rate proportional to the
amount of pondweed already present in the pond. Pondweed is also removed by
fish eating it at a constant rate@fper unit of time.

Write down a differential equation relatiyandt, where tis the time which he
elapsed since the start of the observa

Solution:

dp
The rate of increase of pondweedjs
This is proportional td.
dP

.EocP

dP :
. gt = kP, where kis a constant.

But also pondweed is removed at a @Qte
dpP
. gt =kP-Q
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Differentiation
Exercise E, Question 7

Question:

A circular patch of oil on the surface of some water has racansl the radius
increases over time at a rate inversely proportional to the radius.

Write down a differential equation relatingindt, where tis the time which has
elapsed since the start of the observa

Solution:

d
The rate of increase of the radiusar'{s

dr 1 . . .
& °¢ 7. asitisinverselyproportional to the radius.

dr

k . :
. & = 7 »Wherekis the constant of proportion.
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Differentiation
Exercise E, Question 8

Question:

A metal bar is heated to a certain temperature, then allowed to cool down and it
Is noted that, at time the rate of loss of temperature is proportional to the
difference in temperature between the metal faand the temperature of its
surroundingg,,.

Write down a differential equation relati@ andt.

Solution:

dg
The rate of change of temperaturejs

do
g < T ( 0 -0, ) The rate ofoss indicates the negative sign.
4 )

= L 0 -0, ) where ks the positive constant of proportion.
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Differentiation
Exercise E, Question 9

Question:

Fluid flows out of a cylindrical tank with constant cross section. At time
minutes, t> 0, the volume of fluid remaining in the tankvsn®. The rate at

which the fluid flows in M min~ 1is proportional to the square root\af
Show that the depth metres of fluid in the tank satisfies the differential

.__dh : "
equation = = X v h, where kis a positive constant.

Solution:

e\
Let the rate of flow of fluid be ;— , as fluid is flowirayt of the tank, and the
volume left in the tank is decreasing.
- dv
S V'V

v . g
. g = — K'YV, where Kis a positive constant.

ButV = Ah, whereA is the constant cross section.

L =A

. . dh
Use the chain rule to flngt—

dv dv dh

dat = dh X dt

dh_av v KV

dt = dt T dh - A
ButV = Ah,

2—?: -k/iW = (_—2) Vh= —k\/h,where% is a positive
constan
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Differentiation
Exercise E, Question 10

Question:

At time t seconds the surface area of a cubfe ism? and the volume i¥ cm?®.
The surface area of the cube is expanding at a constant rate?€™ tm

dv 1. 1
Show that i - 2V 3.
Solution:

: dA
Rate of expansion of surface aregs

dv .
Needgso use the chain rule.

av._ dv. ~dA

dt — da X dt

A _,av _ av L[ dA )
Asq =2 =2 0r2+ v ;) O
Let the cube have edge of lengthm.
ThenV = x3 andA = 6x2.

2
Eliminate xto give A= 6V 3
A -1
1
& 2 e 1l
From D a = = 3 =35Vs
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Differentiation
Exercise E, Question 11

Question:

An inverted conical funnel is full of salt. The salt is allowed to leave by a small

hole in the vertex. It leaves at a constant rate of 8 sm?.
Given that the angle of the cone between the slanting edge and the vertical is 30

degrees, show that the volume of the saitnilsﬁ, whereh is the height of salt at

timet seconds.
Show that the rate of change of the height of the salt in the funnel is inversely

proportional tch?. Write down the differential equation relatih andt.
Solution:

1 o
UseV = 37l h

As tan30 ° :L—

3
. dv
Itis given thaty- = - 6.
. dh )
To find o use the chain rule:
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dt — dt dv dt dh
dv 1
av _ 1,2
From(Q g = 37h
dh 1
g~ . 1,9
a = — 6% 3mh
dh  -18
dt - 7l'h2
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Differentiation
Exercise F, Question 1

Question:

The curveC is given by the equations
— - 8

X=4t-3,y= t2,t>O

wheret is a parameter.
At A, t = 2. The lind is the normal t& atA.

L, dy .
(@) Flndd—i in terms of.

(b) Hence find an equation KE;

Solution:

(@)x = 4t — 3,y = t%:St‘z
[ dy _ -3
at —4and0It = —-16

o dy —16t_3_ -4
Codx T 4 _t_3

NI~

(b) Whent = 2 the curve has gradien_f1 =

". the normal has gradient 2.
Also the poinA has coordinates (5, 2)
". the equation of the normal is
y—-2=2(x-5)
lL.ey=2x-—-8
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Differentiation
Exercise F, Question 2

Question:

The curveC is given by the equations= 2t,y = t2, wheret is a parameter. Fir
an equation of the normal C at the poinP onC wheret = 3.0

Solution:

X=2ty=t2
ax _ . dy _
at 2 g -4
dy _ 2t _
©dx T 2 =t
Whent

3 the gradient of the curve is 3.
1
. the gradient of the normal is 3

Also at the poinP where t= 3, the coordinates are (6, 9).
. the equation of the normal is

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise F, Question 3

Question:

The curveC has parametric equations
x=t3,y=t2t>0
Find an equation of the tangeniC atA (1, 1)@

Solution:

X dy
X _ 2 ay _
= 3t an e

*dx 3t2 = a
At the point (1, 1) the value ofs 1.

2
. the gradient of the curve s, which is also the gradient of the tangent.

. the equation of the tangent is

y—lzé(x—l)

, 2 1
lLey= 3x+ 3
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Differentiation
Exercise F, Question 4

Question:

A curve Cis given by the equations
X=2cod +sind,y=cost—2sin3,0<t<rzx
wheret is a parameter.

(@) Flnd— and— in terms df

(b) Find the value o% at the poiRton C where t= %.

(c) Find an equation of the normal to the curvP. @

Solution:
(a)x=2cog +sin,y=cost — 2sina
dx ) d )
P —23|nt+20052,%: —sint —4 cos?2
] d__ — sint — 4 cos 2t
(b) ** dx T —2sint+ 2 cos2t
—1 5
_xody V21
Whent = 4'dx T -2 -2
20

(c) .. the gradient of the normal at the pdijtwhere t= %, is — 2.

The coordinates ¢f are found by substituting= 7 ~into the parametric
eqguations, to give

2 1
x= Tz *+ly= 73 -2

. the equation of the normal is

T T

2
Y= (V272 ) T T2 X \W”N

|
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_ 1 4
lLe.y- 75 +2= —-X+ 5 +2

542
LY+ 2X= T

N
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Differentiation
Exercise F, Question 5

Question:

A curveis given bx =2t + 3,y = t3 - 4t, where tis a parameter. The poiAt
has parametdr= — 1 and the lin¢ is the tangent t€ atA. The line lalso cuts
the curve aB.

(a) Show that an equation fois 2y + x = 7.

(b) Find the value ct atB.@®
Solution:
(Q)x=2t+3,y=1t3- 4t

At pointA,t= - 1.
. the coordinates of the poiAtare (1, 3)

& _ ay
 =2andy =%¥-4

dy 32 -4

E dx 2

1

: dy
At the pointA, |~ = — 3

. the gradient of the tangentAis - %

". the equation of the tangentAats

y-3= —%(x—l}

le.y-6=-x+1
L2yt x=7

(b) This line cuts the curve at the polht
S2(8-4t) + (2t+3) =7 gives the values ofatA andB.

ie.22-6t-4=0
AtAt= -1
. (t+1) isaroot of this equation
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29—&—L=(H4) (#—a—4)= @+1

A\ ( \
2t-4 —20+1)2\t—2)

t+1

~—
A~
~—
/N

So when the line meets the cunve, — 1 (repeated root because the line
touches the curve) oF 2.

. atthe poinB, t = 2.
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Differentiation
Exercise F, Question 6

Question:

A Pancho car has valu&/ft time tyears. A model fo¥ assumes that the rate
of decrease o¥ at timet is proportional td/. Form an appropriate differential

equation foN.@
Solution:

av .
5 s the rate of change ™

dv - . .
o < —V, as adecrease indicates a negative quantity.

dv

. gt = — KV, where Ks a positive constant of proportionality.
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Differentiation
Exercise F, Question 7

Question:

The curve shown has parametric equations
x=5cod),y=4sin0,0 < 6O<2r

NG

(a) Find the gradient of the curve at the p&irat which 6= %.

(b) Find an equation of the tangent to the curve at the point

(c) Find the coordinates of the poR where this tangent meets x-axis @

Solution:

(@)x=5cod,y=4sind

dx : dy _
w0 " —58|n<9andd9 = 4 co¥
ﬂ_ -4 coy)
* dx ~  5sind

d -4
At the pointP, where 6= ”z, ax = 5 -

4

(b) At the pointP, x = %andy = 72

". the equation of the tangentRats
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L, A 8
Y= s Xt

Multiply equation by 5 and rationalise the denominator of the surd:
By + 4x = 20V 2

(c) The tangent meets tikeaxis wheny = 0.
. x=5+ 2 andR has coordinates (%2, 0) .
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Differentiation
Exercise F, Question 8

Question:
The curveC has parametric equations
x=4cos2,y=3sint, - > <t<

: . 1) .
Ais the p0|nt\ 2, L ) o and lies @
(a) Find the value dfat the poinfA.
. dy .
(b) Find - in terms of.

(c) Show that an equation of the normaCtatAis 6y — 16x + 23 = 0.
The normal af cutsC again at the poirs.

(d) Find they-coordinate of the poir.

(E

Solution:

(a)x =4 cos2 andy = 3 sint

Aisthepoint( 2, 1%} and so

1
40032:2and33im:1§

N -

1 .
J.cosd = Eand sirt =

T T T .
As -7 <t< 7,t= 7atthe point A
dx ) dy
(b) 5 = —8sin2andy  =3cos
dy _3cod
" dx ~  -8sin2t
_ _—3cod )
= Teemcog  (Using the double angle formula)
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-3
16 sint

-3

z  dy
(c) Whent = 5 i = 8

8
. the gradient of the normal at the pohnis 7.

. the equation of the normal is

y—1%:§(x—2}

Multiply equation by 6:
6y — 9 = 16x — 32
S.ey—-1ex+23=0

(d) The normal cuts the curve when

6(3sint) —16 (4cos2) +23=0

.18 sint — 64 cos2 + 23 = 0.

S.18sint-64(1-2 siﬁt) +23 =0  (using the double angle
formula)

. 128sirft + 18 sint — 41 = 0

: 1, : : : :
But sirt = 7is one solution of this equation, as paiites on the line and

on the curve.
. 128sirft + 18 sint — 41 = (2sint—-1) (64sint+41)
S.o(2sint-1) (64sit+41) =0

. atpoint Bsint= —~

: .. —123
. they coordinate of poinB is —¢,— .
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Differentiation
Exercise F, Question 9

Question:

The diagram shows the cur@ewith parametric equations

. 1
x=a sift,y=acost, 0<t< >z

wherea is a positive constant. The pollies on Cand has coordinateé

3 1)
22 2a).

VA

~

i
P
;
0 X

. ,d . :
(@) Flndﬁ , giving your answer in termstof

(b) Find an equation of the tangentato C.

LE

Solution:

(a)x = a sirft,y = acost

dx . dy )
—— =2asintcostand- = —asint
dt dt
ﬂ B —asint - 1 - 1
dx ~ 2asintcost - 2cos ~ 2 sect
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(3 )

(b) P is the pointk 2, %a ) and lies on the curve.

_ 3 1
.. a sirft= Jaandacost = 3a

) V3 1 1
C.osint= 7and cos$ = EandOStS o

St= 3
1 T

. the gradient of the curve at polis - 5 sec 57 = - 1.
The equation of the tangentRais

1 ( 3_)
y- za= -1 \x— 4a)

1 3

Sy+x= Ja+ Za

Multiply equation by 4 to givdy + 4x = 5a
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Differentiation
Exercise F, Question 10

Question:
This graph shows part of the cur@eawith parametric equations
x= (t+1)2y= %t3+3,t2 -1

P is the point on the curve wherre 2. The line lis the normal t& atP.
Find the equation df

JJ‘. f C

o X, %
F

Solution:

1
x= (t+1) 2 y= 5t3+3
dx ( \

dx dy _3,
t—2 \t+1janddt =5t

3.
(2t) »
x — 2(t+1) T 4(t+1)

dy

dy 3x4

Whent =2, = 753 =

The gradient of the normal at the pditvhere t= 2, is — 1.
The coordinates d? are (9, 7).
". the equation of the normal is
y-7=-1(x-9)
lLeey—-7=-x+9
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S y+x=16
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Differentiation
Exercise F, Question 11

Question:

The diagram shows part of the cu@evith parametric equations
Xx=t%y=sin2,t>0
The point Ais an intersection df with the xaxis.

VA

: >
0 N X
(a) Find, in terms of, thex-coordinate ofA.

(b) Find £ in terms of, t > 0.

(c) Show that an equation of the tangenttatA is 4x + 2ry = 2.

(E

Solution:

(a)x = t? andy = sin2
At the pointA, y = 0.

C.sin2=0
C.2t=1x
t= 3

2

The pointA is (% : O}
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dx dy
(b) o =2andy =2cos®

. _ cos 2t
Codx T t
: dy = -1 _ =2
(c) At pointA, = =~

(E)

-2
. the gradient of the tangent/Ats — .

". the equation of the tangentAats

-2 i
o (x- )

l.e.y= — >
Multiply equation by 2 to give

21y + 4x = 2
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Differentiation
Exercise F, Question 12

Question:
Find the gradient of the curve with equation

5x2 + 5y2 — 6xy = 13
at the point (1, 2).

(E

Solution:

5x2 + 5y? — 6xy = 13
Differentiate implicitly with respect t&:

10x+10yg—i— (6xj—i+6y) =0

. %(1Q/—6x) +10x - 6y = 0

At the point (1, 2)

ay () _
dX\14) +10_12—O
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Differentiation
Exercise F, Question 13

Question:

Given that & + Y = xy, find g—i in terms of andy.

LE

Solution:

e2X+QZY:xy

Differentiate with respect tai
d d
26X + 26 - =x o +yx 1

2e2y% —x%:y—Zezx

- (Zezy—x ) =y — 2

dx )
. dy  y-2e%
Todx T 28—
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Differentiation
Exercise F, Question 14

Question:
Find the coordinates of the turning points on the cyfve 3xy? — x° = 3.

LE

Solution:

y3 + 3xy2 -x3=3
Differentiate with respect tai

dy dy

3?4 (3x><2y&+y2><3) -¥X*=0
dy

e (3y2+6xy) = 3% - 3y?
d_y 3(X2_y2) _ X2_y2

ST 3y (y+x) T oy(y+ )

Wheng—i =0x° =y iex= +y

Whenx= +y,y3+3y3-y3=3 = 3°=3 = y=landx=1
Whenx= -y, y3 -3y +y3=3 = -y3=3 = y=3(-3) and

. the coordinates are (1, 1) and F( =-3) , 3 (-3) ) .
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Differentiation
Exercise F, Question 15

Question:

Giventhaty (x+y) =3, evaluatef% whepn = 1.

LE

Solution:

y(x+y) =3
CLyX+ Y2 =3
Differentiate with respect tei
SR DR T ELI
Wheny=1,1(x+1) =3 (from original equation)
SoX=2
Substitute intdD:
1+22 4% =9
dx dx
dy
dx

. dy -1
e = 2

A= -1
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Differentiation
Exercise F, Question 16

Question:
@nf(1+x)(2+y):x2+ﬁ,mm§§mUymso&mMy
(b) Find the gradient of the curve (1x9 (2 +y) = x% + y? at each of the

two points where the curve meets jhaxis.

(c) Show also that there are two points at which the tangents to this curve are
parallel to they-axis.

(E

Solution:

(@) (L+x) (2+y) =x+y?
Differentiate with respect to

d d
o) (2] (o) (1) s
( Y dy _

\1+X_2yjdx 2)(_y_2
dy _ 2x-y-2
dx T 1+x-2y

(b) When the curve meets tix@axis,x = 0.
Put x= 0 in original equation (1 x) (2+y) =x%+y2.
Then 2 +y = y?
ie.¥-y-2=0
= (y-2)(y+1) =0
S.y=2ory= —1whenx=0

(c) When the tangent is parallel to y-axis it has infinite gradient and
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dy _ 2x-y-2

dx = 1+x-2y

Sol+x—-2y=0

Substitute 1 ¥ = 2y into the equation of the curve:
2y(2+y) = (2y-1) °+y

2y + dy = 4y’ — Ay + 1 +y?

3y?-8y+1=0

8J_r\|64—12_ 4J_r\IT3

4 +Y\13 5+ 2{13
Wheny = +1_ :+T1_

4 - \|_3 5-2{13
» X 3

Wheny =

. there are two points at which the tangents are parallel {pdRs.

Theyare( 5+§1T3 ,4+3\|T3) ano( 5_§1T3 4,_31?)’)
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Differentiation
Exercise F, Question 17

Question:

A curve has equationx?’ + 48xy — 7y2 + 75 = 0.AandB are two distinct point
on the curve and at each of these points the gradient of the curve is eﬁual to
Use implicit differentiation to show that+ 2y = 0 at the point& andB.

(E

Solution:

X + 48y - Ty* + 75 =0
Differentiate with respect t (implicit differentiation):

14x + (48(d—y+48y) —14yj—i20

2

Given that— =1

. 14x + 48K x —+4&/ 14y x 1—:

Multiply equation by 11,
then 154 + 96x + 528y — 28y = 0

. 250k + 500/ = 0
l.e.x + 2y = 0, after division by 25(
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Differentiation
Exercise F, Question 18

Question:

Given thaty = x*, x> 0,y > 0, by taking logarithms show that

g—i:xx (1+Inx)

LE

Solution:

y=x"

Take natural logs of both sides:
In y=1In xX

S Iny=xIn x  Property of Ins
Differentiate with respect tei

1
=X X ;+Inx><1
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Differentiation
Exercise F, Question 19

Question:

(a) Given thak = 2!, by using logarithms prove that
2 = 2tin 2

A curveC has parametric equatiors: 2\, y = 3t2. The tangent t€ at the
point with coordinates (2, 3) cuts thaxis at the poinP.

(b) Findj—i in terms of.

(c) Calculate the-coordinate of, giving your answer to 3 decimal places.

F

Solution:

(a) Givenx = 2!
Take natural logs of both sides:
In x=1In 2!=tIn 2

Differentiate with respect to

1 dx

;E:InZ

dx
. g =xIn 2=2>In 2

(b)x = 2 y = 3t2
dx dy
- _ ot == _

dy 6t

X oty o

(c) At the point (2, 3)t = 1.
6
The gradient of the curve at (2, 355~

". the equation of the tangent is

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4

6
y-3= 2In2(x_2}

: _ 3 6
l.e.y= |7 oX— In2+3

The tangent meets thexis wherny = 0.

3 6

In 2 = In2_3

~Xx=2-1In 2=1.307 (3 decimal places)
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Differentiation
Exercise F, Question 20

Question:

(a) Given that &= & where a and kre constants, 2 0 and x€ R, prove that
k=1In a.

(b) Hence, using the derivative dfgprove that when y 2%
L= X 2.

(c) Hence deduce that the gradient of the curve with equatio®yat the point
@,4)is In 16.

e

Solution:

(a) & = &
Take Ins of both sides:

In @ =In &

Le.xIn a=kx
As this is true for all values of k=In a.

(b) Therefore, 2= dn 2 %X
When y= 2X = dn 2 xx
dy _ 2 XX _
o =In 2 d"2XX=n 2 x
(c) At the point (2, 4), x 2.
". the gradient of the curve is

221n 2
=41n 2

=In 2* (property of logs)
=In 16
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Differentiation
Exercise F, Question 21

Question:

A populationP is growing at the rate of 9% each year and at tigears may b
approximated by the formula

P=P,(1.09)Lt > 0
whereP is regarded as a continuous functiort ahdP, is the starting
population at time = 0.

(a) Find an expression foin terms ofP andP,

(b) Find the timeT years when the population has doubled from its value at
t=0,
giving your answer to 3 significant figures.

(c) Find, as a multiple d?, the rate of change of populati%t?r at timeT.@

Solution:

(@P=Py(1.09)"
Take natural logs of both sides:
In P=In [Py(1.09) "] =In Py+tin 1.09
S tin 1.09=InP -In P,

In ( P)
n L
In P-1n P0 I:)0

= t= " i 109 or In 1.09

(b) WhenP = 2P, t =T.

In 2
In 1.09

ST = = 8.04 (to 3 significant figures)

dP t
() & =Py(1.09) "In 1.09
Whent=T,P=2P,so (1.09)"=2and
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ap
a —P0><2><In 1.09

=In (1.09) xP,=1In(1.1881) xP,
= 0.172 (to 3 significant figures)
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Exercise A, Question 1

Question:

The diagram shows the vect@d, c andd. Draw a diagram to illustrate the
vector additiona + b + ¢ + d.

N

d

Solution:

atb+c+d=PQ

(Vector goes from the start afto the finish ofd).
The vectors could be added in a different order,
eg.b+c+a+d:

Ve

Hereb+c+a+d=RS

PhysicsAndMathsTutor.com
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Exercise A, Question 2

Question:

The vector is directed due north and | a| = 24. The veltisrdirected due
westanc|b| =7.Find |a+b]| .

Solution:

%=z

a+b /pa

|

|
+b|%=24+7°=625
. la+b| =25
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Vectors
Exercise A, Question 3
Question:
The vector is directed north-eastand |a| = 20. The vdeisrdirected
soutl-eastanc|b| =13. Find |a+Db] .
Solution:
&
b
a
atb
|la] =20
|b|] =13
la+b|2=207+ 13 =569
la+b| = \| 56€=23.€(3s.f.
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Vectors
Exercise A, Question 4

Question:

In the diagram, PQ = a, QS = b, SR = c and PT = d. Find in termgdot and
d:

(@) QT
(b) PR
(c) TS
(d) TR

Solution:

@) QT=QP+PT= -a+d
(b)PR=PQ+QS+SR=a+b+c
()TS=TP+PQ+QS= -d+a+b=a+b-d
(dTR=TP+PR= -d+ (a+b+c) =a+b+c-d
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Vectors
Exercise A, Question 5

Question:

In the diagram, WX = a, WY =b and WZ = c. Itis given that XY = YZ. Prove
thata + c = 2b.
(2b is equivalent to b + b).

W

Solution:

XY=XW+WY=-a+b
YZ=YW+WZ= -b+cC

Since XY =YZ,
-a+b=-b+c
b+b=a+c
a+c=2b
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Vectors
Exercise B, Question 1

Question:

In the triangle PQR, PQ = 2a and QR = 2b. The mid-poifiFis M.
Find, in terms of andb:

(a) PR

(b) PM

(c) QM.
Solution:

2b

2a 0
@ PR=PQ+QR=2a+2b

1 1/ )
() PM=5PR=5| 2a+2b] =a+b

QM =QF+PM= -2a+a+b=-a+b
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Exercise B, Question 2

Question:

ABCD is a trapezium with AB parallel to DC and DC = 3AB.idthe mid-point of
DC, AB =aand BC =bh.
Find, in terms of a and:b

(a) AM
(b) BD
(c) MB
(d) DA.
Solution:

A4

b M C
Since DC = 3AB, DC = 3a
3
Since Mis the mid-point of DC, DM = MC =7 a

3 1
@AM =AB+BC+CM=a+b-5a= -7 a+b
(b)BD=BC+CD=b-3a

a-b

N lw

(c) MB = MC + CB =

(d)DA=DC+CB+BA=3a-b-a=2a-b
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Vectors
Exercise B, Question 3

Question:

In each part, find whether the given vector is parallel to a — 3b:

(a) 2a — 6b
(b) 4a - 12b
(c)a+3b
(d)3b-a
(e) 9b — 3a
(f)3a- b
Solution:

(@)2a-6b=2(a-3b)
Yes, parallel to a — 3b.

(b)yda-12b=4(a-3b)
Yes, parallel to a — 3b.

(c) a + 3bis not parallel to a — 3b

(d3b-a=-1(a-3b)
Yes, parallel to a — 3b.

(e)9b-3a=-3(a-3b)
Yes, parallel to a — 3b.

2 _1( _4 .

1
(hza-3b=%  a-3b
No, not parallel ta — 3b.
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Vectors
Exercise B, Question 4

Question:

The non-zero vectosandb are not parallel. In each part, find the valua of
and the value af:

(@a+3b=2va-pub

(b) (» +2)a+ (pn-1)b=0
(c)4ra-5b-a+ub=0

d (1+x)a+2rb=pa+4ub

(e) (312 +5)a+b=2pa+ (A -3)b
Solution:

(@a+3b=2va-pub
1=2A and 3= —-p
1

A=75 and p = -3
(b)) (A +2)a+ (pn-1)b=0
A+2=0 and p -1=0

A=-2 and p =1

(c)4dra-5b-a+ub=0
4 -1=0 and -5+p =0

1
A=7 and p =5

(d (1+A)a+2A b=pa+4pub
1+ X2 =p and 20 =4pu
Since2. =4u, A =2u
1+2p =
u=-1 and LA = -2

€) (3% +5)a+b=2ua+ (A -3)b

3L +5=2p and 1=X -3
» =4 and 2p =12+5
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A=4 and p =873
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Exercise B, Question 5

Question:
In the diagram, OA = a, OB = b a@idivides ABin the ratio 5:1.

(a) Write down, in terms af andb, expressions for AB, AC and OC.
Given that OE =\ b, wherel is a scalar:

(b) Write down, in terms od, b and), an expression for CE.
Giventhat OD =p (b —a) , wherauis a scalar:

(c) Write down, in terms dd, b, A andu, an expression for ED.
Given also thaE is the mid-point ofCD:

(d) Deduce the values afandp.

LE

A

Solution:
(@@AB=AO+0B=-a+hb
_ 5, ,_5¢ A
AC— GAB_ 6k _a+b)

5 ( ) 1 5
OC:OA+AC:a+g\ —a+b) =z a+g b
(b)OE= A b:
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CE=CO+0E= - 2a+2p) mb=-2a+2-21p
a — s 6 ) -6 \ 6 )
(c)OD=pn (b-a) :
ED=EO+OD=-Ab+pu(b-a)=-pa+ (p-2)Db

(d) If E is the mid-point ofCD, CE = ED:
—la+(k—§\b—— +( —k\b
637 | 6 )P THaAT (K )
Since andb are not parallel

— - "k = WU=g5
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Vectors
Exercise B, Question 6

Question:

In the diagram OA = a, OB = b, 30C = 20A and 40D = 70B.
The line DCmeets the lin@&B atE.

(a) Write down, in terms ad andb, expressions for
() AB
(i) DC
Given that DE =A DC and EB =p AB wherel andp are constants:

(b) Use A EBD to form an equation relating &b, A andp.
Hence:

9
(c) Show thath = —.

(d) Find the exact value qf

(e) Express OE in terms afandb.
The line OE produced meets the IWB atF.

1

Given that OF kKOE wherek is a constant and that AF o |

o4

(f) Find the value ok @
0 B

Solution:

2 2 7 7
(@0C=350A=35a0D=; OB=, b

()AB=AO+0OB= -a+b
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2
()DC=DO+0C=3 a-7 b

(b) DE = . DC and EB =p AB.
From A EBD, DE = DB + BE

: z _ I 3
SlnceOD:4 b,BD—OD—OB—4 b—b71 b

. _ 3
".DB= - b
So ADC=DB - uAB
(2 7 3 ( )
- - = = - — - +
(2 ) (3 AP R
ks)\,_},lja+k4+u_47\,jb—o
2 2
(c)SozA —p=0 = p=73A
3 7.
and; +pu - 74 =0
3 2 T,
=> 4+3x—4x-0
133
= M= 7
_ 3 12 _ 9
= A= 3X 3T
_ 2, _2_ 9 _ 6
dp=3%=3x7173=73
6 (
(e)OE:OB+BE=OB—uAB:b—E\—a+b
_ _L 4
(f) OF =kOE and AF =75 b -7; a.
_ &k 7k
OF = Tza+ 3
From A OFA, OF = OA + AF
6k 7k (7 4 ) _6 e
3@+ phb=a+ | pb-pa; =5 aHp
6k _ 6 k7
So 3 =3 (andz =35 )

PhysicsAndMathsTutor.com
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= k=75
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Vectors
Exercise B, Question 7

Question:

In A OAB, Pis the mid-point oAB andQ is the point orOP such that OQ =
%OP. Given that OA = a and OB = b, find, in termsaaindb:

(a) AB
(b) OP
(c) OQ

(d) AQ
The point RonOB is such that OR = kOB, where Okx< 1.

(e) Find, in terms o, b andk, the vector AR.
Given thatAQR is a straight line:

(f) Find the ratio in whicl divides ARand the value df.

LE

Solution:

0 i A
3
BP = PAand OQ =, OP

(A)AB=A0+O0B= —a+b
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1
(b)) OP=OA+AP=0A+5 AB=a +

3 3(1 1)
(C)OQ:4OP:4\2 a+2 b)

/T

()AQ=AO+0Q= -a+ | -

(e) Given OR %OB (0 <k<1)

i
2\ 7

In A OAR, AR =AO0 + OR = —a +kb

a+b)

(f) Since AQRIs a straight line, AR and AQ are parallel vectors.

R

)

Suppose AQ =\ AR

5 3 (
- ga+t gb:x L - a+kb

5 5
So—gz—x => ng
3
andgzkk
= k—i
~ 8
3
= k:g

5 3
Since AQ=3 AR,RQ=; AR

SoQ dividesAR in the ratio 5:¢

© Pearson Education Ltd 2C
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Vectors
Exercise B, Question 8

Question:

In the figure OE: EA=1:2,AF:FB=3:1and OG: OB = 3 : 1. The vector
OA = a and the vector OB = h.
Find, in terms of, b ora andb, expressions for:

(a) OE
(b) OF
(c) EF
(d) BG
(e) FB
(f) FG

(g) Use your results in (c) and (f) to show that the pdints andG are collinea
and find the ratio EF : FG.

(h) Find EB and AG and hence prove tE&tis parallel toAG.

LE

O | A
Solution:
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_ 3 )
—a+4kb_aj
_ 3 3
—a+4b—4a
1 3
= za+ ;b
2 3
(c)EF=EA+AF=70A+7 AB
2 3
:§a+z(b—a)
2 3 3
= 3a+,b-7a
1 3
= pat ;b
(d)BG =20B =2b
1 1 1 1
(@FBzzABzz(b—a) = -, a+; b

1 1 1
HFG=FB+BG=-7a+, b+2b= -, a

FG= -~a+2b=3 -= a+ b =3EF
(g)—4a4—k12a4j—

So EF and FG are parallel vectors.
So EF andG are collinear.
EF:FG=1:3

(hWEB=EO+0OB= -3 a+b

_

1
AG =A0 + OG = —a+3b:3( -3 atb
SOoEB is parallel tcAG.

N—

© Pearson Education Ltd 2C
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Vectors
Exercise C, Question 1

Question:

The pointsA andB have position vectors andb respectively (referred to the
origin O).

The point PdividesAB in the ratio 1:5.

Find, in terms oa andb, the position vector cP.

Solution:

AP:PB=1:5
_Ll et )
SOAP—GAB—6\b_a)
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Vectors
Exercise C, Question 2

Question:

The pointsA, B andC have position vectors b andc respectively (referred to
the origin Q. The pointP is the mid-point ofAB.
Find, in terms oa, b andc, the vectoPC.

Solution:

PC=PO+0C= -OP+0C

1 1 ( ) 1 1
ButOP:OA+AP:OA+§AB:a+§K b—aj = af b
_ (1 1) _ 1 1
SoPC——k2a+2 b) +c= - a5 b+c
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Vectors
Exercise C, Question 3

Question:

OABCDE is a regular hexagon. The poit@ndB have position vectorg andb
respectively, referred to the origin
Find, in terms oa andb, the position vectors (C, D andE.

Solution:

0 E

OC=2AB=2(b-a) = -2a+2b
OD=0C+CD=0C+AO=(-2a+2b) —a= —-3a+2b
OE=OD+DE=0OD+BA=( -3a+2b) + (a—-b) = -2a+b
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Vectors
Exercise D, Question 1

Question:

Giventhata=9i+ 7}, b=11i - 3jand c = - 8i — |, find:
(@a+b+c

(b)2a-b+c

(c)2b + 2c - 3a
(Use column matrix notation in your workin

Solution:

_ (9 (11 ) (-8 _ /(12
@a+b+c=1 ;) +{ 3) *{-1) T3

_ o9 ([ -11) ([ -8)
(B)2a-b+c=2_ ;) *{3 ) * -1

_ (1Y) (-1 -8) _ ( -1)

- (1) L3 ) \ -1) = (1 )

_ o 11 ) (-8 9 )
(c)2b+2c—3a—2\ Z3 ) +2\ “1 ) —{7}

_ (22 ) ( -16 ) ((-27) _ ([ -21)

S U-6) " U-2 )" U-21) T -2
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Exercise D, Question 2

Question:

The pointsA, B andC have coordinates (3, -1) ,(4,5and ( -2, 6)
respectively, an@® is the origin.
Find, in terms of and;:

(a) the position vectors &, B andC
(b) AB

(c) AC
Find, in surd form:

(d) |OC|

() |AB |

(f) AC|

Solution:

(@a=3i-j, b=4i+5, c= -2i+6j
(b)AB=b-a= (4i+5)) - (3i—j)

= 4i + 5] — 3j + ]
=i+ 6]
(c)AC=c-a=(-2i+6)) — (3i—j)
= —2i+6)-3i+]j
= - 5i + 7]
d) |OC| = | -2i+6j| =\ (-22+62=\40={4{10=210
) |AB| = |i+6j] =)\2+e2=\37
(H |AC| = | -5i+7| =\ (-5)2+72=\74
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Vectors
Exercise D, Question 3

Question:

Giventhata=4i+ 3}, b=51-12j,c= - 7i+ 24jand d =i — 3}, find a unit
vector in the direction ca, b, c andd.

Solution:
| a| :R£+32:\12_5:5
_ __a _1(a)
Unit vector = al] ~ 5 3)
[b| =}F+ (-12)?=\169=13
. b _1(5 )
Unit vector =" 13 -12 )
el =l (-7)%+2#=\625=25
| ¢ _L( -7)
Unit vector = lc| — 25 24 )
1d | :112+(—3)2:\|T0
d 1

)
)

: 3 _1 (1
Unit vector = d] Vo | -3
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Vectors
Exercise D, Question 4

Question:

Giventhata=5i+jandb i+ 3j,andthat |3a+b| =10, find the
possible values Q.

Solution:

= + =

5 A 15
ev=a( ) ¢ (1) = ()
|3a+b] =10,s0

\(15+ %) 2+62=10

(15+ 2 ) 2+ 6%2=100

225 + 301 + A2+ 36 =100

A2+30A +161=0
(A +7) (A +23) =0
A= -7 L= -23

(a0 ((15+ % )
L3 ) \ )

6
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Vectors
Exercise E, Question 1

Question:

Find the distance from the origintothe pcP (2,8, —-4) .
Solution:

Distance =22+ 82+ ( —4) 2=\{4+64+ 16=\84~9.17 (3 sf.
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Vectors
Exercise E, Question 2

Question:

Find the distance from the origintothe pcP (7,7, 7) .
Solution:

Distance = |72 + 72 + 72 =49+ 48 + 42 = \[147 = 73~ 12.1(3 sf.
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Exercise E, Question 3

Question:

Find the distance betwednandB when they have the following coordinates:
@A(3,0,5)andB(1, -1,8)

(b)A(8,11,8) anB( -3,1,6)

(0)A(3,5, -2) andB(3, 10, 3)

dA(-1, -2,5)andB(4, -1, 3)

Solution:

@AB=Y(3-1)2+[0-(-1)]2+ (5-8)2
22+ 1%+ (=3)°?
14~ 3.74

M AB=\[8- (-3) ]2+ (11-1)2+ (8-6)2
112 + 107 + 22
225 = 15

©)AB=\(3-3)2+ (5-10)2+[( -2) -3] 2
0>+ (=5)2%+ (-5)?2
50 = 5[ 2~ 7.07

AB=\[ (-1)-4]12+[(-2)-(-1)]2+(5-3)2
| (-5) %+ (-1)%+2°
30=5.4¢

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank 4

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 4

Question:

The coordinates dhandBare (7, —1, 2) andk(0, 4) respectively.
Given that the distance froA to B is 3 units, find the possible valuesk.

Solution:

AB=\ (7-K) 2%+ (-1-0)2+ (2-4)2=3
| (49 - 1& +Kk2) +1+4 =3
49 - 1k+K+1+4=9

k% — 14k + 45 = 0
(k=5) (k=9) =0
k=50rk=9
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Vectors
Exercise E, Question 5

Question:

The coordinates chandBare (5,3, -8) and (1k, —-3)
respectively.
Given that the distance froA to B is 3[ 10 units, find the possible valuesk.

Solution:

AB=\(5-1)2+ (3-k)2+[-8-(-3)]2=310
(16 + (9 - &+k2) +25 =3[ 10
16 +9 - &+ k% + 25 =9 x 10

k2-6k—-40=0
(k+4) (k-10) =0
k= —-4o0ork=10
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Vectors
Exercise F, Question 1

Question:

Find the modulus of:

(a) 3i + 5j + k

(b) 4i -

(C)i+j-k

(d) 5i — 9j - 8k

(e)i + 5 — 7k

Solution:

(@) | 3i+5 +Kk| Z+5%2+12
\|9+25+1 t\35

(b) | 4i - 2k | A+0%+ ( -
\|16+4 [20=)4\5= :t_5

© li+j-k| =1#+1%+ (-1)?2
={1+1+1=[3

(d) |5i-9j-8k| =\8+ (-9)2+ (-8)?2
=\25 + 81 + 64 =[\ 170

(e) |i+5)—-7k]| F+5%+ (-7)2

\|1+25+49 (75 =\25(3 =5\3
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Vectors
Exercise F, Question 2

Question:

(5 (2 ) (7 )
Giventhata=| o | ,b=| 1 | andc=l -4 | ,findincolumn
L 2) \ -3 ) L2 )

matrix form:
(@a+b
(b)b-c
(c)a+b+c
(d)3a-c
(e)a-2b+c
f) la—2b+c]|
Solution:

(5) (2 ) (7 )
@a+b=]o | +| 1 | =]1 |

\2) (-3) (-1

(2 ) (7 ) (-5
yb-c=11 | = | -4 ] =[5 |
L -3) L2 ) \ -5 )

(5 (2 ) (7 ) (14 )

c)a+b+c=]o | +] 1 | +] -4 ] =] -3

L2 ) \ -3 ) L2 ) L1 )
(5 (7 ) (15 ) (7 ) (8)

(d3a-c=3[ 0| -| -4 =]o0o | -] -4 =] 4

\2) (2 J)J (e ) (2 J (4]
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(5 (2 ) (7 )
ea-2b+c=| 0| =-2[1 | +] -4
L2 ) \ -3 ) L2 )

(5 (4 ) (7 ) (8 )

=]lo| -2 |+ ] -4a] =1 -6|

L2 ) \ -6 ) L2 ) L 10 )

M |a-2b+c| =[\8+ ( -6)2+1F
64 + 36 + 100
20C = \[100(2 = 10(2
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Exercise F, Question 3

Question:

The position vector of the poitis 2i — 7] + 3k and AB = 5i + 4j — kFind the
position of the poinB.

Solution:

AB=b-a,sob=AB +a
(5 ) (2 ) (7 )

b=1[4 [+ | -7 =1 -3]|
\-1) (s J (2 )

Position vector oBis7i — 3] + 2k
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Exercise F, Question 4
Question:
Given thala=ti + 2J + 3k, and tha |a| =7, find the possible values t.
Solution:
al| =\2+22+32=7
P+4+9=7
>+ 4 +9=49
t* = 36
t=6ort= -6
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Vectors
Exercise F, Question 5

Question:

Giventhata =6+ 2tj + tk,and that |a| = Elo, find the possible values of
t.

Solution:

lal =) (8) %+ (2) 2+1t?=23(10
252 + 42 + t2 = 3 10

302 =310

30t2 = 9 x 10

t?=3

t=\3ort= -\3
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Exercise F, Question 6

Question:
(2 (2t )

The points AandB have position vectors 9 | antl 5 | respectively.
Lt ) L3t )

(a) Find AB.

(b) Find, in terms of,t | AB | .
(c) Find the value ofthat makes | AB | a minimum.

(d) Find the minimum value (| AB | .

Solution:

(2t ) (2 [ 2t-2 )
@AB=b-a=|5 [ -[9 ]| =] -4 |
L3t ) Lt ) L2t )

(b) |[AB| =1 (2t-2)2+ (-4)2+ (2t)?
=\4t2 - 8t+ 4 + 16 + 4t
=\|8t2 - 8t+ 20
(c) Let | AB | 2= p, then p= 8t — 8t + 20
dp _
o = 16t— 8
.. dp . 1
Foramlnlmuma =0,s016t8=0, Il.e. t= >
d’P y .
P 16, positive,.. minimum
1
(d) When t= 3,

|AB| =\8?-8t+20=\2-4+20=\18=\9[2=23\2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4

Solutionbank 4

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 7

Question:

[ 2t+1 ) ((t+1 )
The points AandB have position vectors t+1 | and 5 |

L3 ) L2 )
(a) Find AB.
(b) Find, in terms of,t | AB | .
(c) Find the value ofthat makes | AB | a minimum.

(d) Find the minimum value (| AB | .

Solution:

((t+1) (2t+1 ) (-t )
@AB=b-a=|5 | -] t+1 | =] 4-t |
L2 ) L3 ) L -1 )

b) [AB| =] (-t) 2+ (4-t) %+ (-1)?2
=\t2+16 - 8t+t2+1
=\2t - 8t+ 17
(c) Let | AB|2=P, then P= 22 - 8t + 17
dP
o —4t-8

dP
For a minimuma =0,504t8=0,i.e.t=2

d?P . -
i 4, positive, .". minimum
(d) When t= 2,

|AB| =\22-8t+17=\8-16+17=\9=3
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Exercise G, Question 1

Question:

The vectorsa andb each have magnitude 3 units, and the angle betavaadb
is60 ° . Finda.b.

Solution:

1 9
a.b=Ja| |b]| cas=3x3xc0os60° =3x3x; =
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Vectors
Exercise G, Question 2

Question:

In each part, find.b:
(@a=5+2)+3k,b=2i-j-2k
(b) a = 10i - 7j + 4k, b = 3i — 5] — 12k
(ca=i+j-k,b=-i—-j+4k
(d)a=2i-k, b=6i-5]-8k
(e)a=3 +9%,b=i+12 -4k

Solution:
(5Y)Y (2 )

@a.b=|21] .| -1| =10-2-6=2
\3) -2
(10 )\ (3 )

Ma.b=1] -7 .| -5 | =30+35-48=17
\4 ) ( -12)
(1 ) [ -1)

(a.b=|1 | .| -1 ] =-1-1-4=-6
\-1) (4 )
(2 )Y (6 )

(da.b=]o0o | .| -5 =12+0+8=20
\-1) ( -8)
(o0Y (1 )

(ea.b=1]3] .| 122 | =0+36-36=0
L9 ) \ -4)
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Exercise G, Question 3

Question:

In each part, find the angle betweeandb, giving your answer in degrees to 1
decimal place:

(@a=3i+7,b=5+]

(b) a = 2i - 5j, b = 6i + 3]
(c)a=i—-7j+8k,b=12i+2j+k
(d)a= —i-j+5k, b=11i - 3j+ 4k
(e)a=6i—-7j+12k,b= —2i+j+K
(f) a = 4i + 5k, b = 6i — 2]

(a= -5i+2j-3k,b=2i-2j+11k
(ha=zi+j+kb=i-j+k

Solution:

@a.b= (3) | (f) = 15+7=22

la| =pZ+7°=\58
bl =1%+1%2=\26
\115_826co§:22

22
cosH = @@

0=555° (1d.p.)

b)a.b= (2_5) | (2) =12-15= -3

la| =02+ (-5)2=\29
\Ij_b = @+32:\|T5
294

5co9= -3

3
cosd = [29{45
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6=94.6° (1d.p.
(1 ) ([ 12)
©a.b=| -7 | .| 2 | =12-14+8=6
s ) (1)
la| =\B+ (-7)°2+8=\114
b|] =112+22+12=\149

114fIZQc0§ 6

cosd = \Immg
0=87.4° (1d.p)

((-1) (11 )
(da.b=1] -2 ] .| -3 | =-11+3+20=12
\s ) L4 )
|a| =h(-1)%2+ (-1)2+5%2=\27

12+ (-3)2+42=\146
7146co$? 12

cosd = \I_ﬂm
6=79.0° (1d.p.)
(6 \ ([ -2)
(e)a.b=| -7 | .| 1 | =-12-7+12= -7
L1222 ) (1 )

la] =)+ (-7)2+12%2=\229
[b| =} (-2)?+1%+1°=\6
2291_6co§_—7

cosd = @1_6

6=100.9° (1d.p.)
(4Y)Y (6 )

Ma.b=| 0] .| -2 ] =24+0+0=24

\5) (o )

la| =p4+5%=\41

\IJ_ &+ (-2)2=\40

41 Oco§ 24

cosd = mm

6=53.7° (1d.p.
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(-5)Y (2
(@a.b=1]12 | .| -2 | =-10-4-33= -47
\-3) (1 )
la] =) (-5)2+22+ ( -3)2=\38
\Ij_b =12+ (-2)2+112=\129
38Y129co¥9 = — 47
- 47

cosd = [38{129
6=132.2° (1d.p.)

(1Y (1 )
(ha.b=1] 1| .| -1 ] =1-1+1=1

\1) (1 )

la] =p\B+12+12=1\3

HJ =\ £+ (-1)2+12=\3

3\3cog =1
1 1

cos@zng

0=70E° (1Ld.p.
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Exercise G, Question 4

Question:

Find the value, or values, affor which the given vectors are perpendicular:
(@) 3i+5jandA i+ 6

(b) 2i + 6 — kandA i — 4] — 14k

(c)3i+ Aj—8kand 7i - 5] + k

(d)9i—-3j+5kandri+ Aj+ 3k

e)Ai+3—2kand i+ Aj+5K

Solution:
(a)(g) . (6”) =31 +30=0
> 31 =-30
> A =-10
(2 Y ()
o [e | . ] -4 | =2L-24+14=0
\ -1) \ -14)
> 2L =10
= A =5
(3 Y (7 )
! » | . ] -5] =21-5.-8=0
\-8) (1 )
= 5\ =13
3
= k:2§
f9 Y [ a)
d| -3 . ] » | =9x =31 +15=0
\5 ) (3 )

PhysicsAndMathsTutor.com
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= 6A=-15
= k:—Z%
S N G
@13 | .| » ]| =22+3%-10=0
\ -2) 5 )

= (A +5) (A -2) =0
> A =-50rA=2
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Exercise G, Question 5

Question:

Find, to the nearest tenth of a degree, the angle that the vector 9i — 5j + 3k
makes with:

(a) the positivex-axis

(b) the positivey-axis

Solution:

(@) Usinga=9i -5+ 3kand b =1,
(9 Y (1)
a.b=1| -5 .] 0| =9
\3 ) o)
la| =)@+ (-5)2+32=\115

b] =1

115co09 =9
9

cosﬁzf15

6=329°

(b) Usinga =9i — 5j+ 3kand b =j,

(9 Y [(0)

a.b=1| -5 .| 1| =-5
\3 J (o)

al| =f115 |b] =1

115co9 = -5
-5

cosﬁzﬁ5

6=117.t°
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Vectors
Exercise G, Question 6

Question:

Find, to the nearest tenth of a degree, the angle that the vector i + 11j — 4k
makes with:

(a) the positive-axis

(b) the positivez-axis

Solution:
(@) Usinga=i+11j—-4kand b =j,
(1 )Y [(0)
a.b=1| 11 | .| 1] =11
\ -4) (o)
la| =p2+122+ ( -4) 2=\138
b] =1
138co9 =11
11
COS(9—\|E3
§=205°
(b) Usinga =i+ 11j — 4k and b =k,
(1 )Y (0
a.b=1]111 | . ] o] =-4
\ -4) (1)
al =§138, |b] =1
138co9= -4
-4
cosﬁzf38
g =109.¢°
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Question:

The angle between the vectorsi +j+ kand 2i +j + &.is
Calculate the exact value co<6.

Solution:

Usinga=i+j+kandb=2i+j+Kk,
(1Y) [ 2)

a.b=| 1] .| 1] =2+1+1=4
\1) (1)

la| =\ P+1%2+12=\3

\lLb ={Z+12+1%2=\6
3

6coy =4
4 4 4
COS0'= Yafe = Vavaiz - 3(2
4 V2 42 2y2

“ 3227 6 T 3
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Exercise G, Question 8

Question:

The angle between the vectors i + 3j and K is 60 ° .
Show thath = % 1?3

Solution:

Usinga=i+ 3jand b =j +A K,

(1) (0 )

a.b=1]13| .]1 | =0+3+0=3
Lo) U a)

la] =p£+32=\10

b =2+ 22=\1+ 22

10y 1 + 1 2cos60° =3

1+ A2= s .
+ = \10cos60° — \10

Squaring both sides:

14+ 2= 2
+ = 10
26 13
2 2 _ =
7\’_10_5
_ 13
A=t 5
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Exercise G, Question 9

Question:
Simplify as far as possible:

(@a. (b+c) +b. (a-—c) , given thatis perpendicular to.

(b) (a+b) . (a+b) ,giventhat |[a|] =2and |b| =3.

(c) (a+b) . (2a—Db) , given thalais perpendicular tb.
Solution:

(@a. (b+c) +b. (a-c)
—a.b+a.c+b.a-b.c
=2a.b+a.c (becauseb.c=0)

(b) (a+b) . (a+b)
—a. (a+b) +b. (a+h)
—a.ata.b+b.a+b.Db
= |a|%+2a.b+ |b|?
=4+2a.b+9
=13+2a.b

(c) (a+b) . (2a-b)
—a. (2a-b) +b. (2a-Db)
=—2a.a—-a.b+2b.a-b.b
=2|al - |b| 2 (becausw@.b=0)
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Exercise G, Question 10

Question:

Find a vector which is perpendicular to batandb, where:
(@a=i+]j-3k,b=51-2)-k
(b)a=2i+3j-4k,b=i-6j+3k
(c)a=4i-4-K,b= -2 -9 +6k

Solution:

(a) Let the required vector bxe+ yj + zk. Then
(1) [ x) (5 ) [ x)
1 | . ]y | =0 ad | -2] .]y | =0
\-3) \(z) \-1) \(z)
X+y-3z=0
X-2y-z=0
Let z= 1:
X+y=3 (x2)
5x-2y=1
2x+2y=6
SX-2y=1
Adding, k=7 => x=1
1+y=3,s0y=2
Sox=1,y=2andz=1
A possible vectorisi + 2] + k.

(b) Let the required vector be+ yj + zk. Then
(2 Y [ x) (1 Y [ x )
'3 | .|y | =0 ad | -6 1] .|y | =0
\ -4) \z) \ 3 J \z)
2X+3y—-4z=0
X—06y+3z=0
Let z= 1:
2X+3y=4
X—6y= -3 (x2)
2Xx+3y=4
2x—-12y= -6
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wiln

Subtracting, =10 = y=
2X+2=4,s0x=1

2
Sox=1y= 3andz=1
2

A possible vectorisi +5 |+ k.

2
Another possible vector is é 1% ] +} =3i+ 2] + 3k.

(c) Let the required vector be+ yj + zk. Then
(4 Y [ x) (=2 [ x)
| -4 | . ]y | =0 and | -9 ] .|y | =0
\-1) (z) \e ) (z)
4k -4y -7z=0
-2X-9+6z=0
Let z= 1:
4 -4y =1
-2X—-9% = -6 (x2)
4 — 4y =1
- 4x-18y = - 12

Adding, -29= -11 = y=;

Mlw

4x -2 =1,s0x =
3 _1 _
Sox= 7,y= Zandz=1
: 3 .1
A possible vectorig i+, j+Kk
: . (3 .1 . A
AnotherpossmlevectorlséZ | 3 j+} =3i+ 2] +4k.
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Exercise G, Question 11

Question:

The pointsA andB have position vectors 2i + 5] + k and 6i + | — 2k
respectively, an@® is the origin.

Calculate each of the angles i OAB, giving your answers in degrees to 1
decimal place

Solution:

Using aandb to find &

(2Y)Y (6 )
a.b=|5| .| 1 | =12+5-2=15
\1) U -2)
la| =)\Z2+5%2+12=\30
P =|E+12+ (-2)2=\41
30Y41co® =15
_ 15
cosd = [30{41
0=64.7°
Using AO and AB to find:
(-2
AO= —-a=| -5 |
\ -1)
(6 ) (2 (4 )
AB=b-a=1]1 | -|5] =] -4 |

\-2) (1) ([ -3)
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( Yoo ) (-2) (4 )
| -a | .| b-al =] -5 .| -4| =-8+20+3=15
\ )\ ) \ -1 L -3)
| —al =h(-2)2+ (-5)2+ (-1)2=\30
b-a| =4+ (-4)2+ (-3)2=\a1
30{41co® = 15
15
COSp = [30{41
¢=64.7° (1d.p.)
(Since |[b-a]| = |b]| ,AB = OB, so the triangle is isosceles).
2« OBA=180° -64.7° -64.7° =50.6° (1d.p.)
Angles are64.7° ,64.7 ° and50.€° (all 1 d.p.
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Exercise G, Question 12

Question:

The points AB and C have position vectors i + 3j + k, 2i + 7j — 3k and
4i — 5] + 2k respectively.

(a) Find, as surds, the lengths of aid BC.

(b) Calculate, in degrees to 1 decimal place, the size &BC.

Solution:
(2 ) (1) (1 )
@AB=b-a=|7 | -3 =|4 |
\ -3 ) \ 1) \ -4 )
Lengthof AB= |AB| =[\3+42+ ( -4) 2=\33
(4 ) (2 ) (2 )
BC=c-b=| -5 -7 | =] -12 |
\2 ) \ -3 ) \5 )
Length of BC = | BC | :|\§+(—12)2+52:\|1_73
by 4 < 0 B
¢
@ is the angle between BA and BC.
((-1Y) (2 )
BA.BC= | -4 ] .| -12 | = -2+48+20=66
\4 ) s )

33173 co¥ = 66
66

cosd = @‘{ﬁ
6=29.1° (1d.p.
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Exercise G, Question 13

Question:

Given that the pointé andB have coordinates (7, 4, 4) and
(2, -2, —1) respectively, use a vector method to find the value of
cos AOB, where is the origin.

Prove that the area of\ AOB is ST\I%.

Solution:

0

a A

The position vectors oA andB are
(7)) (2 )
a= | 4 |andb=| -2 |
\ 4 ) \ -1)
7 (2 )
4 .| -2 | =14-8-4=2
\4) U -1)
P+42+42=\81=9
|b| =}Z+ (-2)%+ (-1)2=\9=3
9x 3 xcod)=2

2
CcoSsH = >7

2
cos~z AOB = >7

1
Areaof ~ AOB= 7 |a]| |b] six AOB
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Using sirf6 + co0 = 1:
- . (2 N\o_ 7125
S ZAOB=1- | 3 %= =

. _,‘ 725 _ \25{29  5{29
sin « AOB = E_ 7 = o7
{29

_ 529

Area of A AOB = l><9><3><5

2 27
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Exercise G, Question 14

Question:

AB is a diameter of a circle centred at the origjra@d Pis any point on the
circumference of the circle.

Using the position vectors of, 8 and B, prove (using a scalar product) that AP is
perpendicular tBP (i.e. the angle in the semicircle is a right an

Solution:
P

Let the position vectors, referred to origin@ A B and Pbe a, band p
respectively.
Since | OA| = |OB| and AB is a straight line, b = -
AP =p-a
BP=p-b=p-(-a)=p+ta
AP.BP= (p-a) . (pta) =p. (pta) —a. (pta)
=p.ptp.a-a.p-a.a
=p.p-a.a
|2anda.a: |af
Also | p | a| , since the magnitude of each vector equals the radius of the
circle.

SoAP.BP= |p|?- |a|?%=0
Since the scalar product is zeAP is perpendicular tBP.

p=|p
|

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank 4

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise G, Question 15

Question:

Use a vector method to prove that the diagonals of the SQ48€ cross at
right angles

Solution:
8 B
C M
0 a A

Let the position vectors, referred to origh of A andC bea andc respectively.

AB=0C=c

AC=c-a

OB=OA+AB=a+c

AC.OB=(c—-a). (a+c) =c. (a+c) —a. (a+c)
=c.a+c.c-a.a—-a.c

=c.c—-a.a
=|c|?-|al? |
But [c| = |a]| , since the magnitude of each vector equals the length of the

side of the square.
SoAC.OB= |c|?- |a|?=0
Since the scalar product is zero; the diagonals cross at right |
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Vectors
Exercise H, Question 1

Question:

Find a vector equation of the straight line which passes through thefpeirith
position vectom, and is parallel to the vectbr

(@a=6i+5-k,b=2i-3]-k
(b)a=2i+5,b=i+j+k
(c)a= —-7i+6]j+2k,b=3i+]+ 2k

(2 [ -3)
(da=|o0o| ,b=1|2 |
4 L1 )
(6 ) (0 )
e)a=| -11 | ,b=1] 5 |
L2 ) \ -2 )
Solution:
(6 ) (2 )
@r=15 | +t] -3 |
\ -1) \ -1)
(2 (1)
b)r= | 5| +t| 1 |
L o) L 1)
(-7 (3)
cyr= 16 | +t | 1|
L2 ) \ 2 )
(2 ([ -3)
(dr= ] 0| +t| 2 |
\4) L1 )
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(6 ) (0 )
er=1] -112 | +t | 5 |

L2 ) \ -2
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Vectors
Exercise H, Question 2

Question:

Calculate, to 1 decimal place, the distance between theoivtieret = 1, and
the point Q wheret = 5, on the line with equation:

@r=(2i-j+k) +t(3i—-8j-k)
(b)r= (i+4j+k) +t(6i—2j+3k)
(c)r= (21 +5k) +t( —-3i+4-k)

Solution:
(2 ) (3 ) (5 )
@t=1 p=| -1 | +1| -8 | =] -9 |
L1 ) \ -1) Lo )
(2 ) (3 ) (17 )
t=5. g=1| -1 | +5| -8 | =] -41 |

L1 ) \ -1) \ -4 )
(17 ) (5 ) (12 )
PQ=q-p=1| -4 | -| -9 | =| -32|
\ -4 ) Lo ) \ -4 )
Distance = |PQ| $\22 ( -32)2+ ( -4)?2
=\1184 = 34.4 (1 d.p.)

(1) (6 Y (7)

b)yt=1: p=1|4| +1| -2 | =1 2|
L 1) L3 ) \ 4 )

(1) (6 ) (31 )

t=5. g=1| 41| +5| -2 | =] -6 |
L 1) N \ 16 )

(31 ) (7)) (24 )

PQ=q-p=1| -6 | -] 2] =] -8|

\ 16 ) L4 ) \ 12 )

Distance = |PQ| $\34 ( -8)2+12
=\[784 = 28 (exact
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(2 (-3 (-1

©t=1: p=lo| +1] 4 | =] 4 |
\ 5 ) L -1) L4 )

(2 ([ -3) ([ -13)

t=5: q=]o0 | +5[ 4 | =] 2 |
\ 5 ) \ -1) Lo )

PQ=q-p=1| 20
Lo ) \ 4 ) \ -4 )

Distance

41€=20.2(1 d.p.
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Vectors
Exercise H, Question 3

Question:

Find a vector equation for the line which is parallel tozlagis and passes
through the poin(4, -3, 8) .

Solution:
(0)
Vectork = | 0 | isin the direction of theaxis.
L 1)
(4 )
The point (4, -3, 8) has position vector -3 |
L8 )
The equation of the line is
(4 ) (0
r= | -3 ] +t| o |
L8 ) L 1)
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Vectors
Exercise H, Question 4

Question:

Find a vector equation for the line which passes through the points:
@2, 1,9and (4, -1, 8)

(b) (-3,5,0) and (7, 2, 2)

(c) (1,11, -4) and (5,9, 2)

d (-2, -3, -7)and (12,4, -3)

Solution:
(2 (4 )
@a=1]11],b=] -1 |
\ 9 ) L8 )
(4 ) (2 (2 )
b-a=| -1 ] -] 1| | -2 |
NE: \ 9 ) \ -1)
Equation is
(2 (2 )
r= [ 1] +t] -2 |
L9) L -1)
(-3 (7))
bya=15 | ,b=1] 2|
Lo ) \ 2 )
(7)) (-3 (10 )
b-a=1]2] -5 | =] -3|
\ 2 ) Lo ) L2 )
Equation is
(=3 (10 )
r= | 5 | +t| -3 |
Lo ) L2 )
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(1 ) (5
(cja=| 112 | ,b=1] 9
\ -4 ) L2 )
(5 (1 ) (4 )
b-a=1]9| -1 | =] -2 |
L2 ) \ -4 ) L6 )
Equation is
(1 ) (4 )
r= | 11 | +t | -2 |

\ -4 ) L6 )

(-2 (12 )
da=| -3 | ,b=1] 4 |
\ -7 ) \ -3 )

(12 ) (-2 (14 )

b-a=|4 | - | -3| =7 |
\ -3 ) \ -7) \ 4 )
Equation is
(-2 (14 )
r= | -3 | +t] 7 |
\ -7 ) \ 4 )
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Exercise H, Question 5

Question:

The point (1p, q) lies on the liné. Find the values g andq, given that the
equation id is:

@r= (2i-3j+k) +t(i—-4j-9k)
(b)r=( -4i+6j-k) +t(2 -5 -8k)
(©)r=(16-9 -10k) +t(3i+2 +k)
Solution:
(2 ) (1 )
@r=1| -3 | +t | -4 |
L1 ) L -9 )
x=1. 2+t=1 = t=-1
(2 ) ( Y1) (1)

r=| -3+ | -1211| -4|=1_11|
L1 ) \ ) L -9) \ 10 )
So p= 1 andqg = 10.

(-4} (2 )
yr= 16 | +t] -5 |
C-1) (-8
x=1. -4+2=1 = 2=5 = tzg
(-4) (2 Y (' )
r=»16 | +5] -5]=1-65|

C-1) SU-s) U,

1
Sop= -6%andq= - 21.

(16 ) (3)
cr=1 -9 | +t ] 2|
\ -10 ) L 1)

x=1 16+3=1 = 3t=-15 = t= -5
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(16 ) ( Y (3 (1 )
r=1] -9 | + | =5 ]2 =] -19 |

\ -10 ) \ ) L1) \ -15 )
Sop= —-1%andq= - 1%
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Exercisel, Question 1

Question:

Determine whether the lines with the given equations intersect. If they do
intersect, find the coordinates of their point of intersection.

(2 ) (2 (1) (1 )
r=| 4 | +t] 1 ]andr=1| 14| +s| -1 |
-7 (s L) U -2)
Solution:
(2+2t ) ((1+s )
r= | 4+t | ,r= | 14-s |,
\ -7+3t ) \ 16-2s )
(2+2t ) ((1+s )
At an intersection point] 4+t | = | 14-s |
\ -7+3t ) \ 16-2s )
2+22=1+s
4+t=14 -s
Adding: 6+3=15
= 3A=9
= t=3
2+6=1+s
= s=7

If the lines intersect, — 7 +t3- 16 — Z must be true.
-7+3=-7+9=2

16 -X=16-14=2

Thez components are equal, so the lines do intersect.
Intersection point:

((2+2t ) (8 )

| 4+t | = | 7 |
\ -7+3t ) L2 )
Coordinates (8, 7,
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Vectors
Exercisel, Question 2

Question:

Determine whether the lines with the given equations intersect. If they do
intersect, find the coordinates of their point of intersection.

(2 ) (9 ) (3 ) (2 )
r= 12 | +t| -2 landr=1] -1 | +s| -1 |
\ -3 ) \ -1) L2 ) L3 )
Solution:
((2+9t ) ((3+2s )
r= | 2-2t |,r= | -1-s |
\ -3-t ) \ 2+3s )
((2+90t ((3+2s )
At an intersection point] 2-2t | = | -1-s |
\ -3-t ) \ 2+3s )
2+%A=3+25
2-2=-1-s ( x2)
2+A=3+5

4-4t=-2-2
Adding: 6+5=1

= b= -5
> t= -1
2-9=3+3
= 2= -10
= s= -5

If the lines intersect, — 3 += 2 + 3s must be true.
-3-t=-3+1=-2

2+3%=2-15= -13

Thez components are not equal, so the lines do not inte
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Vectors
Exercisel, Question 3

Question:

Determine whether the lines with the given equations intersect. If they do intersect,
find the coordinates of their point of intersection.

(12 ) (-2 (8 ) (2 )
r= | 4 | +t| 1 Jandr=| -2 | +s | 1 |
L-s) L4 ) e J -5
Solution:
((12-2t ) ([ 8+2s )
r= | 4+t l,r= | -2+s |
\ -6+4t ) \ 6-55 )
((12-2t ([ 8+2s )
At an intersection point] 4+t | = | -2+s |
\ -6+4t ) \ 6-5s5 )
12 - 2t=8 + 2s
4+t=-2+s ( x2)
12 - 2t=8 + 2s

8+2t= -4+ 2s
Adding: 20=4 +4s

= 4s=16
=> s=4
12 -2t=8+8
> 2t= -4
> t= -2

If the lines intersect, — 6 + 4 6 — 5smust be true.
-6+4t= -6-8= -14
6-55=6-20=-14
The zcomponents are equal, so the lines do intersect. Intersection point:
((12-2t (16 )
| 4+t =12 |.
\ -6+4t ) \ -14 )
Coordinates (16, 2, —-14)
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Vectors
Exercisel, Question 4

Question:

Determine whether the lines with the given equations intersect. If they do intersect,
find the coordinates of their point of intersection.

(1) (4 (-2 (1 )
r= | o] +t] 2 landr=1| -9 | +s| 2 |

\4) L6 ) \ 12 ) L -1 )
Solution:

([ 1+4t ) ([ =2+s )
r= | 2 | ,r= | -9+2s |

\ 4+6t ) \ 12-s )
[ 1+4t ) ([ -2+s )

At an intersection point] 2t | = | -9+2s |

\ 4+6t ) \ 12-s )

1+4t= -2+s
2t= -9+2s ( x2)
1+4t= -2 +s
4t= - 18 + 4s
Subtracting: 1=16 - 3s
= 3s=15
= s=5
1+4t= -2+5
=> 4t=2
= t:l

2

If the lines intersect, 4 + 6t 12 — s must be true.

4+6t=4+3=7

12 -s=12-5=7

The zcomponents are equal, so the lines do intersect. Intersection point:

([ 1+4t ) (3
| 2t | = | 1 ].
\ 4+6t ) L7 )

Coordinates (3, 1,
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Vectors
Exercisel, Question 5

Question:

Determine whether the lines with the given equations intersect. If they do
intersect, find the coordinates of their point of intersection.

(3 ) (2 ) (3) (6 )
r= | -3 | +t| 1 Jandr=| 4| +s| -4 |
L1 ) \ -4 ) \2) L1 )
Solution:
(3+2t ) ([ 3+6s )
r= | -3+t |,r= | 4-4s |
L 1-4t ) \ 2+s )
(3+2t ) ([ 3+6s )
At an intersection point] -3+t | = | 4-4s |
\1-4t ) \ 2+s )
3+22=3+6s
-3+t=4-4 ( x2)
3+2A2=3+6s
-6+2=8-8
Subtracting: 9= -5+ 18!
= 14s=14
= s=1
3+22=3+6
= 2t=6
> t=3

If the lines intersect, 1 —t4 2 + smust be true.
1-4=1-12= -11

2+s=2+1=3

Thez components are not equal, so the lines do not inte
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Exercise J, Question 1

Question:

Find, to 1 decimal place, the acute angle between the lines with the given vector
equations:

r=(2i+j+k) +t(3i-5-k)

andr= (7i+4j+k) +s(2i+]-9%)

Solution:
(3 ) (2 )
Direction vectorsarea=| -5 | andb#+ 1 |
L -1) \ -9 )
B a.b
S PYRTY
(3 Y (2 )
a.b=| -5 ] .]1 | =6-5+9=10
\-1) \ -9)

la] =p®+ (-5)2+ (-1)2=\35
Ib| =}2+12+ (-9)2=\86

10
cosf = \I?C_’%

0=795° (1d.p.)
The acute angle between the line79.£° (1 d.p.
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Vectors
Exercise J, Question 2

Question:

Find, to 1 decimal place, the acute angle between the lines with the given vector
equations:

r=(i—-j+7k) +t( -2i—-j+3k)

andr= (8i+5 -k) +s( —4i-2j+k)

Solution:
(-2 (-4

Direction vectorsarea=| -1 | andb% -2 |

\3 ) NS

(-2 [ -4)
a.b=| -1 | .| -2 | =8+2+3=13
(3 ) (1 )
la| =)0 (-2)2+ (-1)2+3=\14
Ib] =) (-4)%+ (-2)2+12=\21

13
cosf = mm

0=40.7° (1d.p.)
The acute angle between the line40.7° (1 d.p.
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Vectors
Exercise J, Question 3

Question:

Find, to 1 decimal place, the acute angle between the lines with the given vector
equations:

r=(3i+5-k) +t(i+j+k)

andr= ( —i+1j+5k) +s(2 -7 +3k)

Solution:
(1) (2 )
Direction vectorsarea=| 1 | andb# -7 |
L 1) L3 )
B a.b
S PYRTY
(1Y (2 )
a.b=|1| .| -7] =2-74+3=-2
\1) L3 )
la| =p£+12+12=V\3
|b| =kZ+ (-7)2+3=\62
-2
COS(9=\|§—\|?2

0=98.4° (1d.p.)
This is the angle between the two vectors.
The acute angle between the linel8C° —98.4° =81.€° (1d.p.)
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Vectors
Exercise J, Question 4
Question:
Find, to 1 decimal place, the acute angle between the lines with the given vector
equations:
r=(i+6j—-k) +t(8i—j—-2k)
andr= (6i+9j) +s(i+3j—-7k)
Solution:
(8 ) (1 )
Direction vectorsarea=| -1 | andb+ 3 |
\ -2 ) \ -7)
B a.b
N FTATY
(8 Y (1 )
a.b=1] -1 .| 3 | =8-3+14=19
\ -2 ) U -7)

la| =0&+ (-1)2+ (-2)2=\69
|b| =}2+3+ (-7)2=\59

19
cosd = (6959

0=727° (1d.p.)
The acute angle between the line72.7° (1 d.p.
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Vectors
Exercise J, Question 5

Question:

Find, to 1 decimal place, the acute angle between the lines with the given vector
equations:

r=(2i+k) +t(11i+5) - 3k)

andr= (i+j) +s( —3i+5 +4k)

Solution:
(11 ) (-3
Direction vectorsarea=| 5 | andb=+ 5 |
\ -3 ) L4 )
B a.b
COst= 51 [b|
(11 ) [ -3)
a.b=|5 | .|5 | =-33+25-12= -20
L\ -3) 4 )
la| =012+5%2+ ( -3)2=\155
Ib| =} ( -3)2+5%2+42=\50
- 20

cosf = “1—55@

0 =103.1° (1d.p.)

This is the angle between the two vectors.

The acute angle between the linel8C° - 103.1° =76.€° (1d.p.)
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Exercise J, Question 6

Question:

The straight line; andl, have vector equations

r=(i+4j+2k) +t(8i+5 +k) andr= (i+4j+2k) +5(3i+))
respectively, ané is the point with coordinates (1, 4, 2) .

(a) Show that the poif@ (9, 9, 3) lieson,.
(b) Find the cosine of the acute angle betwgemdl,,.

(c) Find the possible coordinates of the péinsuch thaR lies on |, and
PC=PR

Solution:
(1) (8
(@)Linel: r= | 4| +t| 5 |
\2) \ 1)
(9
Whent=1,r= | 9 |
\ 3 )
So the point (9, 9, 3) lies o
(8 (3
(b) Direction vectorsarea=| 5 | andb# 1 |
\ 1) \ o)
(8 [ 3)
a.b=1]5] .] 1| =24+5+0=29
\1) (o)

la] =p&+52+12=\90
b | 4§+ﬁ+@-fﬁ

29

cosd = \I_O‘{_O \|9_00

(C)PQ=} (9-1)2+ (9-4)2+ (3-2)2
=\82+ 52 + 12 = \[oC
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(1) (3) ((1+3s )
Linel: r= | 4| +s| 1] = | 4+s |

\ 2 ) L\ o) \ 2 )
Let the coordinates &be (1+3,4+s, 2)
PR=] (1+3-1)2+ (4+s-4)2+ (2-2)2

=\9s? + 2 = | 1052
PQ?=PR% 90 = 162
= =9
= Ss= +3
(10 ) ( )
Whens=3,r= | 7 | R: | 10,7, 2 |
L2 ) \ )
(-8 ( )
Whens= -3,r= | 1 | R: | -8,1,2|
L2 ) \ )
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Vectors
Exercise K, Question 1

Question:

With respect to an origi@®, the position vectors of the poiritsM andN are
(4i+7j+7k) , (i+3]+2k) and (2i +4j+ 6k) respectively.

(a) Find the vectors ML and MN.

9
(b) Prove that co LMN = —

10°
(F
Solution:
(4 (1) (2
l= | 7|, m=1] 3| ,n=1| 4|
\7) L2 ) \ 6 )
(4 (1) (3
@ML=I-m= | 7| - | 3| | 4|
\7) L2 ) \ 5 )
(2 (1) (1)
MN=n-m= | 4| - | 3| =1]1|
\ 6 ) L 2) \ 4 )
b
(b) .
M
N
ML . MN
COSO'= "TML| [MN |
(3) (1)
ML.MN= | 4| . | 1| =3+4+20=27
\5 ) (4)
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IML| =\32+42+52=\50

IMN| =Y22+12+42=\18
27 27

27 9
COSO = \soyis = (25(2jof2 — 5x3x2 - 10
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Vectors
Exercise K, Question 2

Question:

The position vectors of the poirdsandB relative to an origif© are 5i + 4] + k
— i +] — 2k respectively. Find the position vector of the pé&inwhich lies on

AB produced such that AP = 2BP.

LE

Solution:
A
a
B
0
P P

(5 (-1
a=| 4 |andb=| 1 |

\ 1) \ -2 )

OP = OA + AP = OA + 2AB
p=a+2(b-a) =2b-a
(-1 (5 (=7
p=21]1 | -4 =] -2
\ -2 ) \ 1) \ -5 )
The position vector cP is — 7i — 2] — 5k.
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Exercise K, Question 3

Question:

Pagel of 2

: . . .. .3
Points A B, C, D in a plane have position vectors a = 6i + 8}, b;=  a,

c=6i+3,d=7 c respectively. Write down vector equations of the ks
andBC and find the position vector of their point of intersection.
£
Solution:
_ (6 [ _3__(9)
A= g ) P=23% 1
_(6)Y _5 _(10)
€= (3955 (5 )
g a._ [10Y _(e) _ (4 )
LineAD: AD=d a—\5) Lg) =\ -3
_ (8 (4 )
"= ls) TN -3
(6 ) (9 ) _ [ -3)
_ (9 ) ( )
T la2) TS -9
or
oV 1)
L12) "3 (3)
(6+4t ) _ [ 9+s )

WhereAD andBC intersect,\ 8-3t ) | 12+3s

version ofBC)
6+4=9+s
8-3A=12+3F
18+ 12=27+3
8-3A=12+3F
Subtracting: 10 + 1t5= 15
= 15=5

( x3)

PhysicsAndMathsTutor.com
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1

= t:3
 eray 20
Intersection:  r= g o 5 =] 3 |
\7 )

22, .

r= 31+7)
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Vectors
Exercise K, Question 4

Question:

Find the point of intersection of the line through the points (2, 0, 1) and
(-1, 3, 4) and the line through the points ( -1, 3, 0) and
(4, -2,5) .

Calculate the acute angle between the two lines.

LE

Solution:

Line through (2,0,1)and ( -1, 3,4) .
(2 (-1
Leta= | 0 | andb=]| 3 |
\ 1) \ 4 )
(-1 (2 (-3
b-a=1[3 [ -]o0o]| =]3 |

\4 )  L1) (3 )

2
Equation: r=] o | +# [ 3 |
1

or r= | 0| +t] 1 |
1

Line through ( -1,3,0) and (4, -2,5) .
(-1 (4 )

letc= | 3 | andd=| -2 |

Lo ) \5 )
(4 ) [ -1) (5 )

d-c=1| -2 -3 | = -5
L5 ) Lo ) L5 )
(-1 (5 )
Equation: r=1| 3 | + | -5 |

Lo ) L5 )
(-1 (1 )

or r= | 3 | +s | -1 |

Lo J L1 )
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((2-t ) ((—1+s )
At the intersection point] t | =] 3-s |

L1+t ) Us )

2-t= —-1+s
t=3-5
l1+t=s
Adding the second and third equations:
1+2=3
2t =2
t=1
s=2
Intersection point:
((2-t ) (1)
r= |t | = | 1|  Coordinates (1, 1, 2)
L1+t ) L2 )
(-1 (1 )
Direction vectors of the linesare 1 | ard -1 |
L1 ) L1 )
Calling thesam andn:
_ m.n
COSO= T [n|
(-1)Y) (1 )
m.n= |1 | .| -1] =-1-1+1=-1
\1 ) (1 )
Im| =) (-1)%2+12+12=\3
Inl =12+ (-1)2+12=\3
-1 -1

CoSt = Bz = 3

6 =109.5° (1d.p.)
This is the angle between the two vectors.
The acute angle between the linel8C° - 109.t° =70.£° (1d.p.)
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise K, Question 5

Question:

Show that the lines
r=(—-2i+5 —-11k) + A (3i+j+3k)
r=8i+9j+ p (4i+2j+5k)

intersect. Find the position vector of their common point.

Solution:
([ -2+3% ) ((8+4p )
r= | 5+ l,r= [ 9+2un |
\ -11+3% ) \ 5 )
([ -2+3% ) ((8+4p )
At an intersection point] 5+ A | = | 9+2pn |

\ -11+32 ) \ 5pu )
-2+3A =8+4pu
5+ A =9+ 2u (x2)
-2+3A =8+4pu
10+ 2L =18 +4pu
Subtracting: -12+A = - 10
= A =12-10
> A =2
-2+6=8+4p
= 4u=-4
= A =-1
If the lines intersect, —11+8 =5u:
-11+3Xx =-11+6= -5
Su =-5

Pagel of 1

The zcomponents are equal, so the lines do intersect. Intersection point:

([ -2+3% ) (4 )
r= | 5+2 | = | 7 | =4i+7j-5k
\ -11+30 ) \ -5 )

© Pearson Education Ltd 2C
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Pagel of 1

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise K, Question 6

Question:

Find a vector that is perpendicular to both 2i + j— k and i + — 2k.

0

Solution:

Let the required vector be + yj + Zk.

(2 Y ([ x) (1 )
12 | .|y | =0 and | 1 |
\-1) \(z) \ -2 )
2X+y-z=0

x+y-2z=0

Letz=1:

2X+y=1

X+y=2

Subtracting: x= -1,y=3
Sox= -1,y=3andz=1
A possible vectori —i + 3} + k.

© Pearson Education Ltd 2C
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Vectors
Exercise K, Question 7

Question:

State a vector equation of the line passing through the poartsl Bwhose

position vectors ari — j + 3k and i + 2] + 2k respectively. Determine the position
vector of the point C which divides the line segmentidBrnally such that

AC = 2CB.

e

Solution:
(1 ) (1)
a=| -1 | ,b=1] 2|
L3 ) L2 )

Equation of line:
r=a+t(b-a)

(1 ) (0 )
r= 1| -1 1] +t | 3 |
L3 ) \ -1)
B
C
A
but AC = 2CB
Position vector of C:
c—a+§(b—a\
- 3 )
(1) (o Y ()
= -1l +5l3 |=12%]
L3 ) L -1) \ 35/
.. 7
:|+j+§k
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Vectors
Exercise K, Question 8

Question:

Vectors rands are given by

r=Xxi+ (22 -1)j-Kk
S=(1-A)i+3A)j+ (41 -1)Kk
where is a scalar.

(a) Find the values of for whichr ands are perpendicular.
When A = 2,r ands are the position vectors of the poidtsandB
respectively, referred to an oridgin

(b) Find AB.

(c) Use a scalar product to find the size ofBAO, giving your answer to the
nearest degree.

LE

Solution:
[ A A (1-2x )
r= | 22-1] ,and s=]| 32 |
L\ -1 ) \4r-1)

(@) If r ands are perpendicular,r.s =0

[ Yoo 1= )

r.s= | 2a-11. | 3x |

L -1 ) (4r-1)
=A(1-21)+3%r (21 -1) -1(4r -1)
=LA - A2+612-3% -4% +1
=502-6A +1
. 5A2-61 +1=0
(50 -1) (A -1) =0

_ 1 _
x_50rx_1
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(2 ) (-1
by rx =2 a=13 | ,b=1]6 |
\ -1) L7 )
(-1 (2 ) (-3
AB=b-a=16 | -3 | =13 |
L7 ) L -1) L8 )
= - 3i+3j+8k
(c) Using vectors AB and AO:
(-3 (-2
AB= | 3 |,AO=-a=| -3 |
L8 ) L1 )
AB . AO
COSABAOZW
(-3 [ -2
AB.AO= | 3 | .| -3] =6-9+8=5
\8 ) (1 )
|AB| =\ (-3)2+32+82=\82

|AO| =] (-2)2+ (-3)2+12=\14

5
cos « BAO = V82] 14
<« BAO =82 ° (nearest degree)
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise K, Question 9

Question:

With respect to an origi@, the position vectors of the poiritsandM are
2i — 3) + 3k and 5i + j +ck respectively, where is a constant. The poihtis
such that OLMNs a rectangle.

(a) Find the value .
(b) Write down the position vector .

(c) Find, in the form r = p 4g, an equation of the lindN.

E)
Solution:
M
L
N
O
(2 ) (5 )
@l=1 -3 and m=1] 1 |
L3 ) Lc )
(5 ) (2 ) (3 )
IM=m-I= |1 |- | -3 ] =14 |

\c ) L3 ) L c-3)
Since OL and LM are perpendicular, OL . LMO=

(2 Y (3 )
| -3 | . |4 [ =0
\ 3 J (¢c-3)

6-12+3(c-3) =0
6-12+3-9=0
3c =15
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c=5
(3 ) (3)
(b)n=ON=LM= | 4 | = | 4 |
\ ¢c-3 ) \2)
n=23i+4j+ 2k

(c) The lineMN is parallel toOL.

Using the poini and the direction vectadr

(5 (2 )
r= | 1] +t| -3 |
\ 5 ) L3 )

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise K, Question 10

Question:

The point Ahas coordinates (7, — 1, 3) and the pd&ritas coordinates
(10, -2, 2) .Theliné has vector equationr=i+j+k &
(3i—j+k) ,where\ is areal parameter.

(a) Show that the poi lies on the lind.
(b) Find the length ofAB.

(c) Find the size of the acute angle between thd lamel the line segmeAB,
giving your answer to the nearest degree.

(d) Hence, or otherwise, calculate the perpendicular distanceBftorthe linel,
giving your answer to two significant figures.

LE

Solution:
(1) (3 )
(@Linet r= | 1| +x | -1
L1) L1 )

PointAis (7, -1, 3)
(1) (3 ) (7 )
Usingh =2,r= | 1 | +2| -1 ] =] -1 |
L1) L1 ) L3 )

So Alies on the lind.

M)AB=\ (10-7)2+ [ -2-(-1)]2%+ (2-3)72
=\F+ (-1) 2+ (-1) 2=\

(10 ) (7 ) (3 )

(c)AB=b-a=| -2 | - | -1 ] =] -1 |
L2 ) L3 ) \ -1)

(3 ) (3 )

Angle between the vectorls -1 | and -1 |
\ -1) L1 )

PhysicsAndMathsTutor.com
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(3 )Y (3 )

| -1 ] . ] -1 ] =9+1-1=9
\-1) (1 )

The magnitude of each of the vectorsi;Ts\ 11

9 9
So cog = Vi1l = 11

= 60 =35° (nearest degree)

(d)

d

sin35° = VXl

d=\11sin35° =1.¢(2sf.
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise K, Question 11

Question:

Referred to a fixed origi®, the pointsA andB have position vectors
(5i—j—k) and (i—-5]+ 7k) respectively.

(a) Find an equation of the likd.
(b) Show that the poir€ with position vector 4i — 2j + k lies oAB.
(c) Show thaOC is perpendicular t&B.

(d) Find the position vector of the poidt where D% A, onAB such that
|OD| = |OA]| .

(E

Solution:

(5 ) (1 )
@a=1| -1 ] ,b=] -5 |
\ -1) L7 )
(1 ) (5 ) (-4
b-a=| -5 | - | -1 ] =] -4 |
\7 ) \ -1) \ 8 )
Equation oAB:

(5 ) (-4
r:|—1‘+t‘ —4‘
L -1) L8 )
or
(5 ) (-1
r= | -1 | +t] -1 |
\ -1) L2 )
(5 ) ([ -1) (4 )
(b)Usingt=1: r= | -1 | +1| -1 [ =] -2 |

L -1 ) L2 ) L1 )

So the point with position vectdi — 2j + k lies onAB.
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(4 Y [ -4)
(cOC.AB=| -2 | .| -4] =-16+8+8=0
L1 ) L8 )

Since the scalar product is zeDg; is perpendicular tAB.

d
(d) p

D

0,

Since OD = OA, DC = CA, so DC = CA.
(s Y (4 Y (1 )

CA=a-c=1| -1 | - | -2 =11 |
L -1) L1 ) \ -2 )
(1 )
DC=c-d=| 1 |
\ -2 )
(4 ) (1 ) (3 )
Sod=| -2 | -| 1 [ =] -3
L1 ) \ -2 ) L3 )
d=3i - 3j+3k
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise K, Question 12

Question:

Referred to a fixed origi®, the pointsA, B andC have position vectors
(9i-2j+k), (6i+2]+6k) and (3i+j + gk) respectively, wherp
andq are constants.

(a) Find, in vector form, an equation of the linghich passes throughandB.
Given thatC lies on |

(b) Find the value gb and the value af.

(c) Calculate, in degrees, the acute angle betéeandAB,
The point Dlies on ABand is such thadD is perpendicular té&B.

(d) Find the position vector @.

LE

Solution:

(9 ) (6 ) (3 )
a=| -2 ],b=1] 2] ,c=]

p
L1 ) \ 6 ) \aq )
(6 ) (9 ) [ -3)

@b-a=1]2] -| -2 =|4 |
\ 6 ) L1 ) \5 )
Equation of:
(9 ) (-3
r= | -2 | +t | 4 |

L1 ) \5 )

(b) Since dies onl,

(3 ) (9 ) (-3

lp | = | -2 | +t] 4 |
\a ) L1 ) \5 )
3=9-3

3t=6

t=2
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Sop= -2+4=6
andg=1+5=11

OC . AB
(c) coy = OC[ [AB |
(3 Y)Y ([ -3)
OC.AB= | 6 | .| 4 | =-9+24+55=70
\112) (5 )
|oC| =\%+6%+112=\166
|AB| =Y (-3)2+42+52=\50

70

cosfH = 166 50
6=39.8° (1d.p.)

(d) If OD andAB are perpendicular,d. (b—-a) =0

((9-3t )
Since dieson ABused=| -2+4t |
\1+5t )

(9-3t ) [ -3)

| -2+4t | . | 4 | =0

L 1+5t ) \5 )

-3(9-3) +4(-2+4) +5(1+8%) =0
-27+32-8+16+5+25=0

50t = 30
_ 3
t_5
9
PR
d 2 | = Ti+ Zj+ 4k
-2+ — 5 5
\ 5 )
1+3
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise K, Question 13

Question:

Referred to a fixed origi®, the pointsA andB have position vectors
(i+2]—3k) and (5i — 3j) respectively.

(a) Find, in vector form, an equation of the lipevhich passes throughandB.
The line |, has equationr = (4i-4j+3k) & (i-2j+2k) ,wherelis a
scalar parameter.

(b) Show tha# lies on L.

(c) Find, in degrees, the acute angle between thellireesll .
The point Cwith position vector (2i — k) lies oh,.

(d) Find the shortest distance fra@rto the linel,.

LE

Solution:

(1 ) (5 )
@a=12 | ,b=] -3

\ -3 ) Lo )

(5 ) (1 ) (4 )
b-a=| -3 -2 | =] -5|

Lo ) \ -3 ) \3 )
Equation of;:

(1 ) (4 )
r=| 2 | +t] -5 |

\ -3 ) \3 )

(b) Equation of
(4 ) (1 )

r=| -4 | +x | -2 |

\3 ) L2 )

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4

(4 ) (1 ) (1 )
Usingh = -3,r= | -4 | -3| -2 | =1]2 |

\3 ) \2 ) [ -3)

So Alies on the Iinéz.

(4 ) (1 )

(c) Direction vectors of; andl,are | -5 | and| -2 |
\3 ) \2 )

Calling thesen andn:

COS) = T m]
(4 Y (1 )

m.n=| -5 .| -2 | =4+10+6=20
L3 J (2 )

Im| =}&+ (-5)2+3=\50

In| ={2+ (-2)2+22=\09=3
0089:32—1%)

0=195° (1d.p.)

The angle betwedpandl, is 19.5 ° (1d.p.).

(2 )
(dc= 10 |
\ -1 )

|AC| =Y (2-1)%2+ (0-2)2+[-1-(-3)]°2
=12+ (-2)2+22=\9=3

. d

smH:E

1
d=ACsing =3 x 3 =1
The shortest distance fraddto I1 is 1 unit.
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Vectors
Exercise K, Question 14

Question:

Two submarines are travelling in straight lines through the ocean. Relative to a
fixed origin, the vector equations of the two lingsandl,,, along which they

travel are

r=3i+4j-5k+ A (i—2]+2k)

andr=9i+j-2k+pn (4i+j-k)

wherei andpu are scalars.

(a) Show that the submarines are moving in perpendicular directions.

(b) Given that, andl, intersect at the poim, find the position vector oA.
The point Bhas position vector 10j — 11k.

(c) Show that only one of the submarines passes through theBpoint

(d) Given that 1 unit on each coordinate axis represents 100 m, find, in km, the
distance AB

(E

Solution:
(3 ) (1 )
(@Linel: r= 1|4 | +& | -2 |
\ -5 ) \2 )
(9 ) (4 )
Linel: r= |1 | +p |1 |
\ -2 ) \ -1)
Using the direction vectors:
(1 Y (4 )
| -2 | . |1 | =4-2-2=0
\2 ) U -1)
Since the scalar product is zero, the directions are perpendicular.
(3+% ) (9+4p )
(b) At an intersection point] 4-22% | = | 1+ |

\ -s5+2» ) U -2-p )
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3+ L =9+4p  ( x2)

4-2) =1+ p
6+2\ =18+ 8
4-2) =1+ p
Adding: 10=19+Q
= 9u=-9

= nu=-1
3+ A =9-4

> A =2

[(3+2 3 (5 )

Intersection point:| 4-22

| = 1o |

\ -5+22 ) \ -1 )

Position vector of\ is a = 5i — k.

(c) Position vector oB:

(0 )
b=10j-11k= | 10 |
\ -11 )

For |, to give zero as thecomponent,A = - 3.

(3 ) (1Y (0 )

r= | 4 | -3|

-2 | =] 10 |

\ -5 ) L2 ) \ -11 )

So Blies on 5.

For |, to give — 11 as thecomponent,u = 9.

(9 ) (4 ) (45 )

r= [ 1 [ +9]
\ -2 ) \
So Bdoes not lie ovhz.

So only one of the submarines passes thr&ugh

1 | =1 10 |

-1 ) \ -11)

d) |AB| =] (0-5)2+ (10-0)2+[-11- (-1) ]2

=\ (-5) 2+
=\225 =15

102+ ( -10) 2

Since 1 unit represents 100 m, the dist@#Res
15 x 10C = 150Cm = 1.5km.
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I ntegration
Exercise A, Question 1

Question:
Integrate the following with respectxo

(a) 3selx+ > + =
X X

N

(b) 5& - 4sinx + 2x°

(c) 2 (sinx— cosx + X))

(d) 3sextanx — Xg

(e) 5& + 4cox - %
X

0 i + 2 coseéx

o |-

11
@<*+%"
(h) €& + sinx + cosx

(i) 2 cosexcotx — se@x

(j) e + Xl — coseéx

Solution:
@) | ( se8x+—+%)
= | (35e8x+—+2x 2 ) gy
\ )
= 3tanx + 5In | x| —Xg+ C

PhysicsAndMathsTutor.com
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(b) [ (5~ 4sinx + 2x3) dx

2

=5 +4cox+ -, + C
x4

= 5& + 4cox + 5+ C

(c) ] 2 ('sinx - cosx + x ) dx
= | (2sinx — 2cosx + 2x) dx
= - 2cox - 2sinx+ X2+ C

(d) | ( 3sextanx - XE } dx

=3sex-2In|x| + C

e) | (Sé‘+4cosx— X—Zz)dx

= [ (5 + 4cox - 2x ™ 2) dx
, 2
= 5& + 4sinx + .+ C

@ | (le +Zcose€x)dx
= | (%xxl+2005e%x)dx
:%In|x| -2cox+ C

(L, 1,10,

@F (3ot
_ (l -2, 3\
=1 X+ ) o

-1 -2

X
:|n|x| + _1+ —5 + C

1 1
=In|x| “x T2t C

(h) | (€ + sinx + cosx) dx
=eX-cosx +sinx+ C
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(i) | (2cosexcotx — se@x ) dx
= —2cosex —tanx+ C

1

G) [ (ex+x cose&x)dx
=e“+In|x| + coix+ C
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I ntegration
Exercise A, Question 2

Question:

Find the following integrals:

(1, 1
\ co@x NG

(@ | dx

N—

O { g v )

[1+cos< + 1+x \

©1 | )

Siréx X

[ 1
\ sin?x

d) | v } o

(e) [ sinx (1 + seéx) dx

(f [cosx (1 + coseéx) dx
(g) | coseéx (1 + tarfx) dx
(h) [ se@x (1 - cox) dx

(i) [seéx(1+ e&cofx) dx

G) | ( 1;32)( + COLXSECX ) dx
Solution:
(a)'l.(co:;x+x_12)dx

= [ (se@x+x~2) dx

= tanx - 2 + C

X
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o1 (=2 )

= [ (tanxsecx + 2&) dx
=sex+2&'+ C

OF (S

| (coseéx + cotxcosex + x ™2+ x~ 1) dx

1
= —cotx—cosex— . +In|x| + C

(d)j (sin12x+xl}dx

= | (cose3x+xl)dx
= —cotx+In|x|] + C

(e) [ sinx (1 + seéx) dx

= | (sinx + sinxse@x ) dx
| ('sinx + tanxsecx ) dx
—cosx+sex+ C

(f Jcosx (1 + coseéx) dx

= | (cosx + cosxcoseéx ) dx
= | (cosx + cotxcosex ) dx
=sinx — cosex+ C

(9) [ coseéx (1 + tarfx ) dx
= | (coseéx + coseéxtarfx) dx

= | (coseéx + se@x) dx
= —cotx+tanx+ C

(h) [ se@x (1 - cofx) dx
= | (se@x - se@xcot?x ) dx

= [ (se@x - coseéx ) dx
=tanx + cotx+ C

(i) [sedx(1+ ecofx) dx
= [ (se@x+ e‘cogxsecx ) dx
= [ (seéx+¢eX) dx
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=tanx+ e+ C
. [ 1 + sinx \
G) | (et co€xsecx ) o

= | (se@x + tanxsecx + cosx ) dx
=tarx + sexx + sinx+ C
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I ntegration
Exercise B, Question 1

Question:

Integrate the following:
(@sin(x+1)

(b) 3e&*

(c) 4&*°
(dycos(1-2)

(e) cose€3x

(f) sec&ktan 4

(1 )
(g)3sm\§x+1)

(h) seé (2 - x)
(i) cosec Zcot X
(j) cos3x — sin3x

Solution:

N -
7N
N
+
O

(a)fsin(ZHl)dx: - >cos; X+1

(b) [ 3= 2+ C

() 4 2dx=4et5+ C
(d)Icos(l—z)dx:—%sinkl—Qk) + C

OR Lety=sin(1-2x)
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theng—i :cos( 1—x2} X ( —2) (by chain rule)
1
Icos( 1—2(}dx: —Esm(l—z} + C

(e) | coseé3x dx= - Zcotx+ C
3

1
(f) I secktan& dx= ;sec&+ C

(1 (1

(9)J3Si”\2><+1}d><=—6cos\;x+1 + C

)
)

(h) [se@(2-x)dx= —-tan(2-x) + C
OR Lety=tan (2 —x)
then§—§ :se%(z—x) x ( —1} (by chain rule)

oo Ise@(2-x)dx= -tan(2-x) + C
() | cosecXcotXx dx= - %cosecx+ C

() | (cos3 - sin3x) dx
1 1
= gsin3<+ ~cosxX+ C

3
= 2 (sin3<+cos3<\ + C
3 )
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I ntegration
Exercise B, Question 2

Question:

Find the following integrals:

(@) | (ezx— %sin(&—l) )dx

(b) | (e+ 1) 2dx
() [ sed2x (1 +sinx) dx
(S—ZCOS(%X) \

@ | - | dx
\ sirf (5x) )

(e) | [e3 X+sin(3-x) +cos(3-x) ] dx

Solution:

() | [ezx— %sin(&—l)} :%ezx+ %cos(?k—l} + C

(b) | (e+ 1) 2dx

= [ (e&+2e+1) dx
= %e2X+2e?‘+x+ C

() [ sed2x (1 +sinx) dx
= | (sed2x + se@2xsin2x) dx
= | (se@2x + secxtan ) dx

1 1
= JtanXx+ Ssecx+ C

PhysicsAndMathsTutor.com
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1
r 3—2cos(zx) “

()] | ) | o
| sir?( Ex) |
= | ( 3coseé %x— Zcosec%xcot %x ) dx
(1) (1)

= - + - +
6 cot L 2X] 4coseck 2x] C

(e) ] [e3 X+sin(3-x) +cos(3-x) ]dx
= - X+cos(3-x) -sin(3-x) + C
Note: extra minus signs fror — x terms and chain rul

© Pearson Education Ltd 2C
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I ntegration
Exercise B, Question 3

Question:

Integrate the following:

@) 7r7
1
() (2x+1) 2
(€ (x+1)?2
(@) 3o
© Toa
3
O "arz
(@) (X+2)°
3
(h) (1-2x) 3
) 6
) (3-2x) 4
0) 37
Solution:

1 1
@] modx=3SIn|Xx+1| + C
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1
0) | (2x+1) 2

=] (2x+1) ~2dx

o (2x+1) "t 1

=~ -1 X 2+ C
1

= - 2= t C

© [ (2x+1) 2dx

(2x+1)3 1
_—3 x2+ C

2x+1) 3
:(X;) + C

3 3
d) ] gooydx=ZIn|&-1|] + C

e 1 —34x ax

3
= - | &1

dx

3
= - ,In|&-1] + C

OR Lety=In|1 - 4|
dy 1 ( 3

theny, =74 XK —4) (by chain rule)
: 3 3
T dx= - 7In|1-&| + C
Note: In|1-4| =In|4&-1| because of |
3
® (1-4x) 2
= [3(1-4&) ~2dx
_ 3 (1-4¢x) ~1
= g% —1
_ 3
= a1-a9 * C

PhysicsAndMathsTutor.com
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(3x+2) 6

@ ] (3x+2)°dx= "1 —+ C
3 3 (L-2x) ~2 3
_— = + = -
(h | (1—2x)3dx -2 -2 C 4(1-2x) 2
OR Lety= (1-2) ~2
hen = —2(1-2) “3x [ -2 1 (by chainrul
then s = -2(1-2) X L T2 (by chain rule)
3 3 2
—_— - - — +
(1_2)()3dx 7 (1-) C
. 6 _ 6 (3-2x) ~3 _ 1
0 (3—2x)4dx_ -2 s v st ©
OR Lety= (3-2) 3
dy _
theny, = -3(3-2) ~%x (—2)
L —2—dx= ———+ C
(3-x) 4 (3-2x) 3
: 5 5
OR Lety=1In| 3 - X|
d 1
thend—i =3~ 2x X( —2) (by chain rule)

5 5
L gt dx= - 5In|3-%| + C

© Pearson Education Ltd 2C
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I ntegration
Exercise B, Question 4

Question:

Find the following integrals

(@) | (33in(2<+1) +ﬁ)ck

(b) | [e+ (1-x) °]dx
(1 1 1 3

OF \ st 1+2x T (1+2x)2/dx
[ 2, 1 |
(d) [ | (3x+2) 2+ (3X+2)2de
Solution:
@/ | 3sin{ 2+1 | + 507 | &
= - Jcos{ &+1 ) +fmix+1] + C
:—gcos( 2<+1) +2In|x+1| + C

(b) | [+ (1-x) °]dx
= [eXdx + | (1-x) S dx

= %e5><- %(1—x) 6+C (from @ andd0)

OR Lety= (1-x) ©

dy _ 5

theny, =6(1x%) °x

-1 (by chain rule)

TN

A
)
I (1-x) Sdk= -3 (1-x) 8+ C

[ 1 1 1 |

+ +
L siox 12X (1422 ]

dx

(c) |
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coseé2x + + (1+X) "Z}dx

1+

(1+2x) ~1

1 1
cotx+ SIn|l+Xx| + — —; — x5+ C

I
—
NIk ——

1 1 1
= - Jcotx+ Sin|[1l+X]| - + C

2(1+2x)
1]
(3x+2) 2 |
[ (3x+2) 2+ (3X+2) ~2]dx
(3x+2) 3 (3x+2) 1

dx

(d) | [(y+2)2+
]

= 9 - 3 + C
. (3x+2)3 1
= 9 T 3(x+2) vV C

© Pearson Education Ltd 2C
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I ntegration
Exercise C, Question 1

Question:

Integrate the following:
(a) cotx

(b) co€x
(c) sincos X

(d) (1+simx) 2

(e) tarf3x

(f) (cotx — cosex ) 2
(9) (simx+cosx)
(h) sirfxcos®x

1

1) Six  co$x

() (cos2x—1) 2
Solution:

(@) | coxdx = | (coseéx-1) dx
= —cotx—-x+ C

(b) | coxdx = | % ( 1 + COS X ) dx

1 1
= X+ 4S|n2<+ C

(c) | sincosXdx = [ %sinélxdx
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1
= - gcos4<+ C

(d) | (1+sinx) 2dx= | (1+ 2sinx+ sirfx) dx

But cos® = 1 — 2sirfx

2 1 1

SL8nex = 5 = Ecos?k

ST (1 +sinx) Zdx= | (§+23inx— %cosék ) dx

3 1 .
= 7X—2C0X~- 7sinx+ C
(e) Jtar3xdx = | (sed3x-1) dx

1
= gtan3<—x+ C

(f | (cotx - cosex ) 2dx= [ (cofx - 2cotxcosex + coseéx ) dx

= [ (2coseéx - 1 - 2cotxcosex ) dx
= —2cotx—x+ 2cosex+ C

(@) | (sinx+cosx) 2dx= | (sin’x+ 2sinxcosx + cog'x ) dx
=] (1+sinX) dx

1
=X- 7c0sX+ C

(h) [ sixcoxdx = | ( %sin?x ) 2 dx

:I%sin22xdx

i1 1 )
=13 2 z008% ) dx
_¢ (1 1 3
= | L 8COS4<)C|X
-%x Esin4x+ C

1 1

= = 4cosel2x

[
0 L ino 2
(23|nx)
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. 1 _
| — dx = [ 4coseé2xdx

= —2cotx+ C

() [ (cosx-1)2dx= ] (cog2x-2cosXx+ 1) dx

_ (1 1 3
= | \Zcos4<+ , —2cosX +1 ) dx
1 3
= | (Ecos4<+ 5—2cosx)dx
1 3
= gsin4><+ 5x—sin2x+ C

© Pearson Education Ltd 2C
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I ntegration
Exercise C, Question 2

Question:

Find the following integrals:

(a)I fl—sinx \dX

\eodx
o[ (2 e
01

@ | =

O

(f) § g

coLx

(9) | (cotx - tanx) Zdx
(h) | (cosx - sinx) 2dx
(i) | (cosx - secx) Zdx

COS X

adx
1 - coL2x

0 I

Solution:

(a) | ( 1C;§:X ) dx = | (se@x—tanxsecx ) dx

=tarx —sexx+ C
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(b) | ( 1;;?(9( ) dx = | (cose8x+cotxcoseo< ) dx

= —cotx—-cosex+ C

Cc0oS 2X _ 2C052X—1
(©) '[ CO£X dx = | cosx
= [ (2 - seéx) dx
=2X—-tanx+ C
a) | coszxdx_ I 2y
(d) an2, X = ] cot™xadx

= | (coseéx-1) dx
= —cotx—-x+ C

+cosx) 2 I 1 + 2coX + COEX

@)1= gy = =

Sn
= | (coseéx + 2cotxcosex + cofx ) dx
But cose€x = 1 + co€x = cot?x =coseéx -1

s 1= ] (2coseéx - 1 + 2cotxcosex ) dx
= —2cotx—-x—-2cosex+ C

X

i (1+sinx) 2 I 1 + 25sinx + sinfx

M1 =
= | (se@x + 2tanxsecx + tarfx ) dx

Butse€x =1 + tarfx = tarfx=seéx-1

S1= ] (2sedx -1+ 2tarxsecx ) dx
=2tanx - x + 2sex+ C

cox COS?X

(9) | (cotx—tanx) 2dx = | (cotx — 2cotxtanx + tarfx ) dx
= | (coseéx—-1-2+seéx-1) dx

| (coseéx -4+ seéx) dx

—cotx —4x +tanx+ C

(h) | (cosx —sinx) 2dx= | (co$x - 2cosxsinx + sirfx ) dx
= | (1-sinX) dx

1
=X+ 5c052<+ C
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(i) | (cosx-sex) 2dx= | (cofx - 2cosxsecx + se@x ) dx

= | (%COSZ(+ %—2+se8x}dx
= | k%cos&— §+se@x } dx

1 3
Zsm2<— SX + tanx + C

. COS X _ COS 2X
0) j 1 - co€2x dx = ] Sinf 2x o
= | cot2cosec Xdx
1

= — ;cosec+ C

© Pearson Education Ltd 2C
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I ntegration
Exercise C, Question 3

Question:

Find the following integrals:
(a) | cos Xcosxdx

(b) | 2sin5cos Xdx

(c) | 2sin3cos 5dx

(d) | 2sinsin5xdx

(e) 4] cosXcos &Kdx

() | 2 cos&cos4&dx

(9) | 2cos&sin4xdx

(h) | 2sindxsin4xdx
Solution:

33X+ X 3X—X
> COs = 2C0O0S0SsX

(a) cos& + cosx = 2cos

. | cosXcosxdx = %I (0033(+cos>< } dx
_ i1 )
= K3S|n3<+3|nxj + C

ol NI

) 1
sinX + > Sinx + C

(b) sin& + sin2Xx = 2sinxcos X
o J2sin5cos&dx = [ (sin& + sin2) dx

1 1
= - gcos&— 50032<+ C

(c) sSin& — sinZ = 2sin Xcos X
" J2sin%cos&dx = [ (sin& - sin2) dx

PhysicsAndMathsTutor.com
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1 1
= - gcos&+ Scosx+ C

(d) cos® — cosX = — 2sinXsin 2
o J2sinxsin5xdx = | (cosX - cos&) dx

1 1
= gsm3<— ;S|n75<+ C

(e) cos1@ + cos&k = 2cos kcos X
" J4cosxcoskdx=2] (cosl®+ cos4k) dx

(L )

1
=2 L 10sin10<+ Zsinéb() + C

1 1
= gsin10<+ Esin4><+ C

(f) cos& + cosk = 2cos 4« cos &K
l.e. cos8+ 1 = 2cos4cos &

", J2cos&cos&dx= | (1+cos&) dx

1.
=X+ gsm8<+ C

(g) Sin& + sinX = 2sin4cos &«
. J2cos4sin4xdx = [ sin8dx

1
= - gcos&+ C

(h) cos& — cos& = — 2sin4&sin4x
l.e.cos®— 1= — 2sin&sin4x

o ] 2sin4sin4xdx = | (1 - cos&) dx
1
=X- gsin&+ C

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Core Maths 4 Pagel of 5

Solutionbank
Edexcel AS and A Level Modular Mathematics

I ntegration
Exercise D, Question 1

Question:
Use patrtial fractions to integrate the following:

3x+5
@ o) (v 2)

3x-1
(b) (2x+1) (x—-2)

2X— 6
©) G 1)

3
(d) (2+x) (1-x)

4
(e) (2x+1) (1-2x)

3(x+1)

(M) 9 -1

3 - b5x
@) 150 2-m)

X2 -3
(2+x) (1+x) 2

(h)

5+ 3x
(x+2) (x+1) 2

(1)

17 - 5x
(3+2x) (2-x) 2

()
Solution:

3x+5 A B
(@) (x+1) (x+2) — x+1 T x+2
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= 3Xx+5=A(Xx+2) +B(x+1)
x= -1 = 2=A

XxX=-2 = -1=-B = B=1

'[ (x+f);+(i+2)dxz-[ (xfl-l- xi2)
=2In|x+1| +In|x+2| + C

=In[ |x+1|2] +In|x+2| + C
=In| (x+1)2(x+2)| + C

ax

3x- 1 A B
(b) (2x+1) (x=-2) — x+1 T x-2
= X-1=A(x-2) +B(2x+1)
x=2 = 5= = B=1

_ _ 1 5_ 3 _
X=-35 = -35=-5A = A=1

_ 3x- 1 o a 1)
ey &= L 2x+1 7 x-2 )

ax

1
= Sin|X+1] + In|jx=-2] + C
:In|(x—2)‘|2x+1| + C

2X—-6 A B

(C) (x+3) (x-1) = x+3+ x-1

> 2X-6=A(x-1) +B(x+3)
x=1 > -4=48 = B= -1
X=-3 = -12=-4A = A=3

2x- 6 (.3 1)
. '[ (x+3)(x—1)dx_'[ \x+3_ x-1 )

=3In|x+3] —-In|x-1] + C

] (xx3) 3
—In| x-1 | C

ax

3 A B
@ T (1) = (2+x0) t 1-x

= 3=A(1-x) +B(2+x)
x=1 = 3=3B = B=1
XxX=-2 => 3=3A = A=1

PhysicsAndMathsTutor.com
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3 3 (1 1)
'[ (2+x)(1—x)dx_-[ \2+x + 1—x)dx'
=In|2+x| -In|1-x|] + C

o |2Ex ]
—In|1_x‘+ C

N

A B
= x+1 T 1-2x

() (x+1) (1-2)
= 4=A(1-2X) +B(2x+1)

N -

X = = 4=2B = B=2

1
X=-35 = 4=2A = A=2
4 (2+ Z\dx

A (2x+1)(1—2x)dx:I | 2x+1 7 1-2x )
=In|2+1] -In|]1-%|] + C
_ 2x+1 |
—In| 1-ox | ¥ C
3(x+1) _ _ 3(x+1) _ _A B
(f) ow2-1  (3x=1) (3x+1) ~ xX—1 7 3x+1

= X+3=A(3xx+1) +B(3x-1)
1
X=-3 = 2=-B = B=-1

1
x=3 = 4=2A => A=2

3(x+1) . _ ¢ [ _2 1 )
- 92 - 1 dx = | | 3x-1 " 3x+1)dx

2 1
=3n|x-1] -ZIh|X+1]| + C

1| (3x-1)2|

s | “axv1 | * C

3 - 5x A B
@) (T-x) (z-309 = 1-x T 2-3x

> 3-X=A(2-3%) +B(1-x)
1
3

B = B= -1

1
= T3

w N

X =

PhysicsAndMathsTutor.com
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x=1 = -2=-A = A=2
3 - 5x 2 1)
. '[ (1-x) (2-3x) 1-x 2-3x )

=] |

ax

1
= =2In|1-x| +3In|2-X|] + C

1

| (2-3x) 3 |
= — | +
In I (1-x) 2 I c
X2 -3 A B C

M o 02T 2o T T
=> X2-3=A(1+x)2+B(2+x) (1+x) +C(2+x)
x=-1 = -2=C = C=-2
x=-2 = 1=1A = A=1
Coefficientox?® = 1=A+B = B=0

X2 -3 _ (1 2 \
| (2+x>(1+x)2dx‘j L2+x 144y 2 )
(L+x) ~*
=In|2+x| -2=——— C
=In|2+x| + 7+ C
(i) 5 + 3x _ A LB C
(x+2) (x+1)2 X*¥2  X*+1 0 (412

> 5+X=A(Xx+1)2+B(x+2) (x+1) +C(x+2)
x=-1 = 2=C = C=2

x=-2 = -1=A = A=-1

Coefficientoi? = 0=A+B = B=1

5 + 3x ( 1 1 2 A
o = - se——  &
(x+2) (x+1) 2 Fu- ozt (x+1)2
2
= -In|x+2| +In|x+1] -7+ C
_ x+1 | 2
_|n|x+2\ “x+1 T C
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() 17 - 5x _ A + B + C
(3+2x)(2—x)2 3+ 2x 2-X (2—x)2
> 17-%=A(2-x) 2+B(3+X) (2-x) +C(3+X)
XxX=2 = 7= = C=1
3 49

_ _ 3 49 _ 4 _
X=-35 = > = 7A > A=2

Coefficientofx2 = 0=A-2B = B=1

17 - 5x (2 1 1 3
dx = + + — KX
(3+2x) (2-x) 2 / L 3+2x © 2-x © (5 _yy2 )
2
=5In|3+X| =In|2-x|] + 7+ C
_ 3+2x | 1
_In| 2-x | +2—x+ C

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 2

Question:
Find the following integrals:

2(x2+3x—1)
@ [ oy (o)

X3+ 22+ 2
(0) | oty o

X2
X2 -4

(c) | dx

d _[ x2+x+2d
(d) 3- -2

6 + 3x — X2
(€) J X3 + 2x2 dx

Solution:

2(x®+3x-1) A B
(a) (x+1) (x-1) =1+ x+1 + 2x-1

= 2%+6x-2= (x+1) (x-1) +A(2x-1) +B(x+1)
x=-1 = -6=-3A = A=2

N lw
N lw

1
xX=3 = B > B=1

2(X%+3x-1) ( 2 1
+

: )
R Irrrryararpc el G e e v

1
=Xx+2In|x+1| +3In]x-1] + C

=x+In| (x+1)32x-1| + C

X3+ 22+ 2
(b) X(x+1) =
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x+1
x| +2x 42
il

$C+2P+2 2-x
x(x+1) =x+1+ X(x+1)

_ A
=x+1+ 2+

= x3+2x2+25(x+1)x(x+1)+A(x+1)+Bx
x=0 = 2=A = A=2
x=-1 = 3=-B = B= -3

X3+ 2% + 2 ( 2 3 )
I X(x+1) X_-[ \X+1+ B x+1 ) K
X2
= 5 +Xx+2In|x|] =3In[x+1] + C
R X
Szt s ©
X2 A B

€ 2 =1+ 32+ %+2
= X2= (x-2) (x+2) +A(x+2) +B(x-2)
XxX=2 = 4=4A = A=1
XxX=-2 = 4=-4B = B= -1

: o f 1 1 )
'IX I\1+x2_x+2jd(
=x+In|x-2| -In|x+2]| + C
-2
:x+InI ZI + C
X+HXx+2 X2+ X+ 2 B A B
@) 35 2= G (1-x) = "1+ 3 1«

> X2+x+2=-1(3+x) (1-x) +A(1-x) +B(3+x)
X=1 = 4=48B = B=1
Xx=-3 = 8=4A = A=2

_ ¥rx+2 ( 2 1)
'J3—2x—x2 =] K_1+3+X+1‘X)d(
= =-x+2In|3+x| -In|]1-x|] + C

_ | (3+x) 2 |

—_X+|n| 1-x | + C
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C
X+ 2

6 + X - X2 6 + X — X2 A B
) B+22 X2 (x+2) E;+;+

= B6+X-X2=AX(X+2) +B(x+2) +Cx2

x=0 > 6=8B = B=3

X= -2 = -4=4 = C=-1

Coefficientoik® = -1=A+C = A=0

_ 6 + X — X2 (3 1
- X3+2dex—f 2 X+2

3

)
_ _ 3

= -~ -In|x+2| + C

© Pearson Education Ltd 2C
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I ntegration
Exercise E, Question 1

Question:
Integrate the following functions:

X

@) 3

X+ 4

e2x
(b) 2

X
(X2+4) 3

(€)

er
@ Z5173

C0S 2X
(e) 3 + sin2x

sin 2x
(3 +cos2x) 3

(f)

() xe*
(h) cosXx (1 +sinx) 4
(i) se@xtarfx

(j) sex (1 +tarx)

Solution:

@y=In|x%+4|

dy 1 .
= = X 2 chain rule
dx 2+ 4 ( )

PhysicsAndMathsTutor.com
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X _ 1 2
Zodc= 3P +4] + C
(b)y:In|e2X+1|
d
= - x @Xx 2  (chain rule)

i dX_e2X+l

e2x
I92X+1dx: 5|n|e2><+1| + C

©y= (x2+4) ~2

d
> = -2(2+4) “3x2 (chain rule)
1 _
e
1
- —+ C
or S22

(dy= (e*+1) =2

d

= —2(&+1) 3xe¥x2 (chain rule)
Ca _

T Gtk - G (F1) T2 C
4(e+1) 2

(e)y=In| 3 +sinX|
dy 1 .
= x = 3+sin2ye XC0sXx2  (chain rule)

COS 2X 1 .
J dx= ZIn|3+sinx| + C

3 +sin2x
fHy= (3+cosx) ~2
= gi = -2(3+cos&) ~ ( —sin2<) x 2  (chainrule)

sin2x 1
dx= 5 (3 +cosx
(3 +cos2y 3 a )

1 + C
4(3+cosx) 2

or
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(g)y=e?‘2

d 2
= % =& x2x (chain rule)

2 1,2
SoIxetdx= e+ C
(hyy= (1+sinx) >
d
> o~ =5(1+sinx) 4xcosxx2 (chain rule)

1
S Jcosx(1+sinx) 4dx= 75 (1+sinX) °+ C

(i) y = tarPx

d .
= ﬁ = 3tarfx x se@x  (chain rule)

1
.. [ seéxtarfxdx = jtaPx+ C

(j) se@x (1 + tarfx) = se@x + se@xtarfx

oo Ise@x (1 +tarfx)dx= [ (se@x + se@xtarfx) dx

1
=tanx+ Star’x+ C

© Pearson Education Ltd 2C
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I ntegration
Exercise E, Question 2

Question:

Find the following integrals:

@) ] (x+1) (x2+2x+3) 4dx
(b) | coseé2xcot 2xdx

(c) | sin®3xcos Xdx

(d) | cosxesM*dx

X

e?
e) J X + 3dx

® Ix(x%+1) 2 &

Q) | (2x+1)\|x2+x+5dx

2x+ 1

™ s

dx

SiNXcosx

i | Toosoa 5 O

. sinxcosx
(J) '[ Ccos2x+ 3

adx

Solution:

@y= (X¥+2x+3)°

d
> =5+ 2x+3) 4x (2x+2)
=5(x2+2x+3) 4x2(x+1)

| (x+1) (x2+2x+3)4dx:1i0(x2+2x+3)5+ C
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(b)y = co2x
dy _ ( 2 3
= X = 2cotX x L — cose 2x) X 2
= — 4cosel2xcot 2x
1
.. [ coseé2xcotxdx = - 7 cof2x+ C
(€)y = sin®3x

d
N ﬁ = 6SiM3x X cosX x 3

1
.. [ sim3xcosXdx = 35siP3x+ C

(d)y =™

dy ;
= g5, = €™ x cosx

5. [ cosxeSMXdx = eSIX +

(e)y=In| e+ 3|

dy _ 1 X
= dX_e2X+3X@X2

X

g X+ 3

1
dx= SIn|e*+3| + C

Hy= (X¥+1) ;
d

5 3
= =5 (X+1) 2 xX=5x(x*+1)

5

3
LIx(R+1) 2k= £ (R+1) 2+ C

(@y= (@+x+5) 3

d 3 1
= ﬁ:;(x2+x+5) 2 X (2x+1

. (2x+1 ) %2+ x + 5 = %(x2+x+5)

1
2

(hyy= (xX*+x+5)

PhysicsAndMathsTutor.com
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dy 1 o -
= = 7 (X*+x+5)

1
2 % (2x+l}
_ 1 (2x+1)

2\(x2+x+5

1
] &dx:Z(x2+x+5) 2+ C

X2+ X+5

| =

(J)y= (cosx+ 3)

dy 1 1
2

= 4 = 2 (cosx+3)

N

x 2

N—

X ( - Sin X

sin 2x
~ \cos2x+ 3
2 sinxcosx

- \| cos2x+ 3

sinxcosx 1

1 1
oo Toosoa 3= — 3 (cosx+3) 2+ C

(J)y=In|cosx+ 3|

dy 1 -
= dx — cos2x+3 X L - sinX

x 2

N—

2sin2x
~ cos2x+ 3

4 sinxcosx
cos2x+ 3

,[ sinxcosxdx_ 1|
cos2x+ 3 __4n|0032+3I + C

© Pearson Education Ltd 2C
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I ntegration
Exercise F, Question 1

Question:
Use the given substitution to find the following integrals:

(@) [ X1 +xdx;u=1 +x

X

(b) | T u=1+x

1 + sinx
cosX

(c) |

dx; u = sinx

(d) [x(3+2x) 2dx;u=3+2

(e) [ simdxdx; u = cosx

Solution:
(@u=1+x = du=dxandx=u-1

S Ix (1 +x) %dx: J (u—l)u%du

:I(u%—u%)du
2 5 2 3

= guz-3uz2+ C
2 5 2 3

=g (l+x) 2=-3(1+x) 2+ C

OR =2 (14x) 2 [3(1+x)—5}+ C
2 S )

= 2 (1+x) 2 \3x—2)+ C

(b)u=1+x = du=dxandx=u-1

. X _ u-1
.. j“T:QdX— j .idu

uo
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1
—
—_
c
N
|
c

2 3 1
=3(1+x) 2-2(1+x) 2+ C
_2 = _q |
OR =3 (1#) 2 | 1+x-3 | + C
_ 2 = )
- 3(1+X) 2 \X—Zj + C
. d_u_ _ du
(Qu=sinx = L =cox = dx=
1 + sinx _ 1+u du
j cosx I COSX COSX
1+u
= d
Il—sinzx !
_ 1+u
= 1—u2du
_ (1+u)
=l o o
1
=] 7y

-In|j1-u| + C
-In]1-six|] + C

u=3+ = du= andx =
(d)u=3+ 2 du=2dkandx=
- d
Ix(3+2x)5dx:IuZSu57u
o (3R
= | L4 a4 }du
u’ 38

(3+2x) / (3+2x) ©
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(e)u=cosx = du= - sinxdx
o Isimdxdx= [ - (1-u?)du
= [ (u*-1)du

u3
=3 -u+ C
cos’x
= —53 —cox+ C
OR =75 | co%x—s) + C

© Pearson Education Ltd 2C
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I ntegration
Exercise F, Question 2

Question:

Use the given substitution to find the following integrals:
(@) [ x2 +xdx; u? = 2 +x

(b) | ﬁdx;u: \ x

(c) | se@xtanx\(1 + tanxdx; u® = 1 + tanx

X2+ 4

d) ] g ui=x*+4

(e) | sed*xdx; u = tarx
Solution:
(@Quf=2+x = 2udu=dxandx=u?-2

SoIx(2+xdx= [ (u?2-2) xux2udu
= [ (2u*-44%) du

_ Al
5 3 *
2 5 4 3
=5 (2+x) 2=-3(2+x) 2+ C
1 du 1 1 dx
bpu=x2 = S =37x" 2 = T =2d

and x- 4 =u® - 4
A 2
Sol= I \/x(x—4)dx_ I 2

u- -4

4 A B

u2_4_u—2+u+2
= 4=A(u+2) +B(u-2)
u=2 = 4=4 = A=1
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=Inju-2| -Inju+2| + C
_ | Ix-2 |
_In| Vx+2 | + C

©ui=1+tarx = 2udu= seéxdx

. [ se@xtanx([1 + tarxdx

_2F
5 3 + C
2 > 2 3
= c(l+tax) 2 - 3 (l+tax) 2+ C
2 _ 2 udu
(du=x+4 = 2udu=22dx = . =
(2 + 4 u udu
B R C
2
:I%du
l'12
= -, du
A B
_I(1+ 2 Eu+2+u+2
4 =A(u+2) +B(u-2)
u=2:4 =4A A=1
u= -2:4=-4B,B= -1
_ [ 1 1 )
_-[ \1+u—2_u+2jd'l
=u+In|ju-2| -Inju+2| + C

244 \Ix+4 2\+
X 4 In \|27+4+2‘ C

(e)u=tanx = du=se@xdx

PhysicsAndMathsTutor.com
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o, [ sedxdx = [ sec®xse@xdx
=] (1+u?)du

© Pearson Education Ltd 2C
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I ntegration
Exercise F, Question 3

Question:

Evaluate the following:

(@) | 05x\|x + 4dx

(b) I, %seo<tanx\| sexx + 2dx

1
© ], T useu?=x - 1

Z sin®

@) [ g2 gdfilet  u=1+coy

©) I oM (2 +x) 3dx

4 1 . _
O I Ty let u= Vx

Solution:

(@Qui=x+4 = 2udu=dxandx=u®-4
Alsou =3 whenx=5
and u= 2 whenx = 0.

Sl oxXx+4dx= ] ,3(u2-4) xux2udu
= ],3 (2u*-8u?) du

_ 25 83 ] 3

= | 54T U 2

_ (2 8 ) (64 _64)
- \5)(243—3 X27} _\5 _3}
=25.2- -8.53

=33.73

=33.7(3s.f)

(b)u’=sex+2 = 2udu=secxtanxdx
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Alsou = 2 whenx = %
and == v 3 when x= 0.

. | ssecxtanx(secx + 2dx = [ ,2u x 2udu
0 \3
I y5%2ufdu

C©u=x-1 = 2udu=dx
Alsou =2 whenx=5
and 1= 1 whenx = 2.

5 1 4 -2
AP T = [ g x 2udu

= [2u-2Inju+1]| ]2
(4-2In3) - (2-2In2)

2
:2+2m§

(dJu=1+co¥ = du= —-sinfdddor —du=sinfddd

Alsou = 1 whend = %
and u= 2 whend = 0.

T sin2 T 2sinfcosd

o _ 2sinfecosd 9 2(u-1)
"|_1021+c039d9_1021+0039 _jZ u du

Use ‘ — ' to reverse limits:
2u—2
_ 2
= [,5— —du

25 2)
=1 2-7 )
= [2u-2In|ul| 1,°

PhysicsAndMathsTutor.com
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(4-2In2) - (2-2In1)
2 - 2In2

(e)u=2+x = du=dxandx=u-2
Alsou =3 whenx=1
and u= 2 whenx = 0.

T (24x) 3dx=[3(u-2)uddu
J 3 (u*—2u3) du

_ e _ 24713

- | 5~ aY 2

_ (243 8l (32 16

- s 2 ) (5 2]

211

= 7= —325

=42.2-325

=9.7

1 1 1 dx
Hu=x2 = du=7x" 2dx = T =2d

and 4-1=4u-1
Alsou = 2 whenx =4
and .= 1 whenx = 1.

R N R S N S |
'I_Il \/x(4x—1)dx_ 1 4u2_1><2dJ

2 A B

aP-1 2u-17 2u+1
> 2=A(2u+1) +B(2u-1)

1
u= 3 = 2=2A = A=1

1
u:—§:>2:—2B:>B:—1
-2 (2 1)

'I‘Il \2u—1_2u+1)m

[ 1 1 1
= | 2inf2u-1] - Fin|2+1] J12
I T R
_|_2 | 2u+1 | |1
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I ntegration
Exercise G, Question 1

Question:

Find the following integrals:
(@) | xsinxdx

(b) | xe¥dx

() | xse@xdx

(d) | xseoxtanxdx

X

dx
Siréx
Solution:

(e)

d
@u=x = 4 =1

dv

dx —SInXx = V= —COX

", | xsinxdx = —xcosx— | — cosx x 1dx

— XCOSX + | cosxadx
— Xcosx + sinx+ C

du
bpu=x = =1
d
=& > y=¢

o [ xefdx = xe¥ - [ e x 1dx
=xef-e+ C

d
Qu=x = o =1

dv
o =seéx = v=tanx

- [ xse@xdx = xtanx = [ tanx x 1dx

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4

=xtarx—-In|sex| + C

d
(u=x > o =1

dv
o = sextanx = Vv =sex
", | xsecxtanxdx = xseox — | secx x 1dx

=xsex-In|sex+tanx| + C

d
eu=x = d—izl

dv
o =coseéx = v= -cotx

o | —=—dx = | xcoseéxdx
Sinéx

= —xcotx — | — cotx x 1dx
— xcotx + | cotxdx
—xcolx+In|sinx| + C

© Pearson Education Ltd 2C
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I ntegration
Exercise G, Question 2

Question:

Find the following integrals:

(@) | x2Inxdx

(b) | 3Inxdx

() | In?de

d) | (Inx) 2dx

) | (x2+1) Inxdx
Solution:

du 1
@u=Inx = =7

d x3
2 A
= V= 73

x3 X3 1

L2 _ X < 1
S IxfInxdx = T inx - ] 3 ox

dx X

X X
5 Inx - [ Fdx

_x x
—3Inx—9+ C

du 1
(b)u=Inx = G =%

dv _
dx_3 = Vv=3X

o, ] 3Inxdx = 3xInx — | 3x x 2 i

X
= 3xIlnx - | 3dx
=3XIhx-3x+ C
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d 1
(QQu=Inx = _;I=;
d -2
&:x"3 = v:X_—
J M= - k- T - £ x ok
3T T e 2
1
:—IS—; [ 5x™ 3dx
Inx x~ 2
:_§+2X(—2)+ C
Inx 1
252 452

dyu= (Inx) 2 == 2nxx |
(du= (Inx) = g = 2Inxx

dv _
dx—l > V=X

1= 1 (Inx) Z2dx=x(Inx) 2= [xx 2Inx x dex

=x(Inx) 2= [2Inxdx
Let J= | 2Inxdx

_ du 1
u=Inx = X = X
dv _

1
S J=2nx - [2xx ~dx=2Inx-2x+ C
S 1=x(Inx) 2= 2Inx+2x+ C

(e)u=Inx = d—zle
S =X+l = v:Xg3+X
[ (x2+1\lnxdx-lnx[x—3+x\ — (f+x\ x = o
\ ) - \ 3 ) \ 3 ) 7 ox
x3 NG
= (§+x)lnx—f (§+l)dx
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LS X3

= (3+x)Inx—g—x+ C
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I ntegration
Exercise G, Question 3

Question:

Find the following integrals:
(a) | x%e ™ *dx

(b) [ x2cosxdx

(©) [12¢2 (3 + 2x) °dx

(d) | 2x2sin 2xdx

(e) | x22se@xtar xdx
Solution:

_ 2 du _
@u=x* = G =X

d

= _ .-X
dx_e

= v= —e X

= [x%e Xdx= -x%e " X- | —e”Xx 2xdx
= —x%” X+ [ 2xe ™ Xdx

Let J= | 2xe ™ Xdx

_ du _
u=2x = 4 =
dv

= _a-X — _ A~ X
X—e = V= e

= —eTX X=] (—e™X) x2d
= —2xe” X+ [ 2e” *Xdx
= -2 X-2e X+ C
Sz —x%e X2 X=2e" X+ C
2 du _

byu=x= = =

dav .
dx — COX = V=SInNX
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Page2 of 3
o 1= [ x2cosxdx = x2sinx — [ 2xsinxadx
Let J= [ 2xsinxdx
_ du _
u=2x = 4 =
dav . _
o =SINX = V= - COX
S.J= —2xcosx— | ( - cosx) x 2dx
= — 2XcosX + | 2 cosxdx
= —2Xcosx + 2sinx+ C
o1 =x%sinx + 2xcosx — 2sink+ C’
12 du _
Cu=1x° = o =24
dv (3+2x)
= (3+X%)° = v= —(©
3+X%) 6 3+2x) 6
S 1= [12@(3+ 2x) Sdx = 12@ S - o B2

=x2(3+2) 8- [2x(3+2) Sdx
Let J= [2x (3 + 2x) Bdx

_ du _

u=2x = 4 =2

Y- av _ 6
V= 14 = - (3+X)
o (3+2x) ’ (3+2x) ’

(3+2x) ’ (3+2x) ’
=x——> — -] /7 &

3+ 2x) 7 (3+2x) 8
=X 7 - " 7x1,s T C

(3+X) / (3+2x) 8
+

=X (34 2X) O-x—— T+t C

du
du=2¢ = 5 =4
dav . _ 1
dx—sm2< > V= - 2c032<
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252
Sl = J2xsinxdx= - = cosx - | ( - %cosx } x 4xdx

= —x2cosX + | 2xcos Xdx
Let J= [ 2xcos Xdx

u=x = 5 =

&:Zcosl = V=sinX
S J=xsin2& - | sin2xdx

1
= Xsin2 + 50052<+ C

_ 1
1= —x2cosX + XSn2x + 5CosX+ C'

_ 2 du _
(eu=x* = G =X

dv

o = 2sexsextanx = v =sedx

o1 = [ x2 x 2seéxtanxdx = x2se@x — | 2xse@xdx
Let J= [ 2xse@xdx

_ du _
u=2x = =

dv
o =seéx = v=tanx

o J = 2xtanx — | 2tanxdx
=2xtanx - 2In|sex| + C
o1 =x2se@x - 2xtanx + 2In | sex| + C'

© Pearson Education Ltd 2C
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I ntegration
Exercise G, Question 4

Question:

Evaluate the following:
(@) [ o"%xe?*dx

T

(b) [, 2xsinxadx

(©) | o 7xcosxdx

(d) [,2 ":(—;(dx

() | glax (1 +x) 3dx
() [ g™xcos (%x ) o

(9) IO%siann | sexx | ok

Solution:

IOInZXQZXdX: geZXXX } OIn2 IOInZ%GZXdX
_ (%ezlnzmz ) ( O) _ [ %@x }Olnz
4 N ) 1
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_ 3
=2In2 - 2

d
bu=x > G =1

dv .
o =SINX = V= - CcoX
LA _ T z A
. Jg2xsinxdx= [ = xcosx] 52 = |2 |~ cosx | dx
= (—%cos%) - ( O) +I0%cosxdx

=0+ [sinx] 0%
= (sin
=1

) - (sino

SIE

)
J

d
Qu=x = d—izl

dv _ o
o = COX = Vv=sinx
T

: IOExcosxdx: [ xsinx] 52 - IOEsinxdx

Yo_ ()

= (%sin%)—koj - [ —cox]

r
2

=z =Yy A
=5+ \coszj L cosO)
:E—]_
du 1
(u=Inx = S =%
d
o =x 2 = v=-x1
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1 1 1
1
:5(1—In2)

d
@u=x = 4 =1

d
L =A4(1+x)3 = v=(1+x)4

STt (14+x) Sdx= [x(1+x) 4] ot Tt (1+x) %ax

_ ) () f(1+x)5"|
_\1XZ4}_\O/_|_—5 JO1
e (2 _ (1)
S8 (5 ) T s ]
31
=16 - ¢
=16 - 6.2
=9.8
du
Hu=x = =1
S_Z:COS(%X) = V:4sin(%x)
.[OnX COS ( %X ) ax = [ 4xsin% } O7T_ 107[48"1 (%X ) dx
= (47rsin”z) = (0) + [ 16COSZx}O7r
= %+ (16cos%) —( 16coso)
4 16
=7, +t 3, 16

_47[42 162
OR = >t - 16

=27\V2+8V2-16

du
(Qu=in|sex| = G =tanx
dv .
o = SinX = V= —CcosX
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g IO%siann|seo<| dx = [ — cosxIn | sex | ]0%+ fo
%cosxtanxdx

_ LA .2 N R 4 )

= | —cosy In| secy | 1 cosOl secO | 4
%sinxdx

_ 1 [ u8

-—2In2+0+L — COX] 3

_ 1 (1Y ()

SRR Ul B U

2
1
:5(1—|n2)
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I ntegration
Exercise H, Question 1

Question:

Use the trapezium rule withstrips to estimate the following:

@ lin(1+x%)dx;n=6

(b) | 5V (1+tax) dn=4

2__ 1 oo
© I, (ex+1)dx,n_4

(d) ] _,lcoseé(x®+1)dx;n=4

€) [ gt Neotxdx; n=5
Solution:

X 005 1 15 2 25 3
(2) In (1+x%) 00.2230.6931.179 1.609 1.981 2.303

1= [ 3N (1+x%) dx

105! 0+2303+2
2 70 | ' \

~
~

0.223 + 0.693 + 1.179 + 1.609 + 1.98}[ }

_ 1y )
=20 13.673 )
= 3.41825
= 3.42 (3 s.f)
T 27 37 T
X 0L T 17 3

(b)

\|1 +tanx 11.126 1.256 1.414 1.653

| = I0§\|1+tanxdx

PhysicsAndMathsTutor.com
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. 1 =0 ( ]
nl- x5 1+1653+2; 1.126+1.256+1.41}1 |
_ = )

= 34 | 10.245

= 1.3410...

=1.34 (3s.f)

X 0 05 1 15 2
(c) __
\l— 0.707 0.614 0.5190.427 0.345

g+1

- 2 1
= IO e+ 1

1

=X 0.5 [ 0.707 + 0.345 + 2( 0.614 + 0.519 + 0.427 }
_ 1 )

=3 4172

=1.043

=1.04 (3s.f)

q -1 -050 05 1
(d) cosel (2 + 1) 1.2091.110 1.412 1.110 1.209

| =] _lcoseé (x*+1) o

1= 5x05 [ 1.209x2+2( 1.110+1.412+1.11}) }
_ 1 )
= 319682
=2.42 (3sf.)

e) 01 03 05 07 09 11
cotx 3.157 1.798 1.353 1.090 0.891 0.713

| = 10.11' cotxax

1
Sl= 5 %x0.2 [ 3.157 + 0.713 + 2( 1.798 + 1.353 + 1.090 + 0.8}91

_ L )
= 10| 14134
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=1.41(3 s.f.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4

Solutionbank
Edexcel AS and A Level Modular Mathematics

I ntegration
Exercise H, Question 2

Question:
(a) Find the exact value bt I14xlnxdx.

(b) Find approximate values fbusing the trapezium rule with
(i) 3 strips
(ii) 6 strips

(c) Compare the percentage error for these two approxim:

Solution:

@1 = [ ;*xInxdx

du 1
u=Ilnx = x - x
v 12
x - X = V=73X
= Lo T4_j4lledx
R sz nx |1 1 X N
_ [ X7 4
—8|n4_ I_ 4J1
_ ( 1)
—8|n4_ \4_4)
_ 15
=8In4 - 2
(b) (i)

X 12 3 4
xInx 01.386 3.296 5.545

= 5x1| 5545+2( 1.386+3296 |

( 14.909 ) = 7.4545 = 7.45 (3 s.f.)

(i)

N -
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X 115 2 25 3 35 4
xInx 00.608 1.386 2.291 3.296 4.385 5.545

1
| = 5 x 0.5 ] 5.545 + 2( 0.608 + 1.386 + 2.291 + 3.296 + 4.3%5}

L \
_1r294777 = 7.36925 = 7.37 (3 s.f
=229 ] =7 =7.37 (3s.f)
0 : . [7.4545- (8In4-3.75) ] x 100 .
(c) % error using 3 strips: 8Ind — 3.75 =1.6% 1d.p.
o _ _ [7.376925 - (8In4-3.75) ] x 100 .
Yo error using 6 strips: SIn4 - 3.75 =04% 1d.p.
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I ntegration
Exercise H, Question 3

Question:

(a) Find an approximate value for | Olextanxdx using

(i) 2 strips
(ii) 4 strips
(i) 8 strips.

(b) Suggest a possible value 1.
Solution:

(@) ()

X 005 1
etanx 00.901 4.233

~ 1 ( N _
= %05 0+4233+2x090 =5 6.03% = 1.509

(if)
x 0025 05 075 1
etanx 00.328 0.901 1.972 4.233

4.233 + 2( 0.328 + 0.901 + 1.97} }

I

x 0.25

:
L
10. 635) =1.329

© |+
—— NIk

(iii)
X 00.1250.25 0.3750.5 0.6250.75 0.8751
e*tanx 00.142 0.328 0.573 0.901 1.348 1.972 2.872 4.233

= Zx = |r 4233+2\(
- 2 8
L \
A
0.142 + 0.328 + 0.573 + 0.901 + 1.348 + 1.972 + 2.872 |
)
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_ Ly
= 16 |

)

20505} =1.282

1
(b) Halvingh reduces differences by abapt

Differences:

1.5098 ——»
0.18

1.329 ——»
0.05

1.282 ———» )
0.01/2

So an answer in the range 1.25 — 1.27 seems likely.
(Note: Calculator gives 1.26

© Pearson Education Ltd 2C
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I ntegration
Exercise H, Question 4

Question:

(a) Find the exact value bt Iozx\| (2-x) dx

(b) Find an approximate value fbusing the trapezium rule with
() 4 and
(ii) 6 strips.

(c) Compare the percentage error for these two approxim:
Solution:
(@Qué=2-x = 2udu= -dxandx=2-u?

Alsou = 0 whenx =2
and u= V 2 when x= 0.

=Ty (2-u?)ux (-2u)du
= IOVZ(Z—UZ)Zuzdu
= IO\/Z(4u2—2u4)du

[ 4l 28

_ (4x2d2_2x4¢2\ _ (O\
- L3 5 ) L")
1672
- 15
(b) (1)
X 005 115 2

x\|2 -x00.61211.0610

x 0.5 0+2( O.612+1+1.061) }

:
L
5.346 ) =1.3365=1.34 (2d.p.)
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1 2 4 5
X O3 3 13 3 2

x[2 -=x 00.4300.770 1 1.089 0.962 0

1 17 ( 1
= 7 x 3 ] 0+2 \ O.430+0.770+1+1.089+0.96> ]
- (8502 ) =1417=1.42(24d.
= 6 | ) = (2d.p.)
%3 V2 -1.3365
(c) () % error with 4 strips =/ x100=11.4%
1—5 V2
16V 2
1—5 -1.417
(i) % error with 6 strips =— x 100 =6.1%
— 2
15
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Solutionbank
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I ntegration
Exercisel, Question 1

Question:

The regiorR is bounded by the curve with equatps f ( x) , the xaxis and
the lines x= a andx = b. In each of the following cases find the exact value of:
(i) the area oR,

(if) the volume of the solid of revolution formed by rotatiRghrough z

radians about the-axis.

@1 x | = ;oria=0b=1

(b)f(x) =sex;a=0,b= 7
(©)f(x) =lnx;a=1,b=2

(d)f(x) =secxtanx;a=0,b= ”Z

(e)f (x) :x\|4—x2;a:o,b:2

Solution:
(a) (i) Area =] L To-dx = [2In|1+x| ] t= (2|n2) - (Zlnl
)
)

.. Area =2In2
(i) Volume =] ot { 755 | 2ax

:njol (1+4x)2

(1+x) ~*t
-x 4
4
-z [ T 1+x }Ol
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(
L\

N A
o

AR A
)\ )

" |
2

T

(b) (i) Area =] 3secxdx
_ I !

= LIn|seo<+tanx| los

= [In(2+V3)]-1[In(1) ]
" Area =In(2++3)

(i) Volume =z ], Tse@xdx

=r [tanx]O%
=z[ (V3) - (0)]
= 3z

(©) (i) Area = [ ;2Inxdx

_ du 1

u=Inx = x = x

dv _ _

Ix 1 = v=x
. Area = rxInx] 2_ [ 2x =qx
: |_ 1 1 X

= (2In2) - (0) - [x],*
=2In2-1
(i) Volume =z % (Inx) 2dx

PhysicsAndMathsTutor.com

Page2 of 4



Heinemann Solutionbank: Core Maths 4 Page3 of 4

_ 2 du _ 1
u= (Inx) = g = 2Inxx 7
dv
~=1 = v=x
V=r{ Lx(lnx)2]12—2I12x><Inx>< X J}

=z{ [2(In2) 2] - (0) { -2z ;Anxdx
But [ Anxdx=2In2-1  from (i)
V=2r(In2) 2-27(2In2-1)

(d) (i) Area = [ , s secxtanxdx

= [seo<]0%
=(V2) - (1)
. Area =V2-1

(ii) Volume =z], T se@xtar?xadx

_ [w@rx ] oz
T 3 Jof

T
3

(e) (i) Area =[ 42x\{4 - x?dx
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3
Lety= (4-%%) 2

d 3 1
= %25(4—X2)2><(—2(

N—
I
|
—~
NN
|
X
N
~

3

1 1
Area:[ -3 (4-x%) 2}02: (O) - ( -3 xf} =

(ii) Volume =z [ ** (4 - x*) dx
=] % (4% - x*) dx
[ 43_ PSR

—T | 3 5 |0

o r2_2Zy (0]
L L3 5 ) \
64r

- 15
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Solutionbank
Edexcel AS and A Level Modular Mathematics

I ntegration
Exercisel, Question 2

Question:

Find the exact area between the cuyvef ( x) , the xaxis and the lines = a
andx = b where:

() _ ax+3 cm 1
(@f \xj = (X+2)(2x_1),a—1,b—2

X .
(x+1) 2’

(mf(x) = a=0b=2

T

(c)f(x) =xsinx;a=0,b= 3

(d) f(x) :COS>(\|28inx+1;a:0,b: %

(e)f (x) =xe~*;a=0,b=1In2
Solution:

Ax+3 A B
@) G+2) (x-1) = x+2 1 ™1

= 4XX+3=A(2Xx-1) +B(x+2)

X =

N -

5
= 5=3B = B=2

XxX=-2 = -5=-A = A=1
4x+ 3
(x+2) (2x-1)

. area =[,° dx

1 2
I (x+2+ 2x—l) o

[In|x+2] +Injx-1] 1,2

(Ind+In3) - (In3+1Inl)
In4 or 2In2

X A B

(b) = Y

(x+1)2 (x+1)2
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= X=A+B(x+1)
Compare coefficientof 1=B = B=1

Compare constants: 0A~+B = A= -1
. area =] 2 ———
(x+1)?2

_ 1)
_J-O \X+l (X+1)2}dx

I |
= | Inix+1] +357 ¢

( ) (

= kln3+—) - \In1+1)
2
:In3—§

(c) Area =] 5 2xsinxdx

_ du _
u=x = OIX-1

g—izsmx = V= — COX

. area :[ —xcosx]O%— IOHE( — COX ) ax
= (—%cos%) - ( O) +I0%cosxdx
=0+ [sinx]O%

= (sin%—o)

=1

(d) Area =] O%cosx\|23inx + 1o

3

Lety= (2sinx+1) 2
dy 3 1 1
2

= = 2 (2sik+1) 2 x2cox=3cox(2sinx+1)

w

2
P 27 =
. area = | 3 (23IN+1)2J06
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T
6
2 V3
-
|
_ (132 (1. 32
= 1327 T (st
_ 242 1
- 3 = 3
_2V2-1
=3

(e) Area =] "Ze ™ *dx
du

u=x = —dle

dv

= _ 4-X - _A—X
dx—e = V= e

carea = [ xe”X] 2= [ N2( -e”X) dx
= (-In2xe""2)y — (0) + [/"%e™ *dx

f

1 —
=-In2x 5+ | -e X] "2

2
= - %In2+ ( —e"'”z) - ( —e"o)

__ 1 1

( )

N -
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Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 3

Question:

The regiorR is bounded by the cun thex-axis and the lines= - 8 andx = + 8.
The parametric equations f6rarex = t3 andy = t2. Find:

(a) the area oR,

(b) the volume of the solid of revolution formed whers rotated through 2radians
about thex-axis

Solution:

(a) Area =[,_ _ "~ Bydx

x=t3 = dx=3tdt
Alsot = 2 whenx =8

andt = - 2 whenx= - 8.
. area :I_22t2><3t2dt
=] _ 23t
_ 1 5
L5 ] -2
_ [ %) ([ 96
- U5 ) U 5)
192

=7rj_223tedt
3t’
:”[7} 7
_ r (3><128\ ( —3><128\ —|
“TLC T ) C 7 )
768
= 77[
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Solutionbank
Edexcel AS and A Level Modular Mathematics

I ntegration
Exercisel, Question 4

Question:

The curveC has parametric equatiors sint,y =sin2,0 < t

[N
(SR

(a) Find the area of the region boundeddgnd the »axis.
If this region is revolved throughrZadians about theaxis,

(b) find the volume of the solid forme

Solution:

X=sint = dx=costdt
. area :IOEsiancostdt

= [,22 cotsintdt

:[—écos?’t}og
(A (2
=0 7 T3y
2
- 3

= IOEsinZZtcostdt
:nIOE4cos°’tsint x sintdt
o du _

u=sint = 4 =cog

dv .
o =4costsnt = v= -codt
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( VA T
V=1 {L [ —sintcos4t]05— IOE - costdt J%

= o%cosﬁstdt

=n]y2 (coSt) “xcostdt Lety=sint = dy=costdt

2 5
-x | y- P 5 o
2 1
= (1-5+5) - (o)
8z
=3
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I ntegration
Exercise J, Question 1

Question:

Find general solutions of the following differential equations. Leave your
answer in the forny=f ( x) .

@ L - (1+y) (1—&)

(b) g—i =ytanx

(c) co€x j—i = y2siréx

(d) 2 =2¢"Y

(e)x—=y+xy

Solution:

@% = (1) (1)
= Il+y I(l Z(de
= In|l+y| =x-x*+ C

1+y:e(x"X2+ C)

2
1+y=A & X (A=€")
2
y=A &7 X -

L

o
&

(b) g =Yytanx

S| yidy: | tanxdx

= Inly| =In|sex| + C
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= In|y| =In]ksex]| , (C=Ink)
= y=ksex

d
() co£x ﬁ = y2siréx
S|n2x

= I—dy—f

= I;dyz]tar?xdxzf (se@x—l)dx

1

=> —;:tanx—x+ C
_ -1

= Y= tanx—-x+ C

(d) o =2& V=28V

= Ie_%dy=12exdx

ie. = [&dy= [2edx
> &=2&+ C

> y=In (2&+ C)

@% 5 =y+xy=y [ 1+x |

> ] Tdy=[x72+ o

X

= Inly|] =-x"1+In|x| + C
1
= Inly| -In|x|] =C-
|y 1
= |n ‘ X| —C_ X
Yy _g¢c--=
= X—e X
Y a2 ([ Cc_p )
= X—Ae X \e —A}
1
= Yy=Axe «x
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I ntegration
Exercise J, Question 2

Question:

Find a general solution of the following differential equations. (You do not need
to write the answers in the foyn=f ( x) .)

d
(@) ﬁ = tarytanx

(b) sinycosxg—i = %
(c) ( 1 +x2 } g—i:x (l—y2 )

: d
(d) cosysin ﬁ = cotxcoseqy

dy _ / )
(e)&*Y L =x | 2+¢
Solution:
dy
(@) g = tarytanx

= = [ tanxdx

I tany
= [cotydy = [ tanxdx

= Inj|siny|] =In|sex| + C=In|ksec| (Ink=C)
= siny = ksexx

. dy  xcosy

(b) sinycosx 7 = oo

N siny _ I
cosy coszx

= [tanydy = | xse@xdx
= In|sey| = ]xse@xdx
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_ du _
u=x = dx_l

av _ 2 _
o = Secx = v=tanx
= In|seg| =xtanx- |tanxdx
= In|sey| =xtanx—-In|sex| + C
( ) dy ( )
(©) 2 =X 1Y

L) e =X )

> [ —=dy= [ 2=

_— +
1_yz 1-y 1+y

= 1=A(1+y) +B(1-y)
y=1 = 1=2A = Azg

1
y=-1 = 1=8B = B=3

(5 (5
X
j | 1-y + 1+y |dy:I zdx

k ) 1+x
1 1 _1 2
= SIn|l+y| =5In[l-y] =35In[1l+x*| + C
: fr (x)
(using | o X=Inlf(x) | + C
| 1ry | 2
= In‘l_y| =ln|1+x°| + 2
ity | 2 ) (o — o )
= | 1_y‘ —kk1+X ) klnk—ZC)
: dy
(d) cogysin2x - = cotxcoseq
cosy cotx
= '[ coseg/ dy: '[ sin2xdx
COSX

= ISinyCOSydy: I sSinx 2sinxcosx ax
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1 1
= | 3sinydy= [ 3 coseéxdx

1 1
= - ,c08¥= - Scox+ C

orcosg=2cotx+ K

@&ty Lax24e )

dx \ )
a@ A

= exeydx—xK2+é/)

- - X
=> [ S ydy=Ixe *dx

du

u=x = 5 =1
d
—Z:e‘x > v=-e X
In|2+¢&| = -xe X+ Je™ Xdx
=> In[2+€]| = -xe " *-e X+
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I ntegration
Exercise J, Question 3

Question:

Find general solutions of the following differential equations:

@) 5 =ye*
(b) 2 =xe¥
(c) % =YyCOSX
(d) g—i =Xcosy

(e) & ( 1 + cos® } cosy

) j—i: (1+cosg/ } COSX
Solution
(@) o =ye*

d

(b) & =x&
S| édy: J xdx
= Je Ydy= [ xdx

1
> -e Y=3x+ C
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dy
(C) g, =Yycosx

S| yldy: | cosxdx

= In|jy| =six+ C
ory = AeSinX

dy
(d) 5 =Xcosy
1
= | g dy=Ixdx
= [seqydy = | xdx

X2

= In|sey+tany| =75 + C
(e)g—i: (1+cosz)cosy
= I$ = | (1+cosx)dx

= Jsegydy= | (1+cosX) dx

= In|sey+tany| =x+ %sin2k+ C
d
() %: (1+cos&} COSX
1
= I 1+c032ydy: ICOSXdX

1 —
= 200gydy— | cosxdx

= %se@ydy = [ cosxadx
= %tany: sinx+ C
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I ntegration
Exercise J, Question 4

Question:

Find particular solutions of the following differential equations using the given
boundary conditions.

(a) j—i = sirkcox y = 0,x= 7
b) 3 = selxsedy,y=0,x= =
(b) 5 =se€xsecy;y=0,x= 7

(©) j—i = 2codycos’x; y = 7, x=0

(d) ( 1-x2 ) Y = xy+y;x=05y=6

( ) dy _ 2. _£ - 1
(e) 2 L 1 +Xx ) =1l-y";x=5y= 3
Solution:
dy :
(@) g, = SIXCOSX
= [dy= | sinxco€xadx
cosx
= y=-"—53 + C
(5)
y:O’X: % = 0= - 3 + C = C= Zl
11

(b) g—i = seéxsedy
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= = dy = | seéxdx
= [cofydy= | sedxdx
> (%+%C083/)dy:I888XdX

1 1.
= Jy+ zsind=tanx+ C

orsiny + 2y =4tanx + Kk

y=0,x=7 = 0=4+ k = k= -4

S.Siny + 2y =4tanx — 4

(c) j—i = 2c0dycosx

1
cofy

= dy = [ 2co€xdx
= [secydy= | (1+cosX) dx
= tany=x+ %sin2k+ C

= 1=0+ C

1+x

1
> [ ydy=1 050 (100 &

> [ Tdy= [ Tordx

= Injyl] =-In]l1-x|] + C

1
x=05  y=6 = In6=-In;+ C = C=In3

Sonlyl =In3-In|1-x |
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3
ory = 1-x
dy
(e) 2 ( 1 +x ) o =1-Y?
2 1
i 1-y2dy: J T o
2 A B

= +
1_% 1-y 1l+y

= 2=A(1+y) +B(1l-y)
y=1 = 2=2A = A=1
y=-1 = 2= = B=1

_ (1 1) 1
oo \1+y+1—y)dy_-[1+xdx
= In|l1+y| -In|]1-y|] =In|1l+x|] + C
N |n} 1fH =In|k(1+x) | (C:Ink)
1+y [ \
= 1—y‘k\1+xj
3
1 2 1
X:S,y:E = T:a( = k:E
2
o 1l+y _ 1+x
T l-y T2
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I ntegration
Exercise K, Question 1

Question:

The size of a certain population at titnis given byP. The rate of increase &f
. d : : : :

IS given byf = P. Given that at timé = 0O, the population was 3, find the

population at time = 2.

Solution:
dap
o = 2P

= I&dP=JZdt

= In|P| =2+ C

=  P=A

t=0,P=3 = 3=A" = A=3
. P =3ét
Whent = 2, P = 3¢* = 164
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I ntegration
Exercise K, Question 2

Question:

The number of particles at tim@f a certain radioactive substancélisThe

N

: . N
substance is decaying in such a way t%[at =3~

Given that at time = 0 the number of particles I, find the time when the

: 1
number of particles remaining N,

Solution:
N _ N
dad — 3
1
= IWdN= —gdt
1
= In|[N| =-3t+ C
= N=Ae~ 3t
t=0,N=N, = Ny=AL = A=N,
S N=Nge~ 3t
_ 1 1 4
N—2 NO = > =€ 3
_ 1
= —In2——3t

= t=3In2o0r2.08
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I ntegration
Exercise K, Question 3

Question:

The mass Mt time tof the leaves of a certain plant varies according to the
differential equationczl—'\t/I M - M2,

(a) Given that at time= 0,M = 0.5, find an expression fiM in terms oft.

(b) Find a value foM whent = In 2.

(c) Explain what happens to the valueM ast increase:

Solution:
dm
- _ _ n2
at =M-M
1 1 A B
= IM(l—M)dM:'[ldthtM(l—M) = v 1M
o1 =A(1-M) +BM
M=0:1 = 1A, A=1
M=1:1 =1B,B=1
(1 1) _
= KM+1_M)dM—I1dt
> In|M| -In|1-M| =t+ C
= In M =t+ C
| 1-m |
M t
= Y = Ae
0.5 0
(@t=0,M=05 = J.=Ae" => A=1

P

1+¢

M=d-dM = M=
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en? 2 2
Mt=In2 = M= 5 =1:3°3
COt— o = M= 1 —>%:1
e t+1
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I ntegration
Exercise K, Question 4

Question:

The volume of quuid\/cm3 at time tseconds satisfies
- 155 = v - 450.

Given that initially the volume is 300 dnfind to the nearest chihe volume
after 15 seconc

Solution:

v _
- 15 5~ =2V - 450

1
2V - 450

1
= av=] - d

1 1
= ZIn[2/-450| = -T7t+ C

2

= 2V -450=Ae” 15
t=0,Vv=300 = 150=A® = A=150

2

"2V =150e” '+ 450
t=15 = 2V=150e 2+ 450
_ 10/ o 3
> V= > \e +3}
= V=75(3+e 2) =235
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I ntegration
Exercise K, Question 5
Question:
. . .. . dx 1 .
The thickness of ice mm on a pond is increasing afg 23—)(2 , Wheige

measured in hours. Find how long it takes the thickness of ice to increase
mm to 2 mmr

Solution:
dx 1
dt = oo

= [x2dx=] %dt

20(3-1)
3 =
20
X=2 = t= 3(8—1)
140 2
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I ntegration
Exercise K, Question 6
Question:
L : : . .. _dh
The depthh metres of fluid in a tank at tinteminutes satisfieg~ = k \ h,

wherek is a positive constant. Find, in termskphow long it takes the depth to
decrease from 9 m to 4

Solution:

h,
1
= |h™ 2dh= | -kdt
1
= 2h2=-kt+ C
t=0,h=9 = 2x3=0+ C => C=6
1
S.2h2 —6= —kt
_ 6-24h
ort = 0
6-2x2 2
h=4 = t= ” = Y

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

I ntegration
Exercise K, Question 7

Question:
: o e d
The rate of increase of the radiukilometres of an oil slick is given bg;- =

%, where kis a positive constant. When the slick was first observed the radius
r

was 3 km. Two days later it was 5 km. Find, to the nearest day when the radius
will be 6.

Solution:

= —3—kt+ C

1
_ 2.3 _
= 3r 9
125 1
t=2,r=5 = ZK:?—Q => k:16§
49 1
e
. Jt=3r 9
_ r3-27
63 - 27

r=6 = t= —,5 =3.85.=4days
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I ntegration
ExerciseL, Question 1

Question:
3

. 3 48
Itis given thay = x2 + —~,x>0.

(a) Find the value of and the value qfwheng—i =0.

(b) Show that the value gfwhich you found is a minimum.
3

The finite regiorR is bounded by the curve with equatiprx 2 + 478, the lines

X = 1,x =4 and the saxis.

(c) Find, by integration, the areaRfgiving your answer in the form+ glnr,
where the numbeng q andr are to be found.

e

Solution:
3 d 3 1
(@y=x2 +4%"1 = == x5 a8 2
dy 3 1 4
dx_o = 2XZ—E
> 2
= XZ:§><48:32

> x=4,y=22+12=20
= x=4,y=20

3 1
(b) 7 = 3%~ 2 +96x~ 3> 0 forall x>0

. 20 is a minimum value of

N w

(c) Area =] * (x + %) ax
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- [é 2+ 48In |x| }14

2 2
= (EXB2+48In4) —(g +O)
:%+48In4
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Integration
ExerciseL, Question 2

Question:

The curveC has two arcs, as shown, and the equations

x = 3t y= 263,
where tis a parameter.

}.‘

(a) Find an equation of the tangent to C at the pomwhEre t= 2.
The tangent meets the curve again at the paint Q

(b) Show that the coordinates ofage (3, —-2) .
The shaded region R bounded by the arcs Gind OQof the curve C, and the line P@s shown.

(c) Find the area of R

0
Solution:
@y
@y A e
(@) x dx 6t —
dt
Pis (12, 16)

. tangentis y-16=2(x-12) or y=2x-8

(b) Substitute x 3t2, y = 283 into the equation for the tangent
> 208=6£-8
> t2-3°+4=0
= (t-2)2(t+1) =0
> t= -1atQ(3, -2)
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(c)
P P P 3 4
A A _42|_J =
16 16
Aq T
[1w Y
19, 12 4 12 )

AreaofRzAl—T1+A2+T2

[ 125 1 o_ (12x32) ([ _ 12

12
S L e U B W e
x 16 x 8 =64

NI, NI

x1lx2=1
. aeaof R=79.2-64+1=16.2
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Integration
ExerciseL, Question 3

Question:

(a) Show that (1 + sin2x 2= % ( 3 +4sinx - cos4x) .
(b) The finite region bounded by the curve with equagienl + sin 2x thex-axis, they-
axis and the line with equatior= %is rotated through 2about thex-axis.

Using calculus, calculate the volume of the solid generated, giving your answer in terms
of .

£

Solution:

(@) (1+sin2y 2= 1 + 25sin2x+ sin2x

=1+ 2sin2x+ 2 ( cos4x)
3 _ 1

=3 + 2sinX — 20034(

= i 3+ 4sin2x- cos4x\
2 \ )

(D)V=rly2dx=z[ 2 (1+sin2x) 2dx

=iz 3+4sin2x—cos4x)dx

:%[3x 208 2% 4sm4x}0%

=21 | F-2c0m- gsin2r | - [0-2-0]
=5 (5 r2e2)

:%(37”8)
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I ntegration
ExerciseL, Question 4

Question:
This graph shows part of the curve with equatienf ( x) where

()

_ 05x, 1
X =e + —,x>0.
L") X

Y

Y

0 g 4

The curve has a stationary poinkat a.
(@ Find " (x) .

(b) Hence calculate'f (1.05) andf (1.10) and deduce that
1.05 <a < 1.10.

(c) Find [ f( x) dx.

The shaded regioR is bounded by the curve, tkeaxis and the lines = 2 and
X =4,

(d) Find, to 2 decimal places, the ared&of

e

Solution:
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() L 3 1
(a)f \X j - 262)(_ ;
(b)f’ (1.05) = - 0.061... <0

f' (1.10) = +0.040... > 0

Change of sign'. roota in interval (1.05, 1.10)

(C) .[ (e0.5x+ xi

N—

dx = 2%+ In|x| + C

(d) Area =] Aydx
= [26%%+In|x]| ],

= (2€¢+1In4) - (2d+In2)

=26 -2el +In2
=10.0: (2 d.p.
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I ntegration
ExerciseL, Question 5

Question:

(a) Find | xe ™ Xdx.

(b) Given thaty = ”Zatx = 0, solve the differential equation

d X
&L= -
X sin2y
Solution:

(@)l = [ xe ™ *dx
_ du _
u=x = 3 =1

dv

e ¢ — _a—X
X—e = V= e
= —xe *= | (-e %) dx
e.l1= —xe " X-e X+ C
d_y_ X
(b)é(dx ~ sin2y

= Jsin2ydy= [xe™ Xdx

1
= - ,c0s¥y=-xe X-e ¥+ C
x=0,y=7 = 0=0-1+ C = C=1

1 _ _
L Scosy=xe “+e -1
orcos2y=2(xe *X+e X-1)
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Integration
Exercise L, Question 6

Question:

The diagram shows the finite shaded region bounded by the curve with equation

y = x2 + 3, the lines x 1, x= 0 and the »axis. This region is rotated through 360°
about the »axis.
Find the volume generated.

Vi

-

_

Solution:

V=rlydx=n]t (x*+3) 2dx
=zl ot (x*+6X¢ +9)dx

T [ %x5+2x3+9x }01

Tt Vo) T
T (529 ) - (0]
56r
=5
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I ntegration
ExerciseL, Question 7

Question:

1
X(x+1)

(a) Find | dx

(b) Using the substitution = € and the answer ta, or otherwise, find|

1
dx.
1+6&

(c) Use integration by parts to finfix2sinxdx.

e

Solution:

(a) X(x+1) ~ x T ox+1
. 1 _¢ (1 1)
"[x(x+l)dx_j \x_x+1jdx
=In|x| —-In|x+1] +

], &

| x+1

= In

b)l=] ——dx u=e€ = du=edx
1+ €

C - 1 S
A=l ey gdu=in g

+ C

(©) 1 = [ x%sinxdx
_ 2 du _
u=x= = =X

o _
o = SinX = V= - cox

= =2

2

cosx— | ( —cosx) x 2xdx

= — X°cosX + | 2xcosxdx

PhysicsAndMathsTutor.com
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Letd = [ 2xcosxdx

_ du _
u=2x = 4 =
dav .
1 = COX = V=sinx

o J = 2xsinx — | 2 sinxadx

=2xsinx+ 2cosx+ C
C 1= = x2cosx + 2xsinX + 2cox +  k

© Pearson Education Ltd 2C
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I ntegration
ExerciseL, Question 8

Question:

(a) Find | xsin 2xdx.

(b) Given thaty = 0 atx = ”Z, solve the differential equatiogi- xsin 2<coszy.

e

Solution:
(@)l = | xsin2xdx
_ du _
u=x = Ix =1
dav . _ -1
dx—sm2< = V= COS X

1 _1
1= - IXCosX - | — €0s XdXx

1 1 .
= - 5xcosZ<+ Zsm2x+ C

d
(b) d—i = xsin coLy

= [sedydy = [ xsin2xdx

1 1,
= tany= - 5xcosX+ ,sinXx+ C

AR

T 1
y=0,x=7, = 0=0+7+ C = C=-
1 1. 1
J.tany = - SXCosX+ S sinX - 3

© Pearson Education Ltd 2C
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I ntegration
ExerciseL, Question 9

Question:

(a) Find | xcos Xdx.

1
(b) This diagram shows part of the curve with equagien2x 2 sinx. The

shaded region in the diagram is bounded by the curve;dkis and the line
with equatiorx = % This shaded region is rotated througir&dians about the

x-axis to form a solid of revolution. Using calculus, calculate the volume of the
solid of revolution formed, giving your answer in termscof

e

Y
0 n Y &
2
Solution:
(@)l = | xcos Xdx
_ du _
u=x = =
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dv _ 1
o —CosxX = v= 7sinX

1
= —S|n2< Esin & dx

X .
= Esm2x+ ZcosZ<+ C

(b)V =7l 2y2dx =] , 2 4xsirPxdx
cos2A=1-2sifA = 2siPx=1-cosX

'.V:nIO%Zx (1—0032( } dx

vl 0 22xdX = 27rf 2 xcos Xdx

= [ 2x%] 0%— [—sm2<+ 5 COSX } 3
:§—h[(%|nn+%com)—(o+
= %3+77:

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

I ntegration
ExerciseL, Question 10

Question:

A curve has equation=f ( x) and passes through the point with coordinates
(0, -1) .Giventhatf (x ) = %ezx—6x,

(a) use integration to obtain an expression oy, f(

(b) show that there is a roetof the equationf ( x) =0, such that
141<a<1.4: O

Solution:

(a) f (x ) = > - Bx

=S f(x) :%ezx—3x2+ C
f(O) =-1 > -1=3-0+C = C=--
o f (x) :%eZX—SXZ—%
(b)f’ (1.41) = —0.07... <0
f’"(143) = +0.15...>0

Change of sign'. root in interval (1.41, 1.43).
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I ntegration
ExerciseL, Question 11

Question:

1
2

f (x) =16x2 — Xz,x>0.
(a) Solve the equation ) =0.
(b) Find [ f ( x) dx.

(c) Evaluate] 141‘ ( x) dx, giving your answer in the form+ glnr, where pq
andr are rational numbers.

e

Solution:
@fx ) =0 > 1exz= 2
L") X
3
= 16x2 =2
3 1
= X2= 3
_(3liVa_ 1
= X= (Y8 ) T a4
( 12 16x5
(b) | (162 = 5 ) k= —=-2In|x| + C
2
32 3
= 3Xx2-2In[x| + C

PhysicsAndMathsTutor.com
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24

_ 224
= 73 - 2In4
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I ntegration
ExerciseL, Question 12

Question:

Shown is part of a curv€ with equatiory = x2 + 3. The shaded region is
bounded byC, thex-axis and the lines with equatioxs 1 andx = 3. The
shaded region is rotated through 360° abouktaris.

Using calculus, calculate the volume of the solid generated. Give your ans
an exact multiple of.

e

Y

Solution:

V=r] 3ydx=x] 3 (x*+3) %dx
=x] 3 (xX*+6x°+9)

:n[%x5+2x3+9x}13

=r | (Blesawar) - [§r2v0) |
242

=r [ Bfre1-11)
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I ntegration
ExerciseL, Question 13

Question:

(@) Find [ x (x* + 3) dx
(b) Show that] ,® X—12 Inxdx=1- 2

. 1 1, 4p-2
(c) Given thap > 1, show that] ,P D) (oD X= 3
0o

Solution:

(@) Lety= (x2+3) 6

d
> 5 =6(02+3) 5x

1
LIx(+3)%dx= 5 (2+3) %+ C

_ 1
(b)1 = Ile;Inxdx

_ w1
u=Inx = dx = x

dv 1 1
W= S v=E-%

-t ere(-2) e
0 1Y (Y LT T
S - B N B R B
A
=Tt Te) Ty

2
=1- —

PhysicsAndMathsTutor.com
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1 A B

(C) (x+1) (2x-1) = x+1 + 2x-1

= 1=A(2x-1) +B(x+1)

_ 1 _ 3 _ 2
x=5 = 1=5B = B=3

1
-1 > 1=-3A = A= -3

X= 3
2 1
1 (3 T3
'jlp(x+l)(2x—l)dx:-[1pl 2x-1 X+ 1 |d>(
\ )
= Enix-1] - ghx+1] | P
1 2x-1
= Lan S Y
1 2p-1 1 1
= Lan (T |- (an3)
1 4p -2
:§|n(pp+l)
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I ntegration

ExerciseL, Question 14
Question:
5 - 8x + 1 A B
f /X \ = —25 — + + ¢
L™ ) T x(x-1) x | x-1" (x-1)2

(a) Find the values of the constaAt88 andC.
(b) Hence find[ f ( x) dx.

(c) Hence show thaf ,f (x ) dx = In (%) _ 2_54
0
Solution:
() _ 5¢-8&+1 A B c
(a)f\X}_ZX(X—l)Z_X-l-X_l-I- (X_l)Z

= 5x2—8x+152A(x—1) 2+28x(x—1) + 2CX

1
x=0 = 1=2A = A=3

x=1 = -2=2X = C=-1
Coefficients ok 5=2A+2B = B=2

x| Nle
N
_

()
) [f | x |dx=]
.

—— —

= SIn|x| +2h|x-1] + =5 + C
(©) | 5 (x)dx: [§|n|x| F2In|x-1| +Xfl}49
= U Vx(x-1) 2]+ ]
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= | {3x64) 45| - [ 2x9) +7 ]
3 x 64 1 1

:In(2><9)+g_§
32 5

=3 - %
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I ntegration
ExerciseL, Question 15

Question:

The curve shown has parametric equations
x=5co9,y=4sing,0 < 0<2xu.

<]

(a) Find the gradient of the curve at the péirat which 6= %.

(b) Find an equation of the tangent to the curve at the point

(c) Find the coordinates of the poRtvhere this tangent meets tkaxis.
The shaded region is bounded by the tanB&nthe curve and theaxis.

(d) Find the area of the shaded region, leaving your answer in terms of
£
Solution:

dy déo 4cod)

oy _dy Ao
(@) 9« T X ax = " Bsing

.. gradient of tangent & = - g
_ (5 4

(b)P = \ v2' 2 )
". equation of tangent is
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4 4 4
V- T3= -5 (%= Tz) o y-2v2=-§(x- 73

5V2 542
C)AtRy=0 = x= 5+ —, =5V2
" Ris (5V¥2,0)
(d)
P
A
V2
A R
2 S 52
V2
_ 1 (\/ 5N 4 _1. 5 4
Apt A= 5% (DN2= 75 ) X =3 X Xy =0
A = [ydx= | z%sing x [ _ssig ) b
2 \ )

=10/, { 1-cos? |

[100 - 5sin2)] 4

Sz

= 2—5
S A,=5-A =5~ (57”—5) =10-25
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I ntegration
ExerciseL, Question 16

Question:

(a) Obtain the general solution of the differential equation

dy
o =5y >0.
(b) Given also thag = 1 atx = 1, show that

2
= - <X<
y= 75 V3<x< V3
is a particular solution of the differential equation.

2 x# - V3x# V3

3—x2’

The curveC has equatioy =

(c) Write down the gradient & at the point (1, 1).

(d) Deduce that the line which is a tangenttat the point (1, 1) has equation
y =X

(e) Find the coordinates of the point where the yimex again meets the curve

ory= —= (k:ZC)

()y=1,x=1 = 1=73"
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Ly = 2
o 3-x2

for 2#3andy>0,i.e. —V3<x< V3

(c) Whenx=1,y=1 %is 1

(d) Equation of tangentis— 1 =1 (x—-1) ,ley=x

(e)x:322 > X3+ X=20n3-3x+2=0
- X
> (x-1)2(x+2) =0
S.y=Xmeetscurveat ( -2, —-2) .
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I ntegration
ExerciseL, Question 17

Question:

The diagram shows the cur@ewith parametric equations

. 1
x=asit,y=acost, 0 < t < =g,

wherea is a positive constant. The pollies on Cand has coordinateé

I

Q

I

Q
~—

-y

_.d - :
(@) Flndﬁ , giving your answer in termstof

(b) Find an equation of the tangenQGatP.

(c) Show that a cartesian equatiorCat y2 = a2 — ax.
The shaded region is bounded®ythe tangent & and the »axis. This shaded
region is rotated throuc2z radians about thx-axis to form a solid ¢
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revolution

(d) Use calculus to calculate the volume of the solid revolution formed, giving
your answer in the forrkza3, wherek is an exact fractio 0

Solution:
dy dy d_t ___ —asint _ 1
(a) dx — dt X dx = 2asintcos - 2 S€C
(3 1) _ 1
(b)Pls\4a a8 ) ,SO0CO$= 3

. tangentiy - ;a= -1 (x— 28 )

5
or y= -x+ a
. X Y
() sift+coft=1 = st =1
or y2=a?-ax

(d) volume =cone x| 3_32dx
4

1 1 5 3 rad
cone =3 (E )2(461_2 ) @
| anzdx T [azx— %X }%
a® 3 9 rad
e[ (e f) - (2w ) ]
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I ntegration
ExerciseL, Question 18

Question:
(a) Using the substitutiom= 1 + 2X, or otherwise, find

4 1
—XdX,X> - =,
(1+2x) 2 2

(b) Given thaty = %Whenx = 0, solve the differential equation

dy X
1+2%) 22 =
( ) ox sirfy
0
Solution:
4x

a)l= | ————
() I (1+2x) 2

u=1+ 2

d
> S =&and&=2(u-1)

_-_|:jde“

2 2
1
= | (U—u"z)du
1
=Inju| + 7+ C
SIn|1+X| + o5 + C
2d _ _x
(b) (1+X) <y oy
. 2 _ X
= [sin?ydy —(1+2X)2dx
. _ 4x
= I4S|r|2ydy—I—(1+2X)2

= [ (2-2cosg)dy=1I

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Core Maths 4 Page2 of 2

1
= 2y-siny=In|1l+X| + 7 5, + C

x=0,y= 7 = 5-1=Inl+1+ C
= C:%—2

S2y—-siny=In|1+X| + +

r
1+ 2x 2 -2
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ExerciseL, Question 19
Question:
: : : 1 1
The diagram shows the curve with equalyonxezx, -5 = X = .
. : : . 1
The finite regiorR; bounded by the curve, theaxis and the ling = - ~has

areaAl.

The finite regiorR, bounded by the curve, theaxis and the ling = %has area
A2-

(a) Find the exact values Af andA, by integration.

(b) Show thaA\;: A, = (e—-2) :e.

e

i (1=

=¥

Solution:

(a) | xe®¥dx

_ du _
u=x = dx—l

PhysicsAndMathsTutor.com
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dv 1
o =& = v= &

L IxePdx= Sxe - [ Fedx= SxeX - 35+ C

A= - | x| 0
1 1 _ 1 _
== lomi) - [ aetdet )
1 _
:Z(l—Zel)
1 1 1
A, = [Exezx— Zezx}oz
_ (14 14 ([~ 1)
= @2 ) - (0%
1
~ 4
1 -1
A, Z(l—Ze) .5
(b) & = ) =1-2e"t=—~
4

SLALA= (e-2) e
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Integration
Exercise L, Question 20

Question:
Find | x%e ™ Xdx.
Given that y= 0 at x= 0, solve the differential equatiéjf 2ey-x @

Solution:

| = [ x%e~ Xdx

_ 2 du _

u=x = dx—2x

dv

w-e t > v=-eX

1= —x%e™X= [ ( —e™X) x 2xdx
= —x% X+ [2xe ™ Xdx
J= [ 2xe™ Xdx

_ du _
u=2x = Ix =2

Q

\'% _ —
w-e t > v=-eX

(@

= -2 X-] (-e %) x2dx
= —-2x X-2e %+ k

= —x%e X-2x¢ " X-2e"X+ C
Y _ 23y-x_ 2. -x.3

o = xeY T X=xe” %e¥

= [e ™ ¥dy= [x%e ™ Xdx

1 _ _ - -
> - ze” W= —x%eTX-2e"X-2"%X+ C

Wl
wl;

x=0,y=0 > -7=-2+ C = C=

wlom

1 _ _ _ _
Lze T Y=xleT X+ e X+ 27X -
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ExerciseL, Question 21

Question:
The curve with equatiopn = e3X + 1 meets the ling = 8 at the pointl{, 8).
(a) Find h giving your answer in terms of natural logarithms.

(b) Show that the area of the finite region enclosed by the curve with

equation y= X + 1, thex-axis, the yaxis and the ling=his 2 + é In7.

e

Solution:

(@)8=eX+1 = 7=¢&¥
A : _ 1
X = 3In7, l.e.h = 3In7

(b)

VA

|

L7
3n

ydx

=Y

Area :IO
=7 [y )
0 \ )

= [ %e3x+x }Oé"ﬂ

PhysicsAndMathsTutor.com
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= (%e’”7+§ln7) - (%+O)
=5 7+m7 ) -3
1
:§(6+In7)
1
=2+ 3In7
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I ntegration

ExerciseL, Question 22
Question:
(a) Given that
2
X B C
X2 -1 =A+ -1 " x+1°

find the values of the constatsB andC.

(b) Given thaix = 2 att = 1, solve the differential equation

dx 2
™ =2 - X2,x>1.

You need not simplify your final answ 0
Solution:

X2 B C
X2_1:A+ x-1 T x+1

> X2=A(x-1) (x+1) +B(x+1) + C(x-1)

)

1
x=1 = 1=28B = B=;

1
x=-1 => 1=-2 = C:‘E-

Coefficients ok®: 1=A = A=1

x _(€-1)
(b) & =2
2
> | Xz_ldx= [ 20t

PhysicsAndMathsTutor.com
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1 1 1 1
x=2,t=1 = 2+§In§:2+ CcC = C:EIng
Sk R
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I ntegration
ExerciseL, Question 23

Question:

The curveC is given by the equations
x=2ty=t%
wheret is a parameter.

(a) Find an equation of the normalGaat the poinP on C where t= 3.
The normal meets theaxis at the poinB. The finite regiorR is bounded by tr
part of the curve& between the origi® andP, and the line©B andOP.

(b) Show the regioR, together with its boundaries, in a sketch.
The regiorR is rotated through/2about the yaxis to form a soli&.

(c) Using integration, and explaining each step in your method, find the volume
of S giving your answer in terms af

e

Solution:

dy —~dy ~dt 2t
(@ 3 T *x -2 ~t

. atP (6, 9) gradient of normal is

1 1
. equation of normalig-9= - 3 | x-6 ) or y= - 3x+11

N

X

)x=2ty=t* = y=7
Bis (0,11
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_}-' '

2 P (6, 9)
R

%) =

(c) volume = cone + | 2 x*dy

1 2
cone =§n><6 x 2 = 247

nloXedy=m],_ 7%t x 2tdt =z [ S8t3ct
=r[2*] *=nx2x81=16%
. Volume ofS= 186r
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ExerciseL, Question 24

Question:

Shown is part of the curve with equatips e?X— e~ X The shaded regidris
bounded by the curve, tlxeaxis and the line with equatior= 1.

Use calculus to find the areaRf giving your answer in terms of XE)

V &

-

0 1 X

Solution:
Area = [ 1 (e”-e™X)dx
_ [ %e2X+e‘X 11

|0
1 _ 1
= {@vet - {501
1 2
=2 @ e-3)
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ExerciseL, Question 25

Question:

. . d .
(a) Given that £ = x — sinxcosx, show that(% = sifix.

(b) Hence find ] sirxdx.
(c) Hence, using integration by parts, f | xsirexdx. @
Solution:

(a) &y = x — sinxcosx

dy [ (

> 2% =1- coéx + sinx \ —sinx) } =1 — co€xX + Siréx

. j—i =si’x  (using siffx = 1 — co£x)

(b) [sirPxdx=y+C,

X 1 .
=5 - 2S|nxcosx+C1

(c) | xsiréxdx
_ du _
u=x = 4 =1

L = six = v= (b)

dx
. x2 1 (x 1. )
o xsiréxdx = > — SXsinxcosx — | 2 = 3 Sinxcosx dx

R X lj :
> — ZXsinxcosx— , + 7 sin 2xdx

L L
4 ~ 3XSINXCOSX — g cosX + C,

© Pearson Education Ltd 2C
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ExerciseL, Question 26

Question:

The rate, in criis ™ 1, at which oil is leaking from an engine sump at any time

t seconds is proportional to the volume of witmS, in the sump at that instant.
Attimet =10,V = A
(a) By forming and integrating a differential equation, show that

V=Ae" K
where Ks a positive constant.

(b) Sketch a graph to show the relation betwéamdt.
Given further thaV = %A att =T,

(c) show thakT =In2. 0
Solution:

dv
@ g = "k V

> [ yadv=s | -k

= In|V|] = -kt+ C
= V:Ale_kt
t=0,V=A = V=Ae M (A =A)

(b)

-q_“

PhysicsAndMathsTutor.com
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1 1
— - = A = - kT
©t=T,V=3A = 3SA=Ae

= -In2= —-KkT
= kT=In2
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I ntegration
ExerciseL, Question 27

Question:
This graph shows part of the cur@eawith parametric equations
x= (t+1) 2y=28+3t > -1
P is the point on the curve where 2. The line Ss the normal t& atP.
(a) Find an equation &
Irlelshaded regioR is bounded by, S thex-axis and the line with equation

(b) Using integration and showing all your working, find the arda o®

y
A S C
P
f',,."'_
R
T N ="
O 1 9 16
Solution:

@ _dy a2 3
(@) ax = at X ax T 2(t+1) " a(t+1)

AtP (9, 7) gradient of normal is ;x; = -1

. equation of line&Ssis y-7=-1(x-9)

PhysicsAndMathsTutor.com
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lLey= —-x+16 or y+x=16
(b) Area =] y = 1X = 9ydx + area of triangle shown below

F |

L
Y

16 -9

— — 1
[oo S %ydx=[,_ 7% (5t3+3 ) 2 (t+1 )
= [ 2(t*+3+6t+6)d
[ 1 6 12

— 5, 1a O
= | U gt e,

32 16
= (€+7+3x4+6x2) —( 0)
=34.4

1
. Area =34.4+3 x7=589

© Pearson Education Ltd 2C
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I ntegration
ExerciseL, Question 28

Question:

Shown is part of the curv€ with parametric equations
x=t%y=sin2,t > O.
The point Ais an intersection df with the xaxis.

(a) Find, in terms of, thex-coordinate ofA.

(b) Find < in terms of, t > 0.

(c) Show that an equation of the tangenttatA is 4x + 2zy = 2.
The shaded region is bounded®wynd the »axis.

(d) Use calculus to find, in terms of the area of the shaded regio@

VA

=7

A
0 N

Solution:

—+
I

(@ AtAy=0 = sin2=0 = 2t=0orz =

_ T 7
.'.AIS( (;)Z,O)or(j,o)

(SR E
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d_y _ 2cos2 _ Ccos 2t
b) & = T2t = 1

2

(c) Gradient of tangent &tis =2 = - — 1 = - =
(3) ()

. . 2 ( 71_2 \

. equation of tangentisy-0= - — (X~ 7

27°
= my= - X+

or Zty + 4x = 72
(d) Area =[ydx= [,_'= Zsin2 x 2tdt
du
u=t = G =1
v .
=2sin2=>v= —-cos2

dt

T 1
= (+5) - (o) * |3

© Pearson Education Ltd 2C
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ExerciseL, Question 29

Question:
Showing your method clearly in each case, find

(a) | sin®xcosxdx,

(b) | xInxdx.
Using the substitutiotf = x + 1, where x> — 1,t > 0,

(c) Find | \Ixledx.

(d) Hence evaluatd 3 \|xXT1dX' 0

Solution:

= 3 SirfXcosxX

g2

(a) Lety=sirPx =

1
.. [ siPxcosxdx = SsiPx+ C

(b) | xInxdx
_ du 1
u=lnx = =7

dv

= _ — 2
o =X > V=

X

N -

1

1 1
. 1o 1o 1
o [ xInxdx = >X°InX sz x — X

N

_ 12 X

©t2=x+1 = 2tdt=dx

X

Sl= ] g ax

2 -1
= | =/ x 2t
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[ (22-2)
2.3
=3tt-2+ C

=2 (x+1) 2 -2x+1+ C
= §\|x+1 (x—z) + C

x [2( ) 1
@ [o° frgak= | 5 x-2 ) \x+1 |
2 4 8

i} (Exz) B} ( ‘5) BE
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I ntegration
ExerciseL, Question 30

Question:

(a) Using the substitutiom= 1 + 2¢, find [ x (1 + 2x¢) °dx.

(b) Given thaty = %atx = 0, solve the differential equation

j—i=x(l+2><2) 5co22y. @
Solution:
2 du
@u=1+2%* = du=4xdx = xdx= 7
° 6 1+22) 6

(b) T =x(1+22) Scod2y

= [secd2ydy= [x(1+2?) Sdx

1 _(1+28)°

= Jtany= 2 TG
1 1

y=3§.x=0 = 35=5,+C = C,= 7
6

(1+2¥%) 11

S.otan?y = 1 + 5

© Pearson Education Ltd 2C
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I ntegration
ExerciseL, Question 31

Question:

Find | x2In 2xadx.

e

Solution:

| = [ x2In2xdx

_ du 1
u=In2x = x = x

o
N

dx X

=3 Ihx- 3+ C

© Pearson Education Ltd 2C
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Integration
Exercise L, Question 32

Question:

Obtain the solution of

X (x+2)g—i:y,y>0,x>0,

for which y= 2 at x= 2, giving your answer in the fornfy f ( x) .

e

Solution:
dy
X (x+ 2 ) w =Y

1, 1
= fydy—fx(x,rz)dx

1 A B

x(x+2) = x T X+2

= 1=A(x+2) +Bx

x=0 => 1=2A = A=

N -

1

x=-2 = 1=-2B = B= -3

1 1
((E) (E)\

Solny=1| | = - 535 | dx
\ )
1 1
= SIn|x] = 3In|x+2] + C
R . (~_ 1 )
Y=Y x+2 N _2|nk)
2k

X=2,y=2 = 2=\, = 4x2=Kk

) _ 8x 2 _ 8x
Y=Y x+2 OF Y= a2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Page2 of 2

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics
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ExerciseL, Question 33

Question:
(a) Use integration by parts to show that

J o #xsecxdx = %n ~ % In2.
1
The finite regiorR, bounded by the curve with equatips X 2 secx, the line
N
the x-axis.

x = —and thex-axis is shown. The regidRis rotated through/2radians about

(b) Find the volume of the solid of revolution generated.

1
(c) Find the gradient of the curve with equatjon x 2 secx at the point where

-
X= R

e

=¥

g

Solution:

(@)l = IOEszeczxdx
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_ du _
u=x = dx_l

dv

o =seéx = v=tanx

Page2 of 2

S 1= [ xtanx ] OEZ - IO%tanxdx

_ (=Y _ (4 z

- K4) \O) [Inlse(Xl]04

_z_ I Y _ o Al

_r_1

=5~ 3In2
b)V=r] O%yzdx: Al o%xszeczxdx

71'2 T

Using (a) = 4, - 3In2=138(3s.f)

dy 1 1 1
(C) G = 2X 2Sex+ X 2secxtanx

zdy 1 _2 Nz 2 z

Atx= T4 =3 % T2 xV2+ & xV2x1=}—+]|75 =205(3

s.f.)
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ExerciseL, Question 34

Question:

Part of the design of a stained glass window is shown. The two loops enclose an

area of blue glass. The remaining area within the rect®B{I® is red glass.

The loops are described by the curve with parametric equations
x=3cod,y=9sin2,0 < t<2u

(a) Find the cartesian equation of the curve in the ﬁ&rmf (x) .

(b) Show that the shaded area enclosed by the curve ar@xtig is given by

| 0 2 Asin 2tsintdt, stating the value of the consta#nt

(c) Find the value of this integral.
The sides of the rectangdB8CD are the tangents to the curve that are parallel to
the coordinate axes. Given that 1 unit on each axis represents 1 cm,

(d) find the total area of the red glass.

e

A ya B
/ X
D C
Solution:
(a)x = 3cod

y=9sin2 = y=18cogsint
= Yy =6xsint
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X

: - X o= L
.-COSt_ 3,S|nt— 6X

N

X

cogt+sift=1 = 3 =1

y2
T 362
i.e. & +y? = 362
ory? = 4x2 (9 - x2)

(b)

Area =] ydx

=T, ”Etzo9sin2><

[ meie )
L 33|rrt)dt
:27I0%sin2tsintdt

(c) 27] , 2sinZsintdt = 54 , 2 sinftcostdt

[ 54sift | =
B
= (18x1) - (0)
=18

(d) Area of blue glassis 18 x 4 =72

LY

Maximum value of y =9

6

-

.% Rectangle is 18
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Area of rectangl = 10€
. Area of red glass = 108 - 72 = 36ém
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Exercise A, Question 1

Question:

Use the binomial theorem to expaF(rezlli)2 % || <2, in ascending powers
+ X

of x, as far as the term k¥, giving each coefficient as a simplified
fraction. (€

Solution:

(VL) ey (o
=272 14 | 2| | 5] AR (202,

(-=2) (-3) (=4) ( x )3 7‘
1x2x3 L2 ) * |
3 1
=22 (1—x+ - o3+ L }
_1ox ¥ %
=2~ 2% 16 "8 "
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Exercise A, Question 2

Question:

The curveC has equation
X2+ 2y? — 4x - Byx +3=0
Find the gradient cC at the point (1, 3). (

Solution:

X2+ 2y% — 4x— Byx+3=0
Differentiate with respect ta

d d
X+ dy o —4- (6<§+6y) =
At the point (1, 3)x =1 andy = 3.
d d
L2+12 0 -4~ ( 6 +18} =0

LAY _
565 —20=0
: . 10
. the gradient o€ at (1, 3) is .
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Exercise A, Question 3

Question:
Use the substitution = 5x + 3, to find an exact value for

3 10x
I'o —(5X+3)3dx (9)

Solution:

u=5x+3

du u-—-3
© dx =5andx = s

10x 2(u-3) du
— =2  dx= £\ "9)
(5x+3) 3 I ul 5

—
Cwlc
|
|

5 5]
_n-14y =2,-2

|
aln gl ol

—

Change the limitsx=0 = wu=3andx=3 = u=18

_2[ _1 3 ([ 1 . 3 )

. Integral 5| 18 "o, \ 3 T z2)

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:
(a) Find the values @& andB for which
1 _ A B
(2x+1) (x-2) — 2x+1 © x-2 (3)

(b) Hence find] dx, giving your answer in the formm=In f

1
(2x+1) (x-2)

(x) . (4)
(c) Hence, or otherwise, obtain the solution of
( A\ Vdy _
k2X+1) \X—Zjdx—lgl,y>0,x>2
for whichy = 1 atx = 3, giving your answer in the fory =f ( x) . (5
Solution:
B A B A(x-2) +B(2x+1)
@ x+1) x-2) = (m+1) T (x=2) = (m+1) (x-2)

LA(X-2) +B(2x+1) =1

1
Substitutex=2,thenB=1 = B= ¢
: 1 5 2
Substitutex= - 7, then -5A=1 = A= - ¢
_2 1
5 5
(b) .. Integral =] S, 77+ T
I T T B S VPSS BG
5 7| 5 |
i Lo [ Ax=21 ) 2]
(c) Separate the variables to give
dy 10 dx
'[ y (2x+1) (x—-2)
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Sny=2In|x-2] -2In|X+1| + C
y=1lwhenx=3 = C=2In7=In 49

((1x=2] Yo

.:y:49\\|m+1|j
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Exercise A, Question 5

Question:

A population grows in such a way that the rate of change of the poputadion
timet in days is proportional tB.

(a) Write down a differential equation relatiRgandt. (2)

(b) Show, by solving this equation or by differentiation, that the general sc

of this equation may be written Bs= Ak!, where Aandk are positive
constants. (5)

Initially the population is 8 million and 7 days later it has grown to 8.5 million.

(c) Find the size of the population after a further 28 days.
Solution:

dap
@) <P

dP

. —_— !
- =mP

(b)fd?P=det

SInP=mt+ C

L p=gtt C
= Ae™  where A= €
= Ak  where k="

(c) Whent=0,P=8 ..A=8
Whent=7,P=85 ..85=¢&/

o - 2
K=

Whent = 35,
P = 8k3°
=8 (k") °
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(o]

(855
81 7% )
10.¢

3 o

0.€ million (to 3 s.f.
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Exercise A, Question 6

Question:

Referred to an origi® the pointsA andB have position vectors i — 5) — 7k and
10i + 10j + 5k respectivelyP is a point on the linAB.

(a) Find a vector equation for the line passing throgindB. (3)

(b) Find the position vector of poiRtsuch that ORs perpendicular to
AB. (5)

(c) Find the area of triangl@AB. 4)
(d) Find the ratio in whiclP divides the lineAB. (2
Solution:

(@ AB=9i + 15j+ 12k (or BA= - 9i — 15j — 12k)
. the line may be written

(1 ) (9 ) (10 ) (3)

r= | -5 | +x | 15 ] or r= | 10| +u | 5 | orequivalent
\ -7 ) \ 12 ) L5 ) \ 4 )
(3 [ +1+9L )

)| 5| . ] -5+150 | =0

\ 4 ) \ -7+12% )
. +3+270 -25+ 750 —28+48\ =0

2. 1500 -50=0
1
A =3
(4 )
. the point Phas position vectol 0 |
\ -3)

(c) |OP| =5and |AB| =92+ 152 + 122 = 15+ 2
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1 , 1 1
Area of A OAB= 3 x base x height=, x182x5= 73 x 75V 2

(4 ) (1 ) (3 (10 ) (4 )

(AP= | 0o | -] -5 =] 5]andPB= | 10| - | 0 |

\ -3 ) \ -7 ) \ 4 ) \5 ) \ -3 )
(6 )
= | 10 |
L8 )
". PB = 2AP

i.e.P dividesAB intheratio 1 : -
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Exercise A, Question 7

Question:

The curveC, shown has parametric equations
x=1-3 cost,y=3t-2 sin 3,0<t<un.

(a) Find the gradient of the curve at the pé&inthere t= %. 4)

(b) Show that the area of the finite region beneath the curve, between the lines

X= - %,x = 1 and the saxis, shown shaded in the diagram, is given by the
integral

=20t sntd—- | 2212 sirf t cos t dt. (4)

3 3
(c) Hence, by integration, find an exact value for this area. (7)

Va

Solution:
(@)x=1-3 cost,y=3t—-2 sin 2

dx _ : dy _
pm =3 smtandOlt =3-4 cost2

dy 3 -4 cos 2t

X 3 sint
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wiln

Whent = Y

d
(b) The area shown is given l:{ytltzy ﬁdt

: 1
Wheret, is value of parameter wher - 7

andt, is value of parameter when= 1

: 1
l.e.1-3 costl— -3

. _ 1
S.Costy = 3

. _

=3

Alsol1 -3 cost2:1
.'.cost2:O

T

The area is given by

fﬂ%(St—Z sinz\ x 3 sint dt
s\ )

=] z%29%tsntdi- ] z26x%x2 sintcostsintd  Using the double
3 3

angle formula
= [ z29tsntd- [ 2212 sirft cost dt
3 3

(c)Area = [ —Q cost] =2+ [ =29 cost dt— [4 sint] =3
3 3 2

[ -9t cost+9 sint-4 s t] =2
3

3 93 3V3
S (94 - (- R e
=5-3V3+ >
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Review Exercise
Exercise A, Question 1

Question:
Express m in partial fractions. E
Solution:
Iv—1 A B Set L wdentical to
g SEETRER g + / T x=12x—=3)
(x—132x—13) x—1 2x-3 { B
_ AQRx-3)+B(G-1) g g
 (x=D2x-3)
_ Use a commeon denominator and add
Compare numerators of fractions khe two fractons:

2x—1=A(2x-3)+B(x—-1)* «——————— Because the fractions are equivalent.
the numerators are also.

Put x=1 in equation *
Sl=—A4+ 0= 4=-1 4———— [To find 4. substitute x=1.

L. :
Put x :1; in equation *

[t

To find B, substitute x = l%.

1
=0+-B=B=4

. 2x-1 -1 4
20 +

TE e T

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 2

Question:

] ) Ix+7
It en that £(x) = :
Ve fat £ () (x+D(x+2)(x+3)

Express f{x) as the sum of three partial fractions. E

Solution:

3x+7

- 3x+7
. bet
(x+1)x+2)x+3) / e
= 4 + B g c identical to
x+1 x+2 x+3 A B C

A+ x+3N+Bx+D(x+3D+Cx+D(x+2) |x+1 x+2 x+3

(x+D{x+2D(x+3)

*— [Use a common denominator
and add the three fractions.

Compare numerators of fractions

I+ T = Alx+2(x+3)+ Blx+D(x+3)+ Clx+1)(x +2) + [Now put the numerators
equal to each other.

Put x=-2 in equation

1=0—B+0=RB=-1 - To find B, substitute
r=-2.

Put x=-3 in equation

—2=0+0+2C=C=-1

&

To find C. substitute

x=-3.
Put x=-1 in equation

4=24=4=72

F 3

To find 4. substitute
x=-1.

3x+7 2 1 1

DG +DGE3)  GED) (12 (+3)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 3

Question:

.

Gaven that f(x)= +. express f(x) m the form

2—x){1+x)

A L B L C _ E
(2-x) (1+x) (1+x)
Solution:
|
2 = A B i C 1
(2—x)14+x) 2—x (14+x) (1+x)
A1+ 3 B2 —x)(1+x)+C(2—x) [You need denominators of
- 2—x)(14+x) (2—x).(1+x) and (1+x)*.

Compare numerators of fractions \

2= A1+x)+BC2 -1+ )+ CQ2-x)

A dd the three fractions.

\ Set the numerators equal.

Put x=2
2 = Ax9+0+0 + To find A4 substitute x=2.
9
A = =
9
Put x=-1
2 = 0+0+3C
2
G = — : .
3 4 [To find C substitute x=-—1.
) .
22 = —(1+x)'+BQ2-x)(1+x)+=(2-x)
9 3
2
2 = —+—x+—x"+2B+Bx—Bx
9 9
4 2
+——x
3
Equate terms n x* on both sides
0= gl_g _p - p= 2 PRI Equate terms in x° to
: E ¥ find B.
2 2 2 2

—= + + —
2-x)1+x)" 92-x) 91+x) 3(1+x)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 4

Question:

14x" +13x+2

G+DCx+1)7

4, B _C
x+1 2x+1 (@x+1)°°
Find the values of the constants 4, B and €. E
Solution:
14x* +13x+2 4 B . C - — :
ey T = = o 4—— [You need denominators
(x+1)2x+1) x+1 2x+1 (2x+1) of (x+1).(2x+1) and

AQx+ 1)+ B(x+ 123+ 1)+ Cx+1)

i (2x+1)°.
(x+D(2x+1)

*—_ |Add the three fractions.

Compare numerators of fractions

145" +13x+ 2= AC2x+ 1> + B(x+ D(2x+ 1)+ C(x+ 1) _
4———— [Set the numerators equal.
Put x=-1
23=A+040=4=3 « To find 4 set x=-1.
Put Jn:=—l
2
_-_E_E_Fj:l(j:}(j:_j * To find C set 1‘=—%.
4 2 2 =

21427 +13x42=32x+ 1) + B(x+ DQ2x+1) - 2(x+1)

: - 2 - =
Compare coefficients of x°: +— Equ?re tcn:ns.jm e,
14x" =3.2"x +2Bx”

14=12+2B=RB=1 q_j__a_—_—_‘%_
Solve equation to find B.

Check constant term

2=3+1-2

14t 413x+2 3 1 2

oA —= + - .
(x+DCx+1)7 x+1 2x+1 (Qx+1)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 5

Question:
X +6x+T .
L

B C
+

Given that £(x)= 4+ —
(x+2) (x+3)

Solution:

£(x) = x +6x+7 _x +6x+7 /

(x+2)(x+3) X +5x+6

lrem(x+1)

o i
" +5x+6 ;IJ': +6x+7

X +3x+6
x+1
x+1
~f(x) = 4 —
) (x+2(x+3) T
= 1+ A + & e
x+2 x+43 B
_ +B(1‘—3}+C{x—2)
(x+Dix+3)
Gepd = 1

Compare numerators of remainder term

x+1=B(x+3)+C(x+2)

\ \Add the two fractions.

— [Set the numerators equal.

find the values of 4, B and C. E

This 15 an mmproper fraction so
mltiply out the denominator.

Then divide the denominator
into the numerator.

It goes i 1 time with a
remainder of (x+1).

Write f{x) as a muxed fraction.

The denominators must be
(x+2) and (x+3).

—— [Substitute x=-2
to find B.

- [Substitute x=-3 to find C.

Put x=-2

1=B=B=-1 +—m—
Put x=-3

-2 = C=C=2 +—

Sfx) = 1 2

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 6

Question:
Given that £(x) = %
2 A B
fix)=5 + : E
W=+ e
Solution:
6
) = 11-5x" <
(x+1)2-x)
_ 11-5%7
B 2+x—x
. 10—5};—5.‘(3_ 1-5x
24 x—x 2+x—x°
2 A B
— A+ 1
(x+1) (2—-x)
where
1-5x A B
= +
(x+1X2—x) x+1 2—x
_ A@Q-x)+B(x+1)
- (x+1)(2-x)

Sl=3x=AQ2-x)+B(x+1) +—
Put x=2

"

T |Add the two fractions.

————— [Substitute x =2 to find 5.

—— [Set the numerators equal

—_ find constants 4 and B such that

This 1s an improper fraction so
multiply out the denominator.

Either divide denominator into
mumerator to obtain 3 with (1—25x)
as remainder or split numerator, as
shown.

*+———— [Use partial fractions with

denominators (x+1) and (2—x).

R Substitute x =1 to find B.

—-9=3B=8B=-3 N
Put x=-1
6=34d=4=2
q
fix)=5+ ——
) r+1 2—x

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 7

Multiply out the denominator.

Question:

£(x) = 9—-3x—12x _

(1—x)1+2x)
. . B cC
Given that £(x)= 4+ + . find the values of the constants
(1-x) (1+2x)

A Band C. E
Solution:

Fr) = 0—3x-12x" ~

(1-x)(1+2x)

3 9 —3x—12x"
1+4x— 25 /

6+6x—12x>  3-9x
+

14 x—2x" 14 x—2x -—
_ i B § C
1-x 1+2x
where
3-9x _ B i C IR
(1—x)(1+2x) l-x 1+2x

B(1+2x)+C(1-x)

Numerator 15 split into two parts.
[The first 1s a multiple of the
denominator. The second 1s the
remainder.

- [This could be done by long
3-%x

division to give 6+ =
I+x-2x

—— |[Use partial fractions with
denomunators (1—x) and (1+2x).

(1—x)(1+2x) *———— |Add the two fractions.
S3-9x=B(1+2x)+C(1-x) -
1 - [Set the numerators equal.
Put x=—
2
1 1., . " : ; 1
?;=1;C;"C=“ Substitute x=-——to find C.
Put x= -
- _6=3B=HB=-7 - Substitute x = —1 to find 4.
So
£(x)=6— 2 5 -— Write out the full selution.
g 1-x 1+2x

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 8

Question:

Use the Binomial theorem to expand /(4 —9x) | x|= % i ascending

powers of x, as far as the term m x*, simplifying each term. E

Solution:

_— [Write in index form.

] ————
4—9) = (4-9x)
) & -— Talke out a factor of 4.
= [41—Zx)|
7 i 1
1 e |y T )
: 0 11 Write 4 as w.."r-*_.—l.
- a1-34]
; 1
g |2
= I—IT 1
| ( Q2
J / Expand ll——l‘ using
) ) . 4
H —93. l—_|—_q —_91 | [the binomial expansion
= El—Er—r ' —2 ZRIAA ) g with n=l and
8 3! 2
—Ox
= 2 I—Ex—ixj 2 X
8 128 1024

Siplify coefficients.

9 81, 729

4
—— Ji. — JLE\. -
4 64 512 \
MMultiply by the 2.

— g

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 9

Question:

f(x)=(2-507"]x|=

i | ks

Find the binonual expansion of f{x). 1n ascending powers of x. as far as the
termin x°, giving each coefficient as a sumplified fraction.

—5x| | (===

-

E

Take out a factor of 2.

Write 27 as l
4

%]

Solution:
fix) = (2-5%
= [ l—?.ﬁ:J%
_al 5 ) =
1/ 5 1
= —|[1-=x]
4\ 2
1] (5% (=23(=3)(
= =]+ F="7 H
4|1 R B AT
J;'
= l’l—ﬁx—l-?"
._'l_
4 4 16

© Pearson Education Ltd 2C
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2

-

]
J

+125x5

3!

=

1 |

5

F s Y2
[Expand | 1- —Xx| using
binomial expansion with

=3
n=—2 and x=—x.
9

Simplify the coefficients.

Multiply by i .

Pagel of 1



Heinemann Solutionbank: Core Maths 4

Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 10

Question:

flx)=(3+ 2.1'j_! Jx|= i :

]

Find the binonual expansion of f(x). in ascending powers of x, as far as the

termmn x . Give each coefficient as a siumplified fraction. E
Solution:
f(x)=(3+2x)" ____— [Take out a factor of 3.
.- iy} - ___————*__ﬁ_—__
[3[ 1—iﬂ «—
\ 3
1 ( 2x -|-_3
= 31+
) [ 3) 1
(2] OB 2 Wan 37 -
= HOT a3t

) e P e
Expand l 1—?

(HES) [ 2x r +‘ i

31 L3 _ . :
_ ) _ using the binomial
1 % 48 480x° | expansion with n=-3
= a2t e ae .
= = / and x=— .
_ 1 _2x 8@ so¢ :
27 27 8 729 Simplify coefficients.

Multiply by ,’L? :

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 11

Question:

1
f(x)= —J(l+x).-1=x
(x) m JJ(1+x)

=1

Find the series expansion of f{x) in ascending powers of x up to and

mncluding the termin x° .

E

Write each expression
in index form.

1
Peplace n by 5 and x by

—x 1n bmomial expansion.

Solution:
1
flx) = —J(14+x)
J1—x)
i I
= (1-x) ?—(1+x)*
[ - "
- |_—‘.—5(—x}
1 _1 \ 2 AN 3 g
= 1_|_|_ {_.T}_
U 2
(—1}{=3)(-5 ;
%THT 5[
L L2 2
3!
| -
1Y » L5 4
1 202 ) a2l f
= [hakg ;T 3|
|
[ .58 ———
= l+%x—§x'—:— 13;5 o
— e Rty Ty whmrn ke wioid
I '27 8 16 |
= e -:_iyj | AR <
8§ 16
% X 3 a
= —x +—=x +---
2 /

© Pearson Education Ltd 2C
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Replace n by 3 1

binomaial expansion.

Simplify the terms in
both series expansions.

Collect terms.

Simplify answer.
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Review Exercise
Exercise A, Question 12

Question:
Given that
3+5x __ 4 B
(1+3x)(1-x) (1+3x) (1-x)
a find the values of the constants 4 and B.
b Hence or otherwise find the series expansion, i ascending powers
: : i 3+5x
of x. up to and ncluding the term in x~_ of 71.
(1+3x)(1—x)
c State, with a reason, whether vour series expansion i part b 15
valid for x= é E
Solution:

PhysicsAndMathsTutor.com
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a
3+5x 3 A N B 4« —— ——— [The denominators must be

(1+3x)(1-x)  143x 1-x (1+3x) and (1-x).

_ A(1—x)+B(1+3x) Y

B (1+3x)(1-x) ~———— |Add the fractions.

S345x = A(l-x)+B(1+3x)
Set the numerators equal.

Put x=1
8=4B=RB=2 = Set x=1 to find B.
Put x= —17

a

5 4
f3-S=C A= A=] —
3 3

b

Set I=_?1 to find 4.

_ 3+5x _ 1 - 2
T {14+3x0)(1-x) 1+3x 1-—=x

_ Write 1n index form.
(1+3x) " +2(1-x) T

Expand using binomial theorem:

Expand (1+ 3.1:}"' using the
binomial expansion with

—1—-2 ) ]
= [1—1—(—1}{3.\.‘)—1—%{3:(}'—--- n=-—1 and x=3x.
| 122 |
R TR, YA Expand 2( l—x)'l using the
o~ EDE2X—x) P g
+ 2{1+ D0+ 17 7 S / binomial expansion with n= -1
[ ) ) _ . and x={—x).
= |1—3x+9x —---;—Zl:_l—i-x—i-x"—]
= 3—1‘+1-1.r; L \‘\\ Simplify each expression
Collect the terms.
c Not valid when x = % as expansion of

44— [Terms are (31‘1(3.‘(}2 --- and

(1+3x)7 is valid for [3x|=1 only. 1
when x=—.3x>1 and the

terms get larger.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Pagel of 2

Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 13

Question:
3x-1 1
f(x)= = xl=—.
0= =z *2
1 3x-1 4 B

. where 4 and B are

Grven that. for x=—, - + :
o = -2 (1-22)  (1-22)

constants,
a find the values of 4 and B.
b Hence or otherwise find the series expansion of f{x). 1n ascending
powers of x. up to and including the term m x° . simplifying each
term. E
Solution:
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3x—1 A, B
(1-2x)* (1-2x) (1-2x)°

M «—— |Add the fractions.

(1-2x)°

Szl o= AQ-2x)+B —un Set the numerators equal.
1
Put x=—
2
1 = 1
= = B Set x== to find B.
2 3
1
S3x—-1 = .«1{1—2.1'}+E

Compare coefficients of x

T gy i=—i < A5 expressions are identical
- - 2 equate terms in x and put
coefficients equal.
[check constant term —1= ——+—]
2 2
3.":_]. 3 ; -1 1 | ; =
=T (1-2x)"+=(1-2x)" «——— |Wnte in index form_
(1—2x) 2 2
b Use binomial expansions:
: — 3 B
3 1(=2 D=2 —=3(=2x) Expand ——(1-2x)
- ik tie2n+ EXD ey D2 +‘ pand — (1
2| 3! using the binomial
11 7 M (=34 (—2x) expansion with n=—1
_1+( 20— 21J+( }( j( iy :":,l Ao +] and x=—-2x.
3!
ks .' 3 1 1 ]. 1 ] = 3 1 ‘\ l -
= = [lhZeb A B e [ AR 120 320 o Expand —(1-2x)

using the binomial
= —1—x+0xi+t4 4+ expansion with # = -2
and r=—2x.

= —l-x+4x"+--- Simplify each

EXDIession.

Collect the terms.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 14

Question:
£(x) = e
(1-3x)2+x)
= 4 + L + & | x|= l
(1-3x) @@+x) @+x)' 3
a Find the values of 4 and C and show that B=10.
b Hence, or atherwise, find the series expansion of f{x), in ascending
powers of x, up to and including the term n x. Simplify each
term. E
Solution:
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a
Ix'+16 _ 4 B _C
(1-30)Q+x) (1-3x) (C+x) QC+=x)
_ AQ+x)'+B(1-3x)2+x)+C(1-3x) «—— [Add the fractions.
- (1-30)2+x)°
L3416 = AQRH+x) +B(1-3x)(2+x)+C(1-3x) « [Set the numerators equal.
Put x=-2
8=1C=C=4 > Set x=-2 to find C.
1
Put x=—
3
b g g -+ 1
3 9 Set x=— tofind 4.
230 4+16=3024+ ) + B(1-320)(2 + x) + 4(1-3x) 3

J 2
(mnpa.re X~ terms.

3=3-3B=B=0.

Compare constants. - — [Equate coefficients of terms i x°
or
16=12+2B+4=EB=0 equate constant terms to find B.
b
3416 _ 3, 4
(1-30C+xy — (1-3x) Q@+=x)

, #4———— [Write in index form.
= 3(1-3x0)7' 42+

= 3(1-3x)"  +4x27

2

l—i |1—— Talke out a factor of 2 so
7

[ —1(=2)(=3x)" | (—=1)(=2)(=3)(=3x)’ |+ [Expand 3(1-3x)"
i i - EDEDEP | D3N3 ] Expand 3(1-3x)
. 21 31 . using the binomial
; ; i - o expansion with
P 14 (=2) X\ =2=3) i‘ +(—2}(_3}{—4)i£ 3 ] n=-1and x=-3x_
4 120 2 2] 3! \2) |
; ; 3 -4 ] o+ [ %Y?
= 3[1—3;.-—c.:|_1--+2?;\-=+---]+[1—;\-—Tr E" - Expand 4x__3‘1—%
2 : using binomial expansion
= o L 161 ;
2 with 77 =-2 and x=':.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 15

Question:
£(x) 25
X =
W= G =
a Express f{x) as a sum of partial fractions.
b Find the series expansion of fix) tn ascending powers of x up to
and including the term in x° . Give each coefficient as a simphified
fraction. E
Solution:
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25 4 B C
G+ 2x)(1-x) (1-2) (3+2x) (3+2x)°

The denonunators must be

: , o
AG+2xy +B(1-x)B+20)+C(1-x) |1—x),(3+2x) and (3+2x)°.

-
h
[l

(1-x)(3+2x)° ,\
=23 A3+ 2x) +B(1-x)(3+ 2x)+ C(1—x)* |Add the fractions.

“\_& Set the numerators equal.

Put x=11n *
225 = Ax5+0+40

Set x=1 to find 4.

4 = 1
Put x= —E in *
2
25 = C'f|l1—(—£)‘=lf>i S 3
h . 2] 2 Set x=——"to find C.
SO = 10 N
Compare coefficients of x” in =
i: ii; _if_ - L Equate coefficients of terms
T N in x* to find B.
_ 25 12 10
T3+20°(1-x) (1-x) (3+2x) (3+2x)
b
RHS = (l—x}_! +203+ j_.,::,"- +10(3+ 3_1:)_: 44— [Write the right hand side
(2 a 1n index form.
(12 = 1+(_1:,,:_x)__%+_.
= 14+ x4 +_ ™ Expand (1—x)" using the
binomial expansion with n=—1
and x=(—x) .
2(3+2x)" = _|3|]—£ +—— [Take out a factor of 3.
3
ol oy - { A
= ExE 1+T Expand 2x3_lll+2% using
| J 3 )
oY foy | g i 43 the binomial expansion with
= ;:1+(_1}|2_J‘ L EDED (2 (2x)
3.
a9 j
= :El—_l—ixl_i_...‘
31 3 9
2 4 g
= ———x+—x
3 9 27
10(34-2x)7 = 103 ]__g_i‘ _ 4+——— [Take out a factor of 3.
i 3
e lﬂxi_z[l—_—x e Expand
_al 2x Es
- i 1037 14+—
10 [2x) (=2)-—3)(2x | i)
- ol A L
[+ | 3 ) 21 | 3 usimng the binonma.
' . , expansion with n=-2
_ ].Dll dx | 4x” ] Ty
= T T and x=—.
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Review Exercise
Exercise A, Question 16

Question:

When (1+ax)" 1s expanded as a senies in ascending powers of x, the
coefficients of x and x° are —6 and 45 respectively.

a Find the value of o and the value of 5.
b Find the coefficient of »*.
c Find the set of values of x for which the expansion 1s valid
Eladapted]
Solution:
\ nn-1) , ,
a |:I+ax]” =l+nax+ ( )a".r‘—---
Sona=—0 and sr (1)
4+—— [Set coefficient of x,
n(n-1) e ) from binomial theorem.
2 equal to 6 and set
—6 _ : : i -
From (1) a =—. substitute mto equation (2). coef_ﬂcmnr of X" equal
] to 45.
_n(n—=1) . 30 - < Eluminate g from the
T2 n ) simultaneons equations to
361 =361 =90n" obtain equation in one
e variable .
36 =D < Solve to find non-zero
=n=0o0rn= 54 = 3 value for n.
Substitute mto equation (1) to give g =9 . +——— Check solutions in
equation (2).
. ;3 mp=1)n=-2) ,
b Coefficient of x” = #l(}a
3!
_E 5 _E 5 _§ O Substitute values found for »
- 3 3 3 and a mto the binomial
3! expansion to give the
_ —80x 27 coefficient of x°
6
= —360
c ¥ l <o __1 =y l 4+—————— [The terms 1n the expansion are (9x).
a 9 9 (9x)*. (9x)° and so |9x[<1.
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Review Exercise
Exercise A, Question 17

Question:

a Find the binonual expansion of .f(1—x) . in ascending powers of x

up to and including the term in x°
b By substituting a suitable value for x in this expansion, find an

approximation to +/0.9 | giving vour answer to § decimal places.

Solution:
1 4 [Write the expression in
a J1—x)=(1-x)? index form.
1 | -1} 1( 1 [—3'
1 . Mo a 20 20 2 ) :
= o+ ) =
o foge D! " Replace by = andx
21 Sl ].61 eplace n }'5 and x
by —x in the binomial
EXPAansion.
b Let (1-x)=0.9 and solve Simplify the terms.
Put x=0.1 into expansion — — :
This 1s valid as |x|<1.

A09 1—0.05—%}' G.ﬂl—%xﬂ_ﬂﬂl

1-0.05—0.00125—0.0000625
0945688 (6dp) <+——————— [This gives an estimate for
4/0.9 . You would need to

calculate further terms to
mive mncreased accuracy.
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Review Exercise
Exercise A, Question 18

Question:

Inn the binonual expansion, i ascending powers of x, of {1+ ax)”, where a
and » are constants. the coeffictent of x is 15. The coeffictents of x~ and
of x* are equal.

a Find the value of & and the value of n.
b Find the coefficient of x°.
Solution:
a
I[I+ru']‘ = ].+nax—@a:x: S
(n—1)(n—2a’x’
L, nr=1)n—2ax 4o
6
As coefficient of v 15 13
—15 i E——— Set the coefficient of x
Lol srref) from the binomial theorem
: 5 3 equal to 15 and set the
As coefficient of x” and x° are equal: oetheients ol andad
: s equal to each other.
n(n—1) L n(r—=1)(n—2)a
2 6
and ~ (n—2)a=3 (2) +—— [Divide both sides of the
equation by
Subtract equation on (2) from equation (1) n(n-1) v
6
Ja=12=a==6
Substitute into equation (1) 4 Solve equations (1) and
(2} as simultaneous
15 5 equations and check your
i = & Answer.
b Coefficient of x° is
503 1 Substitute  the walues wyou
mfn— A3y ;)’ —X = have found for g and » into
— ~“a = e the binomial expansion term
6 6 for
15 oL X
= — %36
g [You could also check the
_ 135 term for x* . which should be
7 equal.]
= 673

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 19

Question:

The vectors u and v are given by
u=>5i—-4j+skv=2i+1-3k

a Given that the vectors u and v are perpendicular, find a relation

between the scalars 5 and 1.

b Grven instead that the vectors u and v are parallel, find the values

of the scalars 5 and 7.

Solution:
511 2
a n-v=|—4 £ +— [Write 1n column matnx form.
5 f1—3_
S v=3x2+ (-t +85x—3  4— Use u-v=uv, +u,v, +u,7, .

Use the condition n-v=10

S10-4r=-35=0
or 35+4r=10

b As u and v are parallel
v =.Au where A 1s constant.

- 2i+ -3k = A(5i—4j+ sk)

Compare coefficients of i, j and k.

| k2

,,1

Il

|
4=
o
2%

Il

|

Il

|
i
L=31

© Pearson Education Ltd 2C
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4——— [For perpendicular vectors the scalar

product 1s zero.

+— [Simplify vour answers.

For parallel vectors one vector 1s a
multiple of the other.

4+—— Fquate the coefficients of x, v and =

= =—735 4——— [Solve to find the values of s and 7.
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Exercise A, Question 20

Question:

Find the angle between the vectors a and b given that |aj=4.|b|=4 and

a-b|=7. E [adapted]
Solution:
b e h A D
b L hY H.h"\-\._\_\_‘
* W P
N. B - \ @
e N T
- = o 1 A

Use the triangle law and draw two

Use the cosine rule on AOAB. triangles. One shows vectors.
The other shows the magnitudes

72 = A1 IwAdxdxcosd of the vectors.
W = 16+16—32cos& 4————— puse the cosine rule to find cos&.
= 32cosf = —17

. g = —17
ees B 32 4 [The cosine 1s negative, so the angle
58 = 122(3sf) s obtuse.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 21

Question:

The position vectors of the points 4 and B relative to an ongin O are
3i+2j—k.5i+6j+ 5k, respectively. Find the position vector of the point
P which lies on 4B produced such that 4P =38P . E [adapted]

Solution:
e
— B :;} -
! 5 3 ;f' " +—— Draw a sketch to help you to see
a', jr‘ /// the triangles used later.
hY P
\ Vj}/
0
B = o «————— [Use the tnangle law to give AB.
) - (D)
= 2i+4j+6k
As AP=3BP «— As 4, B and P are points on the
and AP = AE + BP same line. one vector is a
- {B+BP=3BP / multiple of the other.
. AB=2BP

" From (1) BP=i+2j+3k

Sap

OB+ BP
6i+8j+ 8k

44— [Use the triangle law to give OF.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 22

Question:

The points 4 and B have coordinates (
a Find | AB|.

2t 10, 1) and (3¢, 2t. 3) respectively.

b By differentiating IB| _ find the value of t for which | AB| isa
TN
c Find the minimum value of | A8 |
Solution:
2?'.& | 3¢ 4+——— [Wnite down the position vectors
a=|10| and bh=|2¢ of .4 and B.
l1) 5
a
t +————— Use 4B=h—a.
AB = bh—a=|2t—10
4

b

= JP+Q2t—10P +4

= 51 —40r+116
b AB[=5t—40r+116
Differentiating with respect to f grves

%zlﬂ}!—ﬂr(}

ar

10¢—40 = 0

Pl

+——— [Use the wvector magnitude
formula.

+—— [Call this p and differentiate.

So / Use the fact that j—"?’j =0 ata

I .

P - Use the fact that if the second

——=10_ positive, .. minimum

|4B| = 57 -a0r+116

= J80-160+116
= J36
6

© Pearson Education Ltd 2C
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derivative is positive, the value
1S A MUINimun.

a—— [Substitute r =4 back into

| 4B|.
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Review Exercise
Exercise A, Question 23

Question:

The line | has vector equation r=11li+5j+6k+A(4i+2j+4k) and the
line /, has vector equation

r=244+4j+15k+u(Ti+j+5k).

where 4 and & are parameters.

a Show that the lines [, and [, intersect.

b Find the coordinates of their point of intersection.

Given that & 1s the acute angle between /[, and [,

C Find the value of cos&. Give vour answer i the form Iﬁ.@ . where
k1s a simplified fraction. E

Solution:
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a Assuming that the lines do intersect:
F11o43™ e - .5

1_1 4?’ | (24+Tu) «————— |You can write the equations of the

3+24 | = l 4+ u * lines in column vector form and put

\6+44) \13+5u) them equal.
Rearranging gives:
42=Tu = 13 (1

2 —u = —1 (2) +—————— [Equate the x. v and z components.
4 —3u = 7 (3)

Solve these simultaneous equations.
(1) —(3) gives

24 = 6
i = 3 \

Solve equations (1) and (3)
Substitute mto (1) to give simultancously.

4i+21=13=4A=-2
As this solution satisfies all three equarions, the lines do meet.
+—— | v components must also
be equal so

f=-=3 A =-2 must

b Substituting into * gives the coordinates of the point of intersection
11-8) [(24-21) [ 3}
Tt ‘ =1 A=3 ‘=‘ 1} 4 [Substituting A or g will
L 6-8/) 113-15) ) mive the point of intersection.

2.(3.1.—2) 1s point of mtersection.

The directions of the lines are
4i+23+4k and Ti+j+ 35k

c
(+2)+4k)-( i+ 3+ 3k a-
cosf = = = e Use cosd =— . where a
J4"+2'—4'\1",-"+1'+3' a
284220 and b are the direction vectors
= ﬁ J-F of the lines.

50

B 65 \
v el

&

L

Simplify the surds.

33
5 £
= ENE

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 24

Question:
FEIY  ER
The line /| has equation r =‘ 0 |+A| 1| and the line /, has equation
-1 Lo/
m (2
r=| 3-—;;{ 1.
L6/ o
a Show that / and /, do not meet.

A 15 the point on [, where 4 =1 and B 1s the point on /[, where u=2.

b Find the cosine of the acute angle between AB and [, E

Solution:

PhysicsAndMathsTutor.com
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a Assume that the lines do meet:
o /‘ | pdan 8 Put the right hand sides of the
‘ O+A|=| 3+u equations of the two lines equal.

=1 L 6—p /

So 2u—XA = 0 n
gk =l @ ™ Equate the x, v and = components.
1 = 6-p @)

Solve equation (3) to give & =7 substitute into equation (1) to give A =14
¥~ [olve equations (1) and (3)

Check in equation (2} 7—14 = -3 to find a contradiction. simultaneously.

This implies that no values for A and & satisfy all rhree\

equations simultaneously
.. The lines do not meet.

The values g=7.4A=14
do not satisfy equation (2)
and so ) components are
not ecual.

b A is the point (2.1.—1) and <—— [Substitute 4 =1 into equation of line /.
B 1s the point (3. 5. 4)

4+— [Substitute & =2 into equation of lme I, .

=

i i
[ 2]

So AB=|4 - Use AB=h—a.
5/
(1)
Dirsetion of . is | 1] 4+———— [Obtain the direction of the line ]
- L0/ from the equation of /.
3] (1
4.1
C.cosf = 5] 19) _3+44+04 Use cosh= c.[ll
JE+2 2P0 100 V50V2 cfd
7 where ¢ 15 the vector A5
= 10 and d 1s the direction of the
line [,.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 25

Question:

The line ]| has vector equation

r=S8i+12j+14k+ A(i+j-k).

The points A, with coordinates (4. 8. a). and B. with coordinates

(b, 13, 13), lie on this line.

a Find the values of @ and 5.

Given that the point O is the onigin, and that the point F lies on [ such
that OP 1s perpendicular to /.

b find the coordinates of P.

c Hence find the distance OF, giving your answer as a simplified
surd. E
Solution:

PhysicsAndMathsTutor.com
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[8+2]
a r=|12+%
{14-4 )
(4 [ 8441
The position vectorof 4 | 8 | =12+ 4
la) \14-1)

wse 4=8+4 or 8=12+ 4
A=—4 —

Substitute to give a=14-1=18

(b)Y (8+4)
The position vectorof B |13 | =12+ 4
V130 W14-4

Use 13=12+4 or 13=14- 4

A=l a—
Substitute to give b=8+1=9 4

[ 8+ A4
b Direction OP is | 12+ 4|
14— 4/
{314 P
and direction of ] 15 | 1
-1/
These are perpendicular
(8+4) (1)
Sp124 401 1 (=0 a—
SEEFIRESY)

S8+ A+12+A—(14—2)=0
S 34+6=0

= i=-2

- PointPisat(6.10.16)  *

__— |[Substitute the value of 4 into the

et [You can write the line equation in

this form.

4——— [As 4 lies on the line equate
position vectors.

_——— [Use the x or v coordinates to find A.

4+—— [Find a using the value of 4.

4——— [Also B lies on the line.

— [Use the y or z coordinates to find A .

Find b using this value of A.

This 1s obtained from the equation of /).

—— [Use the condition for perpendicular
lines, c-d=0.

line equation to give the coordinates

of P.

Distance OP = +6°~10° 16> ¥ [Use the formula for magnitude of a

= V392
= 1442

© Pearson Education Ltd 2C
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ector.

*—— |Simplify the surd using

V392 =19642 .
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Review Exercise
Exercise A, Question 26

Question:

The line /| has equation

(3 (1) [0Y (1)
r=| l'.—..r].‘ —1| and the line /, has equation r=| 4 |+ u —1‘.
\ l-" i ) \ -2/ 0/
Find, by calculation,
a the coordinates of B. the point of intersection of /, and /,.
b the value of cos&. where & is the acute angle between [, and /.

(Grve your answer as a sumplified fraction.)
The point 4. which lies on [, has position vector a=3i+ j+ 2k . The pont

C, which lies on [, has position vector ¢ =5i—j— 2k . The point D lies in
the plane ABC and AFCD 15 a parallelogram.

c Show that |E|= BC|.

d Find the position vector of the point D). E

Solution:
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a As the two lines meet:
[3+AY [ m ) _ —
; +— [You can write the equations in this
=4 =] 4H form.
\2+44) | 2
Put the x, y and 7 components equal and
Lp—X = 3 (1 / rearrange.
—p4A = -3 @
43 = —4 (3) Use equation (3) to find A .

Solve equation (3) to give A =—1
Substitute this value into equation (1)

Then =2 o ———

- Point of intersectionis (2.2 —2) o

/

Page2 of 2

Substitute A into equation (1) or (2)
to find g

the coordimnates of B.

Use M\ or i in the line equations to find

S & &
b The directions of the lines are | —1| and | -1 ‘«\ S—
] | The directions of the
4/ L0 lines are from the line
sl = 11><1+(—f] . {1—1}1"'4" Dj equation.
P+ (1) + 812+ (1) ‘K
2 Use cosf = 1-|F |
= I L"
‘h_gﬁ where x and v are the
- 1 directions of the lines.
3
c
AB = b—a=—i+j—4k
BC = c—h=3i—-3j Use the tnangle law to find
=t - s — AB and BC.
4B| = (=)' +T+(9')=18=3\2
E‘| = 3 [Use the formula for the
S T magnitude of a vector.
o AB|=| BC|
d .
T e «——— [Praw a diagram and label the
J;’ / wertices of the parallelogram as 4, B,
&< c C and D in a cyclic order.
= & o «——— |Use the fact that opposite sides
B4 = i—j+4k=CD are equal and parallel.
oD - oC+CD
Also = (—)—2k)+(1—j+4k)

(6Gi—2j+2k) *+—

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 27

Question:

The pomts 4 and B have position vectors 3j+11lk and eci+dj+21k
respectively. where ¢ and d are constants.

The line AB has vector equation

r=23j+1lk+ A(2i+j+3k).

a Find the value of ¢ and the value of 4.

The point P lies on the line 4B, and OP is perpendicular to the line 48,
where O 1s the origin,

b Find the position vector of P.
c Find the area of triangle (248, giving your answer to 3 significant
figures. E
Solution:
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7% ) 4+—— [You can write the line equation 1n
P this form.
r=| AT3
| 3A+11]
a As B lies on the line

2A=c(A+5)=d 34A+11=21

~. Solving 54+11=21,1=2 4 [Use the = coordinate to find the
and substituting mto other equations value of 4.
gives c=4.d=7. q—.___,________‘__——
Find ¢ and & using the value of
(24 ) (2) 2
b A+3 1|=0 =+ —
Lﬁ 11 \s) T mpse OP.y =0 where y 1s the
T direction of the line and 1s obtained
- from the equation of the line.
220 +1{A+9)+530A+11=0
S304A+60=0
GA==2
(—4)  [Substitute i =-2 into the
~. P has position vector | 3 equation of the line.
V1)
1 — — .
s Area of AOAB=—|04|-| OB |sinBOA
o 2 4+ |Use area of triangle 15
i 14 - 1 y
and cos BOA = ﬂ = absin C.
|OA|-|OB| 2
[0} (4}
04=| 5| and OB=‘ 7
\1v \21)
) Ox415%TL11x2] +— Use the scalar product to find the
;. cos BOA : —

\/(U: F-NRTY }\/{43 72D angle between 4 and OB

266
41464306
= 09787 (4s.1)

“BOA = 1186 (4s.£) Substitute +/146.+/506 and angle
- Area = 279@(3sf) 11.86" into the formula for area of

A triangle.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 28

Question:

The points 4 and B have position vectors i—j+3k and 4i+3j—2k

respectively.
a Find | AB|.
b Find a vector equation for the line | which passes through the

points 4 and B.
A second line [, has vector equation

r=6i+4j—3k+ pi+j-k).

c Show that the line [, also passes through B.

d Find the size of the acute angle between [, and /,.

e Hence. or otherwise. find the shortest distance from 4 to /,. E
Solution:
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[Use the tnangle law.

Use the formmula for the

a a=i—j+3k.h=4i+3j—2k
AB = h—a -«
s 3i+4j—5k
JAB| = ¥ +4 (=5

= /50 or 542 or 7.07
h r=i—j+3k+A(Gi+4j—5k)
o1 -

r=4i+3j— 2k + uGi+4j—5k)

€ Tr=6i+4j—3k+u2i+j—k)
passes through 4+ 3j—2k
then 6+2u = 4
4+pu = 3
—3—f = =2
As pi=—1 satisfies all three equations, the line

passes through B as required. =

d The lines have directions
3i+4j—3k and 2i+j—k
If the angle between the lines 1s & then

+«—  [Use cosf = e

(3i+4j—5k)-(2i+j—k)

cosfd = —
|3i+4j—5k| 2i+j—k|
32+ 4x14+- () x(-1)
V50422 +12 4 (-1
_ 15
V5046
‘—
NE
Scosd = —
2
and & = 308
e
.d\.z"j b
.-f/ .
et lp
qo B

PhysicsAndMathsTutor.com

magnitude of a vector.

There are other forms of this
equation. but these two are the
siumnplest.

+———— [Equate x, v and z components.

Solve for 1 and check that u
katisfies all three equations.

where cand d
c|d

are the directions of the lines.

This answer 1s acute. If your
answer 1s obtuse, subtract 1t

from 180°.

Draw a diagram showmg /.7,

with common point B

4— [The shortest distance 1s the
perpendicular distance.

Use trigonometry sin 6 = —.

| 4B

Page2 of 3
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Review Exercise
Exercise A, Question 29

Question:

The pomnt 4. with coordmates (0. a. b) lies on the lme [ . which has

equation
r=6i+19j—k+ A(i+4j-2k).
a Find the values of @ and &.

The pomnt P lies on /; and 1s such that OF 15 perpendicular to [, where O

1s the onigin.

b Find the position vector of point P.

Given that B has coordinates (5. 15, 1),

c show that the points 4. P and B are collinear and find the ratio
AF:.FE. E

Solution:

PhysicsAndMathsTutor.com
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[ 6+% - [You can write the equation in
a r=|19+4 fhe foem,
{-1-2
~6+% = 0 (1) +——— [Equate x, y and = coordinates of 4 to
1944 = g ?) those of the line.
1-20 = b (3)
From equation (1) 1 =—6 +— [Find A from equation (1).

Substituting this value for A into equation
(2) gives a=—3

Substituting 4 = —6 into equation (3) gives b =11

(644

b OP=|19+44

e S, 5 ) &‘\:

As OP is perpendicular to /.

and ! 1s in direction

+— [Find a and b using this value
of 4.

(1)
d

The directions of OP and of L

are obtained from the equation
jof the line.

Use condition for

(6+4 ) (1
19+44 || 4 [=0
\<peggl o)

LB A+HIO+44)-2(-1-24)=0D
1e. 84+21A=0=4i=-4

S .OP=2i+3j+7k .
c 04=—5j+11k
.. AP=0OP—04=2i+8j—4k

OB =35i+15j+k
. PB=OB—OP=3i+12j—6k

3

..‘iP:
3
mmon they are collinear.
Ratio
S s L
AP:PB = —PB:PB =
3
= é:l
3
= 2:3

© Pearson Education Ltd 2C
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perpendicular lines,
c-d=0.

Substitute A = —4 back mto vector
OFP .

Find AP using triangle law.

Find PB using triangle law.

—PB = vectors are m the same direction, and as they have a pomt in

MNote that each of these vectors 15 a
multiple of i +4j—2k and so one

1s a multiple of the other.
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Review Exercise
Exercise A, Question 30

Question:

The pomnt 4 has position vector a=2i+2j+k and the point B has

position vector b =1+ j—4k . relative to an origin 0.

a Find the position vector of the point C, with position vector c,
givenby c=a+h._

b Show that @4CH 1s a rectangle, and find 1ts exact area.

The diagonals of the rectangle, AB and OC meet at the pomnt D.

c Write down the position vector of the point D.

d Find the size of the angle ADC. E

Solution:

PhysicsAndMathsTutor.com
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a
c = a+th
= (2i+2j+k+0+j—4k)
= 3i+3j-3k
h As O4=BC and OB=AC OACBisa parallelogram.
Asa-bh=2+2—-4=0 — —
4 i penpendicilar o b \ ppposﬂe sides are equal and parallel
S OACE 1s a parallelogram with all Adjacent sides are
of its angles right angles 1.2, it 15 a rectangle perpendicular.
Its area = a|x|b]|
= V2 4+2 1P x P +1 e
s 3342 Use the formula for magnitude
- > of a vector.
- 9.2
c The diagonals bisect each mher.‘__'___F D is the mid-point of OC. and of
. T3 4B,
d=lit=j—k
Qi i w2
d
i = d—a =—%i—lj—ik +— [Use ﬂitrianglaw to_ﬁnd AD
2 2 ; and CD. or DA and DC .
3, 3
CD = d—c __EI_EH_EI{
. AD-CD -
ScosADC = = 4~ (Jsethe foimula cosf =
AD||CD| |x|¥
é_i_l_z' with x= AD and _1.'=E.
— 4 4 4
\/ 1., L. 25 \/9 9 9
gy Mt
4 4 4¥4 4 4
2
= _4
27
4 +— |As cos ADC is negative, angle
ik __1 4 DC 15 obtuse.
3
~ADC = 109.5°(1d.p.)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 31

Question:

Relative to a fixed origimn O, the point 4 has position vector 3j+ 3k and
the point B has position vector 31+ 2j—k

a Find a vector equation of the line L which passes through 4 and B.
The point C lies on the line I and OC is perpendicular to L.
b Find the position vector of C

The pomts O, B and A4 together with the point D) lie at the vertices of
parallelogram OBAD.

C Find the position vector of D.

d Find the area of the parallelogram OBAD. E

Solution:
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0
a a=|5| and b=| 2
5 =0
AB = b—a.
3] (0
Using 4B = | 2 |—|5
-1} |5
3
= =3
_6.

4+—— [The position vectors can be

written 1n this form.

0} E‘ 1] E‘i (1]
r= 5}+?~.-‘—1§ orr= 2 |+p)-1
5) 1-2) -1 {2

b C lies on the line
[ AN 3D o

OC=| 3—Ad |or| 2—u
\5-24 \—1-2 4
(1]

\5-24/) \-2)
SALESH-AE=2=0

1e..

IUse the triangle law.

Page2 of 3

, +——— [You mught have found

(1)
1
\ 2 )

BA and used

You only need one
form of the equarion.

You obtain vour directions
from the equation of line /.

Use the condition for
perpendicular vectors
-v=0.

You could have used
{ 3+u Y[ 1)

\ 2—u |-| -1 1o obtain
—1-24) \ 2/

-1

T

H=

6A-15 = 0
— 5
Gielime— = e
6 2
5)
2| o+
- oc=|2
2]
|
C
A
.,-F"--P---’\“
i . %

PhysicsAndMathsTutor.com

Substitute your value of A (or w)
to obtain the answer.

Draw a sketch of parallelogram
/ (?BAD labelling vertices in order.




Heinemann Solutionbank: Core Maths 4 Page3 of 3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4

Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 32

Question:

Find the gradient of the curve
3x —2.1:];'+.1-': =17

at the point with coordinates (2. 1) E
Solution:
30— 2.1'3)' + _1.'3 =17
Dufferentiate with respect to x: 4——— [This 15 an implicit differentiation as

Substitute x=2_y=1

36—[8_'—3 +32 =
] dx

dy 28
& 5
= 52

© Pearson Education Ltd 2C
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vou cannot make v the subject of the
formula.

Use the product mle to differentiate

the 2x*y term.

Use the chain rule to differentiate 3.

Differentiate 17 to give 0.

[You can make d—ll the subject of
dc

the formula before substituting
x =2,y =1 but the algebra 1s more

difficult.

dy 9x —4x
You would get = _—
de 2x" -3y

Pagel of 1
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Review Exercise
Exercise A, Question 33

Question:

A curve has equation

X +2x-3y"+16=0.

Find the coordinates of the points on the curve where j—l =0 E
X
Solution:
4+ 2xy-3y+16=0 . (1)

Differentiate with respect tox.  4+—— [Use maplicit differentiation as it is
awlkward to make v the subject of the

T+ 3.‘C£+21' '—ﬁl'i formula.
dx ) _1 " dx
+0=0 +—— [Use the product rule to differentiate

the 2xy term.

dy Use the chain rule to differentiate
Put —_—= 'D 3

dx =3y
S 2x+04+2y-0=0 Differentiate 16 to give 0
re. Ax+y)=0

hx—__

E Find the relationship between x and v

| -

dy
: . . when —=0.
Substitute this into equation (1) dx

V2 —3 +16=0 « Solve equations (1) and (2) as
: o ' simultaneocus equation.
Syt = 16

Ly = %2

x = F2

The points at which d—1 =0 are (—2.2) and (2.2}
dx e

and y to give the required
coordinates.

Match corresponding values for x

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 34

Question:

A curve C 1s described by the equation

3 =2y +2x—3y+5=0.

Find an equation of the normal to C at the point (0, 1). giving vour answer
in the form ax+by+¢=0. where a, b and ¢ are integers. E

Solution:

3Ix' -2y  +2x—3y+5=0

Differentiate with respect to x +— [Use mmplicit differentiation.
Then
6.‘(—43'£+ 2 —3E—' 0=0

EA' dox

Use the chain rule to differentiate

Substitute x =0,y =1 then _ _2}'1 and —3y.
—4% +2-3 3—1 =0 T Z
_ . You could make — the subject of the

T odx formula before substituting x =0, y=1.
. dy 2 - 42
jEy = 5 [n this case di: 92+ .

d 7 de 3+4y
The gradient of the normal to C at (0.1) 1s % 4— [Jse the result that mm' = —1

for perpendicular lines.

.. Equation of the normal1s y—1= _T(l -

This could be obtained directly
from yv=mx—+c.

4
-

1e. _1'=_—J:—l
2

of Tx+2y—2=0 - .
: zive the answer in the form

required by the question.

F

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 35

Question:

A curve C 1s described by the equation
3 +4y —2x+ 63y —5=0.

Find an equation of the tangent to C at the pomt (1.—2). giving vour
answer in the form ax+by+¢=0, where a, b and ¢ are integers. E

Solution:

/ Uze mmplicit differentiation.
I +4y —2x+ 6xy—5=0

Differentiate with respect to x - : : : -
————— [Use the chain rule to differentiate 4y~ .

& . [, d
6x+8yL— 2+[5xi-—ﬁ;} —0=0
dx dx

+—————— [Uze the product rule to differentiare 6xy.

Substitute x =1, y=-2

Then

Ty dy ; oW
6—161—2+6'—1—12=D +—— [ you rearranged vou would get

dx dx dy 2-6x—6y

dx 8y+6x
—8—1{?£=
dx

dy_-8
Cdxe 10

Gradient of the tangent ar {1.—2) 1s —% .

. Equation of the tangent is

(y+2) = —_S(x_ 1) = Use the equation on
10 y—y=m{x—x).
_ i —8 8
mPpEE = e
10 10
S 10p+8x+12 = < Multiply by 10 and collect the

1e.dx+5y+6

terms as required by the question.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 36

Question:

A set of curves is given by the equation sinx+cosy =03

a Use implicit differentiation to find an expression for a2,
X

For —7=x<mgand —7=y=n.

b find the coordinates of the points where % =0. E
Solution:
a sinxy+cosy=03 =

Differentiate with respect to x:

_dy
cosx—smy—=20
< dx [Use the chain rule to differentiate
cos ).
_dy  cosx

- -—
dr  siny B T

Make % the subject of the formula.
dx

dy
h When —=0.
d}‘
cosx = 0
L7 “« (Give answers in the range
r = Iz —T<x<I.
when x= 7‘ substitute into *
l+cosy = 0.5 _ _
: s (Give answers 1n the range
Scosy = 0.5 o
—A<Y<T.
2r 2x
Ly = or .
3 3
T . .
when x = —5 substitute into *
~lbcosy =09 ,_f—"// iAs cosy cannot be greater than 1
this equation has no solutions.
Secosy = 15 4 1
e ; x 2r T =2
. Stationary points at (—,—) and (—, }
2 3 2 3

only in the given range.

© Pearson Education Ltd 2C
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Exercise A, Question 37

Question:

a Given that =2, and using the result 2° =™ | or otherwise,

d 5
show that o N 2 In2.
ds

X
b Find the gradient of the curve with equation v = > at the point
with coordinates (2. 16). E
Solution:
a :
y = P=el! < You usedrhe result that if
_dy
' ) =", == k™.
& In2e™ =2 dx
dx
= In2(®)
= In2x2" = Note that ™ =2
or
y = 2
Iny = In2*
22 e “ [You could use a different method,

by taking logs of both sides and

Differentiate with respect to x: et o
usmg implicit differentiation.

1dy

= In2
v dx
d—l = ykn2

d.l-

= 2In2

b
na? +———— [Use the chain male.
Jl = - vy ! r vy
dy 3 If y = T""‘.d—J= F(x)2 P m?2.
— = (202" In2 dx
dx
When x=2
P, 4x2'In2
dox
= 64ln? «+——— [Substitute ¥ =2 into vour exprassion.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 38

Question:
Find the coordinates of the minimum point on the curve with equation

y=x2*. E

Solution:

PhysicsAndMathsTutor.com
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Y, = x2* #
dr W W 4———— [Use the product rule.
dor T
= 2 (xln241)
At a minimum point,
dy _ d
dox s Put == =0 and solve.
dx
rln24+1=0

-1
1e. x=—

In2

-1 T s :
% g -1 (oml Substitute x value into the equation
¥ n?2 miven, to find y.
=
i | — }\ 1
In2 ¥

Let 202 =y

Take lns of both sides Vo Al 2= =&,
n2® = Ilnu

.'.Lxlnl = lnu
12

1e. mu=1=2u=e.
Substitute back into T

-1
= oIn? - To check that this 1s indeed a minimum
- point you would need to find

L - Iy _
S point 1s A 21 In 2[1_]]32 4 2]

(-1 -1 dx’
at| —.——|. e

\In2 eln2/ Mg this 1s posifive at x = e the turning

point 1s a minimumn.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 39

Question:

The value £17 of a car ¢ vears after the Lst January 2001 1s given by the
formula F"=10000=(1.5)7".

a Find the value of the car on 1st January 2003,
dlr
b Find the value of T when r=4. E
ar
Solution:
a I =10000=(1.5)"
On 1st January 2003, r=4
S~V = 10000= (1_5}_t 4+———— [Give yvour answer to a suitable
= £197531(2d.p) pCCuIaty.
b
dV

—10000%(1.5)" xIn1.5 <———— [Differentiate and substitute =4

dr

~800.92 2dp)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 40

Question:

A spherical balloon 1s being inflated in such a way that the rate of increase
- r 3 - - 3 :
of its volume, 77" cm’ , with respect to time ¢ seconds is given by

dV & sy iz
1 = 7 where I is a positive constant.
if fa

(Given that the radius of the balloon 1s # cm. and that 7 = %m'z.

a prove that » satisfies the differential equation
dr B .
—=— . where B is a constant.
dr
b Find a general solution of the differential equation obtained in part
a. E
Solution:

PhysicsAndMathsTutor.com
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I = —ar -
b o M R
dr

Use the chain mle:

v _dv i
dr dr dr

mto the chain rule:

AERES

3k
16m7
b Separate the variables.

[rer = f]éif dt

You need to find — 1n order
s

dr dl’ ;
to connect — and — . using
dr dr

the chain rule.

dif k drv .
Substitute — = — (given) and — =47 (from =)
¢ ¥V dr

3 ; 4
Substitute 7 = Em" and note that

4 1
15 the same as = by =
dmr

B 2t A ——— Integrate each side and include constant
.. %

of integration.

© Pearson Education Ltd 2C
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IMultiply by 6 and take the sixth root to
Zve 7
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Review Exercise
Exercise A, Question 41

Question:

At time r seconds the length of the side of a cube is x cm, the surface area
of the cube is § cm’ . and the volume of the cube is V' cm’ .

i 3 T =]
The surface area of the cube is increasing at a constant rate of SEcm™ 7.

Show that
dv k& .
a — =—_ where k15 a constant to be found,
dr x
dF & 2}}3 .
dr
Grven that 7' =8 when =0,
C solve the differential equation in part b, and find the value of ¢
when V7=162 . E
Solution:

PhysicsAndMathsTutor.com
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Let S be the surface area

5 _— |The surface 1s made up of six squares
g = g / each of area x° .
ds
R = 12x @uees
Differentiate to give — .
d}.‘
Given that dar 8 — This comes from the information
that the surface area 1s increasing at
Use d,S ds  dx a constant rate of 8 cm’s ™"
o cat
dr dc ar ‘\
[Use the chain rule to connect
dx ds dSs dx
S8 = 12xx— and
dr dr T de dr
cdx g
Ut 12x '\
2 8 _2 dx 5
= —wherek P Make — the subject of the formula
X 12 3 dr
b
V = x < The volume of a cube is x° .
E = 3.‘{': -+
due =TT i _ —av
Differentiate to give e
Use i
dV ar od dV d¥v
dar = dr "I - Use the chain mle to correct T
= Al and E
X dr
= 3kx=12x
o '}I»% — A V=x",s0 x=F"
c Separate the variables
dVv
[=[2a
173
1
{ 34y = [2 dt *————————— [Integrate and include an arbitrary
. constant 4.
1e. lV +A4=2r
7

Use the imitial condition to find 4.

But " =8 when r=20

3 x4+ 4=0
2
1e. A=-6
: iI 3—p=2
2
when
v = lﬁﬁ * L‘Subsrimte V= 16-\5 into the solution of
- e he differential equation to find 7.

PhysicsAndMathsTutor.com
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Review Exercise
Exercise A, Question 42

Question:

Liquid is poured into a container at a constant rate of 30 cm® s~ . At time 7

.
5 g : L ¥ = 1 . |
seconds liquid 1s leaking from the contaimner at a rate of —F cm’™ 57 .

where 7 em’ is the volume of liquid in the container at that time.
a Show that

—15£= 21 —450.
dr

Griven that 7 =1000 when r=10,

] find the solution of the differential equation, in the form 77 =£(r) .
c Find the limiting value of Fas r — @ E
Solution:

PhysicsAndMathsTutor.com
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his 1s liquad being poured in|

T
2
=30-—F

15

dV’
dt

a
Multiply this equation b}f‘N

17
< —or =450

dt ‘\

o.—-13

b Separate the variables:
I" —15dV _ I‘dr
J o —450 J

L

nd increases the volume in
he container.

Page2 of 2

This 1s denoting the ligud leaking out,
50 decreases the volume in the container.
So you need a minus sign.

This answer was given in the
question.

15
_Tln |2V —450=t+c

Given that 7" =1000 when r=10

—15
.-.%mlsﬁo - e
N
g 1550 '
F__"1 .y
o - N )
775 1
V—225 3,
; ek = e 15
775
¥V = 20547756 &

]r
c Ast—omels 0 ‘\

o limiting value of 715 223

© Pearson Education Ltd 2C
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Integrate and include a
constant on one side of yvour
Equation.

Use the initial condition to find c.

Collect the two In terms together
-15
—{In(2¥ - 450) - 1n1550]

15, 2F—430
=——Ihn————.

2 1530

Take exponentials of both sides.

Make I the subject of the formula.
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Review Exercise
Exercise A, Question 43

Question:

Liquid is pouring into a container at a constant rate of 20cm’ ™ and is

leaking out at a rate proportional to the volume of the liquid already in the

container.

a Explain why, at time ¢ seconds. the volume, cm’ _ of liquid 1 the
container satisfies the differential equarion

dV’

dt
where I is a positive constant.
The container 1s initially empty.
b By solving the differential equarion. show that

=20-kV,

V=A4+Be",

giving the values of 4 and B in terms of k.
ra

=10 when r=35.

(iven also that
dr

c find the volume of liquid in the contamner at 10 s after the start. E

Solution:

PhysicsAndMathsTutor.com
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.
cm’ &7

a Rate of change of volume is 1
"

- gy
Increase is 20cm’ s

% Explain the minus sign

Decrease is k¥ cm’ s . where k is constant of proportionality. fpnd the function of the
constant k.

v

L —=20-kF
dr
h Separate the variables:
{ di” " i dt
Y20k - You need to include a constant of
1 / integration o
—E]n W-ikVFt+c
When =07V =0 4— You were told that the container was
1 initially empty ie. =0 when r=0.
—; In20 = € ‘_‘_\_\
Use this to find ¢
1. 20-kV

S——In = t
k20 T

— (Combine the two 1 terms together as

Multiply both sides by —&

1 1. 20-%F
—;[_ m(Z0—kF)—1In20)= —;ln =
20—V -
~ln a8k = —it
20
20-kV  _ o7 4————— [[ake exponentials of each side.
20
~kV = 20-20eF
L E_ E oMy 4——— Rearrange to give V as the subject of the
) ok formula.
20 20
1e. A=— and B=-—
k

Differentiate the equation *
c

S 7
av _ 20~ LSS Differentiate to give ﬂ
dt d
] . dl .
Substitute — =10 when =3
dr
-10 = 207 +—— [use the given information to find &
- = 1
Tl = —
2
Taking Ins:
1 .
-5k = hl;or:lk:hﬂ
1
Sko= E].:ll 2or0.1386 (4dp)
Substitute mnto equation *
100 100(1 |L 4 [This 1s the particular solution of the

r
== lifFarantial armaatinn

PhysicsAndMathsTutor.com
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Review Exercise
Exercise A, Question 44

Question:
2x-1 : i .
a Express —————— 1n partial fractions.
(x—12x—-3)
b Given that x = 2 | find the general solution of the differential
equation

(2x—3)(x—1 }i =(2x—1)y.
dx

c Hence find the particular solution of this differential equation that
satisfies ¥ =10 at x =2, giving vour answer in the form y=1f(x).
E
Solution:
a
2x-1 A B

C-DEx—3) 1) 2x-3)

A=-land B=4 =
_\_\_\_—_—_\_\_\_—_—_\_‘_\—\_
2x—1 -1 4

4 *

E-D0E-% i1 %3

b (2;‘—3}(1‘—1)%2 (2x-1)y
X

Separating the variables.

{d_l - [ Cx—1Ddx
¥ “ (2x-3(x-1)
Sy = { -1 d.x—'F 4 dx
“x—1 AR e
= —In|x-1|+2In|2x-3|+c
Iny = —In|x—1|+In(2x-3)’+InA
]_n_]' = hldiw
(x—1)
) A(2x-3)
R 'L' e —_—
' (x-1)
c Grven 1 =10 when x=2
S10=4 «
- Particular solution1s —— ———u
e 10(2x—3)
(x-1)

© Pearson Education Ltd 2C
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Use denominators (v—1) and

(2x-3).

Compare numerators to find 4 and
B (see earlier gquestion 1).

Use the partial fractions from part a to
split this fraction.

These fractions can be integrated to give
In functions.

[Express the constant as In 4.

Combine the In terms nsing the law for
combining logs.

Malke y the subject of the formula.

[Use the given coordinates to find the
walue of the constant.
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Review Exercise
Exercise A, Question 45

Question:

The rate of decrease of the concentration of a drug in the blood stream is
proportional to the concentration C of that drug which 1s present at that
time. The time ¢ 15 measured in hours from the administration of the drug
and C 1s measured in micrograms per litre.

a Show that this process 1s described by the differential equation
dC - : .
Y =—kC , explaining why & is a positive constant.
I
b Find the general solurion of the differential equarion, in the form
C=1f(1).

After 4 hours, the concentration of the dmig in the blood stream is reduced
to 10% of 1ts starting value C,.
c Find the exact value of i E

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Page2 of 2

1C
a c{? 1s the rate of change of concentration. +—— Explain the term %
b —kC . b k is th f ionality
v . because & 1s the constant of proportionality. o Explain the nature of k.
The negartive sign and & = 0 indicates rate of decrease.
b Separate the variables. \\ Explain the negative sign.
I s I "Ll
C .
InC = —kt+ln4 «+——— [Give the constant of integration as In.A.
where In 4 is a constant.
© — " ibie R A
i s = ‘ombine In =In 7
A E
o i +-
o = B TR Take exponentials of each side of the
C o Equation.
c When t=0,C=C|
‘R The starting concentration 1s C, .
=C, = A
5 C _ Cu i
S The concentration 1s 10% of its starting
when =4 0= i(-, 4/”/ walue after 4 hours.
T
1 sk
... ﬁ Cl:' = Cnf
s o= 10
te.dk = Inl0 ____— |As an exact value of & 1s requured — give
T llnl[] g T this answer.
2 2

© Pearson Education Ltd 2C
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Exercise A, Question 46

Question:

A radioactive isotope decays in such a way that the rate of change of the
number, N of radicactive atoms present after ¢ days. 1s proportional to N
a Write down a differential equation relating N and ¢,

b Show that the general solution may be written as N = 4e™™  where
A and k are positive constants,

Initially the number of radioactive atoms present is 710" and 8§ days

later the number present is 3% 10"

c Find the value of k.
d Find the number of radioactive atoms present after a further § days.
E
Solution:
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W / i—‘? is rate of change of V.
(a1 o : o i
a = —iN _ where & 1s a positive constant.
dt *———_____f_
o ———
|k 1s the constant of
_ proportionality.
] Separate the variables
AN : — sign because "decays’
J N = __J k dt pmplies that V is decreasing.
N = cHthAd o :
, — [Put vour arbitrary constant as
P TEAR— n 4
:I-d—-—__%_______
N - ——— [Collect the In terms, as
G s = T _-"'l'T
A InN-lnd=In—.
.. _I,\'.:I' — d‘ie_ﬂ * P
c When t=8,N=7x10% —_

710" = o4
when =8 N=3x10"
- 3x107

[

Take exponentials to give the
required answer.

Initially — means when =0
substitute into equation *

Page2 of 2

Substitute =8 N =3x10" and

A=7x10" into equation *_

Tale Ins of both sides of the

Equation.

A fter a further 8 days means that =16 .

- =
o8k =
Lk = l].!.‘1 E =0.394 (3s1)
8 | 3|
d When r=16 o
_‘_\_\_\_‘_‘_‘_‘—'—-—..
_ va —!]r_g
4:"*' = ? x ].D”E' i \
= 710t
B ?X](}:E o
4500

-

. i 0 .
Substitute 4=7x10" k= 2]11% nto
3

equation * .

1.286 %10 (4 s.f)

‘+r-—

(rive your answer to an appropriate

ACCuUracy.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 47

Question:

The volume of a spherical balloon of radius » em is I em’. where

3
., d¥
a Find —.
-
The volume of the balloon increases with time r seconds according to the
formula
d¥V 1000
=——¢t=0
dt (2r+1)°
b Using the chain rule. or otherwise, find an expression in terms of »
and ¢ for d—’ ;
dr
c Given that F=0 when r=0, solve the differential equation
dir 1000 R
—= — to obtain 7 in terms of .
dr (2e+1)
d Hence, at time =3,
i find the radius of the balloon, giving your answer to 3
significant figures,
ii show that the rate of increase of the rads of the balloon 1s
approximately 2.90x107 ecms™ . E
Solution:

PhysicsAndMathsTutor.com
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4

V = —m

3

i = Am

dj.
h From the cham rule:-

E = ¥ * i < Use the chain mle to connect

dr dr df A dr dr

s & w
o 1000 F e '
dr (2r+1)
1000 , dr

= = dar” x—

(2e+1) dr

dr 250
S— = e U -— dr i
dr T2r+1)yw Make % the subject of the formula.
f
c dV o 1000 i
dr (2r+1)

Separating the variables.

[ar =

. I,’

But I"=0 when r=0

S0o=
1e.c =
ol
d (i)

(1)

dr

This integration 1s reverse of the
t_'_,..--""_f’ chain rule.

[- 1000
J 2r+1)

T e

Do not forget the constant of
integration. .

—300+c¢
500 -
00— 500
(2t+4+1)
When r=3,
V = 5DD—L.G
11
= 4545---
Using
P e gdsasys
3
A 477 (3s.£)
Substitute »=4.77. r =3 into *
_dr

s —=00289.__~290x107
dr

© Pearson Education Ltd 2C
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Use initial conditions to find ¢.

to find the radius »= |-

Find volume and then use V' = %ﬂ

3

+—— [Use the answer to part h.
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Review Exercise
Exercise A, Question 48

Question:

A population growth is modelled by the differential equation ;E:;:P,
r

where P 15 the population. r is the rime measured in days and ¥ 1s a
positive constant.
Given that the mnitial population 1s F.

a solve the differential equation. giving P in terms of F. fand ¢.

Given also that £ =25,

b find the time taken, to the nearest minute, for the population to
reach 2F, .

In an i1mproved model the differential equation 1s given as

dP

1 = APcos At. where P 1s the population. t is the time measured 1n davs
¢

and A 15 a positive constant.
Given, again, that the imtial population 1s F, and that time 1s measured n

days,
c solve the second differential equation, giving F mn terms of F. A1
and 7.
Given also that A =2.3.
d find the time taken, to the nearest munute, for the population to
reach 2F, for the first ime, using the improved model. E
Solution:
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a

9 e
dr

Separate the variables.

[
B
SInP o= B+nB —
(as P=F, when t=0)

_er

e

InP-InP =kt

; P
1e. e e e
£

i3
A
=
I
-2
F 3

25
= 0277 _days

= 6650 *
= 6 h39 nunutes

1P
c 2 APcos At
dr

Separate the variables.

— |In £ 1s the arbitrary constant which 1s

found from the imitial condition.

—— [Collect the two In terms and use the

law that InP—In F, = T.ng.

Take exponentials and make P the
subject of the formula.

Take Ins and make # the subject of the

formula.

The units are days and need to be

converted to minutes, so multiply by 24
then by 60.

{ E = { Acos Ar dr
B P o
“InP = smdAt+knF
P
Sln— = sin At
2
g ik P gt The method 1s similar to that used in
part a.
d Substitute P=2F and A=25
ei'_ll] 5t i 7
sn2 3 = In2
25t = sin"(ln2)
¢t = 0306days <— [Use radians to calculate sin” (In 2).
= 7353h
= 441 mins or
72l min 4+—m——— IAgain change the time from days to |

PhysicsAndMathsTutor.com
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Review Exercise

Exercise A, Question 49

Question:

i 02 04 1,/

The diagram shows the graph of the curve with equation

y=xe" x=0.

L]

The finite region R bounded by the lines x =1, the x-axis and the curve 1s
shown shaded in the diagram.

a Use integration to find the exact value of the area for R

b Complete the table with the values of ¥ corresponding to x =04
and 0.8

X 0 02 04 0.6 08 1
y=xe’* 0 029836 1.99207 7.38906

c Use the trapezium mle with all the values m the table to find an
approximate value of this area. giving vour answer to 4 significant
figures. E

Solution:

PhysicsAndMathsTutor.com
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u

v

o 2, le: A simpler integral than I..H ﬁn:iJ.' :
L4~ 4] -
_ 1., 1 —
= o _1 Apply the limits on the wv
term and to the integral term.
b
X 0 0.2 04 0.6 0.8 1
¥ 0 0.29836 | 0.89022 | 1.99207 | 3.96243 | 7.38906
\ IComplete the table to find
c the values of v.
I = %x 0.2/0+2(0.29836+ 0.89022 +1.99207 +3.96243)+7.38906
= ID.I:EI.IST?-EE;
= 2168 (4s1)
© Pearson Education Ltd 2C

du
= _1-::;—:]_
dx
= le‘tx {:E: EEL‘ -4
2 dx

- S
—{1 (%e"x

dx

Iy

=
[etu=x and —=e
d}.‘

Complete the table for w, v,

Take care to differentiate u
dv

but integrate —
dx

- d
MNotice that I Ed—“dt 15 a

PhysicsAndMathsTutor.com
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Review Exercise
Exercise A, Question 50

Question:
a Given that y =secx , complete the table with the values of y
' T T
corresponding to x=—,— and —.
16 8 4
x 0 4 ir T
16 5 16 4
¥ 1 1.20269
h Use the trapezium rule. with all the values for y in the completed

table, to obtain an estimate for FEJ' sec x de.

Show all the steps of your working and give your answer to 4
decimal places.

"

The exact value of {]T sec x dx1s In(1+ '\E} .

c Calculate the % error in using the estimate you obtained in part b.
E
Solution:
a
x 0 T T ir T 4— [Complete the table.
16 3 16 4 Ensure that your
y 1 [1.01959 | 1.08239 | 1.20269 | 1.41421 calculator is set to use
: radians and use
b S e S ll
1 : : ; 16} | |16
I = e 1+-2(1.01959+1.08239 +1.20269 ) +1.41421 : - :
lor —
= L 7355 L
3 = 9.02355 c::rs]ﬁ

= 0.88588 . =0.8859 (4dp)

c Percentage error 1s

(0.8859 —In(1++/2) |
In(1+~/2|
0.5136% (4dp)

=100 =

© Pearson Education Ltd 2C
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Exercise A, Question 51

Question:
[ Gl
I: 1_'3 ._.1.‘(—]. d.:\-_
«U
- T [ - :
a Given that y=e . complete the table with the values of »
corresponding to x=2_ 3 and 4.
x 0 1 2 3 4 3
. 1 2 3
J e e =
b Use the trapeziuvm mule, with all the values of v in the completed
table, to obtain an estimate for the oniginal mntegral I, giving vour
answer to 4 significant figures.
c Use the substitution #=+/(3x+1) to show that [ may be expressed
b o » 5
as { kte' dr . giving the values of a, & and k.
d Use integration by parts to evaluate this integral. and hence find
the value of I correct to 4 significant fisures, showing all the steps
in your working. E
Solution:

PhysicsAndMathsTutor.com
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a
X 0 1 p 3 4 5 +— [You could
¥ gl el 14094 | 23624 | 3p.802 et complete the table
with e, ¥
b . and ¥
E = Ex1|e‘+2[e1—14_094—23.&24—36_802}+e*
= lx 2211 .
2
= 110.6 (4s.1)
» P J '5 Vel gy o You need to replace each
40 i term with a
Let corresponding f term.
t = JGEx+1) First ?ephce dx with a
4 g o3 term 10 di.
— = —((Bx+1) *=—
dx 2 2
Replace dx with %dr “— Use r=,J(3x+1) to
change the limits. When
X f
0 1 x=0,r=1 and when
3 1 x=5t=4.
4 4
N : ;
SoI=[¢-2Lar= [2re' ar
"I 3 3
: 2
1e.a=1b=4 and A_=E'
d
2 '
v o= E;:,E:E = Let u=—t and d—1=er
30 " dr 3 3 de
¢ dv
¥ = 8 ‘:E—f‘ - IComplete the table for
du dh
v, — and —
7 4 49 dr de
I = Zre' — [ —e'dr
3§ 13
r 4
g 2
3 13
g . ~ -— Apply the limits to both
= —¢' —e——¢ +—e terms.
3 3
= 2e”
= 1092 (4s1)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 52

Question:

The following is a table of values for y=./(1+smnx). where x is in

radians.

x 0 0.5 1 1.5 £
¥V 1 1216 2 1.413
a Find the value of p and the value of g.
b Use the trapezium rule and all the values of ¥ in the completed

table to obtain an estimate of I, where

I=[ J@+sinz) dx E

Solution:
4 ) +———— [Your calculator should be in
p = 1357(3dp) radian mode.
g = 1382(3dp)
b Using the trapezium mle

ey
Il

%<0.5[1+ 2[1.216+1.35?—l_413)—1.382]

= 0.25x10354
= 2.5885

= 2.589 (45.£)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 53

Question:

i} 1

The figure shows a sketch of the curve with equation

y=(x—1Dlnxx=0.

a Copy and complete the table with the values of ¥ corresponding to
x=15and x=25.

x 1 1.5 2 2.5 3
¥ 0 In2 2In3
Given that [ = |']°(x ~Dlnxdr.
b Use the trapezium rule
i with values of v at x=1.2 and 3 to find an approximate
value for { to 4 sigmificant figures,
il with values of y at x=1.1.5,2.2.5 and 3 to find another
approximate value for [ to 4 significant figures.
c Explain. with reference to the figure, why an increase in the
number of values improves the accuracy of the approximation.
d Show. by mtegration, that the exact value of {f{.‘c—l}ln xdx 1s
3
—In3. E
2
Solution:

PhysicsAndMathsTutor.com
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a
x 1 1.5 2 2.5 3
: D5Inl5 In 2 15In25 21n3
-
_‘———____ F - v
h i Trapeziom rule with 2 strips ok iy lave you

Answers in terms of
In at this stage.

I = %xl:ﬂ+3xm2+3h13]
= lx3.5835...
2
= 1792 (4s.1£)
ii Trapezinm mule with 4 strips:
I = l.\( U.ﬁ[G—l— 3{[}.5]111_5—1n3—1.5]112.ﬁ]—2lnﬁ-l +— | Show all vour
- ) working.
= 0.23x6.737836---
= 1684 (4s.£)
c The trapezia are closer to the required area when there are more strips.
o A 44— |A diagram can help
#_,;faj_fff' : vou to explam.
‘5:.::::_,_.-—" } | .
[}] 1V 2 X
d Letf={[x—l}h1xda:. —— letu=Ilnx and
! . 1
—=x—-1.
uo= an;:}E:l dx
dr x
3 < Complete the table for
X dv
v = ?—ICEZI—]_ i da '1_11d£
" TUde T dx
[+ 31 [x°
I = l——xlnl —Il—] e dx
2 J1 x| 2
1 LY
3 . F-\\\ Apply the limits to the uv term
= ?ln?r— I 5—1‘4:11‘ and to the integral term.
= E1113— md—
2 4 !
i
P e 3—3|—‘1—1]
2 4 )l
3
= —In3

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 54

Question:

a . ¥
]

The figure shows part of the curve with equation .f(tanx) . The finite region R,

. . . . T . .
which is bounded by the curve. the x-axis and the line x=>=_ is shown shaded in

the figure.
a Given that y=./(tanx). copy and complete the table with the
_ T im .

values of v comresponding to x=—.— and —. giving vour

16 8 16

answers to J decimal places.

x 0 ks T 3T T

16 8 16 4

v 0 1

b Use the trapezium rule with all the values of v in the completed

table to obtain an estimate for the area of the shaded region R,
giving your answer to 4 decimal places.

The region R is rotated through 27 radians around the x-axis to generate a

solid of revolution.

c Use integration to find an exact value for the volume of the solid
generated. E

Solution:

PhysicsAndMathsTutor.com
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a
¥ | ® x x o x
16 8 16 4
v 0 044600 | 0.64360 | 081742 1
b From the trapezium rule ™
i o ~ mode.
Area == Exl'—ﬁ[ﬁ+3{ﬂ.4469ﬂ+0.64360—0.81?42}—1_
=~ —x481404
32
= 04726
c Volume —

= TITN tan x )  dx
¥}

[Ensure that vour
calculator 1s in radian

~ [Use the formula

v= .-':‘I.J S

[ranx de=1n|cosx|

15 gIVen 111 Vour
formula book.

= ‘TJ tan x dx
j‘ s1m X
= W I dx <
o COSX
= 7| —Incosx ]51
1]
= T —ln—|
] 2]

1
= 7.-].11\5 or ;ﬁlnE

© Pearson Education Ltd 2C
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or T [ln‘sec 31]3‘

Page2 of 2



Heinemann Solutionbank: Core Maths 4

Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 55

Question:

Using the substitution %~ = 2x —1_ or otherwise. find the exact value of

3x

2 b

Solution:

Let =

3x

17@Ex-1)

dx

Let u° =2x-1

du

2u—=2

So replace dx with « du and x =

dx

Also L SO
(2x-1) u
X i
1 1
5 3
So
3@ +1)
I {;.n e

© Pearson Education Ltd 2C
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4+———— [Replace each term in x

u +1

with a term 1 2.

4+————— [Change the limits. When x=1,
u' =1 and when x=35.2"=9.
+———— Simplify and integrate.

+——— [Evaluate the integral using the

mew i lumits.
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Review Exercise
Exercise A, Question 56

Question:

[

The figure shows the fimte region R, which 1s bounded by the curve
y=xe’ the line x=1, the line x=3 and the x-axis.

The region R is rotated through 360 degrees about the x-axis.
Use integration by parts to find an exact value for the volume of the solid

generated. E
Solution:
Use
Vo= .‘r! i
= @ [..a::e dx

u o= = E = 2x

ch.

e . dy .

1 — = ==

9 d'l" -
Let 1 =x" and — =™

dx

di
Complete the table for w, v. IH
x

and d—-L Take care to
dx

: : ; dv
differentiate » but integrate =
£

F g 5 1 ki
rLe. V=ml=e"—=¢" —r[;.‘erd\. = = :
: |2 2 | |_1 +—— This integral 1s sumpler than V/
but still not one you can write
du down. Use mtegration by parts
o= x=—=1 . 7 dy 1
dx again with # = x and K =g
1 5, dv i
1 = iR e
2 dx
9 . X 1 5, . Complete a new table for the
VF = o ?e“ —?e‘ - \'-;&‘ 4 f?e‘* ldx du dv
2 2 ! Yol new wu, v. — and d_
; X
[9:4 1 , R e 1.3
= @lgye —et—mlje — e |l e : .
12 2 2 2 4 | A pply the mtegration by
13 , ™, parts formula a second
= Tﬂ' _:f—' time.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 57

Question:

oF ap

The curve with equation y = 35'111:.05 x=27. 1s shown in the figure.

The finite region enclosed by the curve and the v-axis 1s shaded.
a Find, by integration, the area of the shaded region.

This region 1s rotated through 2.7 radians about the x-axis.

b Find the volume of the solid generated.

Solution:

Area = [35in£cl.x 4+—— [Recall (3) in the mtroduction to
I integration. Integrating a sin function
.:|3N iz1ves a change of sign and a cos function.

.3\
|:—I5cos§]-r - [The 2 here 1s obtained from dividing

1
g by Y which anses from the chain
16 = (—6}] 2

12 rule.

Area
b

p P
= To:2X%
\"OLLIIIIE:TTIQSIII_—dI
.:I S ———

-
Recall cos24=1—2sin’ 4

So sin’ .-1=é(1—c052_~1}

2 3 on X
Y'ou cannot integrate sin” 5 but you can

write this in terms of cos x.

1 X l
So sin” %=E(1—cosx}

N orf
S Vokame = e F (1-cosx)dx
T +———— |You can now integrate each term directly.
9.’:? 2 i d
= —I X+smn x] =
‘;\ U
or
= —x(27-0)
5
volume = 91

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 58

Question:
Use integration by parts to find the exact value of {:1': lnxdx. E
Solution:
Let I= [_EJ.': In xedx ’—— Since there 15 a In x term
du 1 Let 2=Inx and & 3,
¥ = lnxy= = =— dx
¢
' dv 4
} == Lo e e o '
? 3 & dx & Complete the table for u_1-'_E and d—!
dx dx
Using the integration by parts formula. Tdike e s
e R &
1x I "X
I = |—lnx| — —dx
| 3 4 ! 3 =x W T A pply the integration by parts
L formula.
= 93— [T
3 \ du
5 Simplify the v— term.
> o dx
= OIn3i—
9
= Oln3— I 3— ll
26
= 9In3——.
9

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 59

Question:
Use the substitution . =1-2x" to find the exact value of
Lo 3
|E —dx.
(1-x*?
Solution:
Let u=1-x° l N
dui This implies that xdy = e .
Then — =-2x 2
and x” =1—u S—
3 2 44— |Usex =x x and
50 { a = F * vy = [ e d
. i . i

(1—x)2 {l—x']ﬁ ”: Y =l-u with xdr =——.

1 i 1]

== {—di‘f =—= } i T —1ldu =| - +—-'1' | 4— |Stmplify and integrate

R TE -
As limits for x were 0 and % limats for u are 1 and 2 «——— |As the variable has changed. so

= 4 must the limits. Souse u=1—x"
1 N = to find the new limits.
So evaluate | —u? +lu1 [i= —£— 3\]’_ ——(=1+=)
3| 2 3xd 4

33 +——— |[Use the new limits to evaluate
= ) (__} the answer.
JE 3J§

3 8
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 60

Question:
a Express jj_ij_ 2 in partial fractions
2x—3(x+
, § Sx4+3
b Hence find the exact value of F

answer as a single loganthm.

Solution:

Sx+3 A

B

Qxr—3)(x+2)  (2x-3) (x+2) +———

A(x+2)+BQ2x-3)

Qx—3)(x+2)

Chx43=Alx+ D)+ B(2x-3)

il

Y (2x=3)x+2)

E

X . gIving your

Use denominators (2x —3)
and (x+2)

%

Put x=-2_then -7=0-7B=8=1

3 i |
Put x=— then —=
2 2

Z
2
5x+3 3 . 0

A= 4=3

= Nx+2) 2x-3 x+
b

4

2

3 1

d;\.

5 5x+3 L
Lasan® =

g
2x—3mﬂ_l

=_$mh—ﬂ—m@+n

P S

© Pearson Education Ltd 2C
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‘)'
';1119+]118—In4

1097 +In >
4

In27+In2
In 34

]

=

Equate numerators.

< x4 2 *— [Rewrite the integral using

artial fractions.

—— [ntegrate and do not
forget to divide by 2.

Substitute the liumats
moting Inl=0_
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Review Exercise
Exercise A, Question 61

Question:
a Use mtegration by parts to find
[xcos 2x dx.
b Prove that the answer to part a mav be expressed as

—smx(2xcosx —smx)+C,

where C 1s an arbitrary constant. E
Solution:
a Let I = I‘xcosExdx — dv
. Let u=x and — =cos2x.
d}'.
H o= x= £ |
do
1 A Complete the table for
v = —sindye—=cosdy 4« du dv
2 dx u.v,— and —.
dx dx
_ 1 . 1.
2o f = —x;mfr—{—smh‘-ldx
2 2 e —
1 ~——————— [This integral can now be
= gk sin 2).'—10:}5 2x+c integrated directly.
. 2
1 : 1 . &
oI = —x2smxecosx+—(1-2sin” x)+¢
2 i
= lsin x(2xcosx—sinx)+—+¢ T [Use double angle formulae:

2 sin2x=2smxcosx

and cos2x=1—2sin" x.

L — cycoon oy
—sinx(2xcosx—sinx|+c

2 \

Where ¢’ = - +c.
4

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 62

Question:
Use the substitution =27 to find the exact value of
1 2.'(
[—adx. E
J0(2° +1)
Solution:
i 2.‘(
Let /= [——dx.
PR
Let u=2"
- [Youneed to replace each "X term
du R 2 T
— =7".1n? with a corresponding i’ term.
d}‘
Replace 2% dx by l%d”'
n A 3 .
—— |Change the limits:
E {lf ﬁ when x=0.u=2"=1
1 2 r=1lu=2'=2.
t 11
Then I = {— du
;E+ln2
L linqu+1))
= EI 11+ )]l
- L[Inﬁ s, 1112] P — L'se. the limits for & to evaluate
In2 the mtegral.
1 3
= —In—.
n2 2

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 63

Question:

Ly | 4

o

The figure shows a graph of y=x/sinx 0 <x =< 7.

The finite region enclosed by the curve and the x-axis 1s shaded as shown

in the figure. A solid body & 15 generated by rotating this region through

27 radians about the x-axis. Find the exact value of the volume of 5.
E(adapted)

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 4 Page2 of 2

Volume = ;‘:‘f{xﬂsmx}' dx —— ep v= I[_Tld:r_
a J
= ,T{J:] sinx dx
Use integration by parts. — : dv .
Letw=x" and —=sinx.
X
o= 'l.']:>d“_ﬁ.1'
£ == o T 1
‘\_\_\_‘_‘_‘—\_\_
dx . e i
P R e Complete the table for u.v.—
dx 4
v
and —.
= ] dx
S Volume = 7 |F—x' cosxli— [— 2xcosxdx |
_ x| 2+ [Excnsx de | «—— This_ integral 1s s-unp].e; than the
) A origmal one but vou will need to
use integration by parts again,
i dv
du ; —, o
i e 23‘_:,?=_ with w = 2x and n COS X .
X

-
Il

. dv
SIIY & —=CO05X
d‘;\.

S Volume = ’-'|:T1 —[Exsinx]: s }‘lsinx do |

————— [This term becomes zero as

= zT|:Fr3+[2c051']; ﬁ Yt D,

= x( 7 +[-2-2])
. T(7 —4)

= T —4r

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 64

Question:
a Find [.tcoslr dx .
b Hence, using the identity cos2x=2cos” x—1. deduce
}-J; cos vdx. E
Solution:
a Let I= J‘xcos 2x dx 4+—— use integration by parts and
' dv
let ¥ =x and —=cos2x.
da du
u = x=>—=1
1 . dv
- — ety g - = - -
= ) BN dx R 2 Complete the table for .!.'.1'.d—”_
dv
I o= lxsiuzx— [.lsinb'.ldr i di
2 it

| 1
= RreEn 2x+ - cos2x+c o [Donot forget to add the
¥ constant.

b I..'o[E-::-c:us,2 x—1dx=1T
So I‘;\'ms2 x d'c:lf—l [1 dx
; 7 7.

= }lxsin 2.r+lcos %
|4

—ix"-l-c
I 4

© Pearson Education Ltd 2C
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Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 65

Question:
24’+y _ .. B C
Cx+D(2x-1) e 2x+1) (2x-1) -
a Find the values of the constants 4, B and C.
b Hence show that the exact value of
3 It
i U B S
L 2x+1D)(2x-1)
giving the value of the constant k. E

Solution:

PhysicsAndMathsTutor.com
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a Let
A2
£(x) _ 2 +l)
2x+1(2x-1)
_ 8x*+2
4x* -1
2r4
g iy | 85’ 19 4+—— [Divide the denominator into the
/ numerator.
8x' —2
4
~f(x) = 2+;
2x+1)(2x-1)
| B _ : ;
= P « Express as partial fractions, using
x+l 2x-l denominators 2x+1 and 2x—1.
/ Y G I
SR 4 _A@2x-1)+B(@2x+1)

Qxr+102x-1) Qx+DQ2x-1)

Equate mumnerators

4= AQx-1)+B@2x+1)

Put
1
X = :;4=EB=:-B=2
1
x = —;:4=—2‘i:~.-i=—2
2 ) .
Lf(x)=2

T Q2x+D) Qx-1)
or A=2.B=-2.C=2

b
1 1 " ?
. i o SR 1 :
N -!-f{l’l d [‘_ 2%+1 2x—1 4+ |[Use the partial fractions
) 3 from part a.
= [2x—In|2x+1|+In|2x-1]]
= 4-In5+n3-(2-1n3) Integrate each term using
= 2-In54+2In3 £(x)
- b jﬂﬂch—unﬂﬂ_
= 2+ ]nE :
5
Use the laws of Ins to
combine the log terms,
: e noting that
L km ey Jn3=In3 =1n9.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 66

Question:

f(x)=("+1nx.

Find the exact value of [:f (x) dx.

Solution:

Let 7= (*+1)Inx e
Let
de 1
Moo= Inx=—=—
x X
R i+1‘<:£=(l'2—1} —
3 dx
Using integration by parts:
- v n 1 ¢ 3 v
I = l[lT—xJ'].nx: - {—Il Jl—+Jr‘ dx
3 LN 3 ;
L | ‘___,_,_.—'—'—
f e:\ \II gy _L_] 4
= el =+ dx
g o {l 3 ")
b e ——

1}
w
.
+
o
|
—
|>-«
|
)

1l

| O
+

(a']

|
e
o |,
+

"

|

|

|

i
T

Use integration by parts with

u=Inx and so £:x3+1.
dx

d
IComplete the table for zm-‘.i and

E
dr

— |Apply the limits to the wv term

and to [‘LE de .
Y {h.

Evaluate the limits on uv and
remember Inl=0.

— é.::gc-‘- +10) +————— This 15 an exact answer.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 67

Question:

The curve C 15 described by the parametric equations

x=3cost,y=cos2t0=r=nm

Find a Cartesian equation of the curve C E
Solution:

x=3cost +——— [Rearrange to make cos ¢ the

A subject of the formula.

y o= cos 2r
= Jcositi—1 o Use the double angle formula.
— " [ x } 1

y.o= 4 3 - Eliminate ¢ to give a Cartesian

EquAarion.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 68

Question:

The point Pla.4) lLes on a curve C. C has parametric equations

x=3tsint, y=2sect,0 <t = —~ Find the exact value of a.

Solution:

Put y=2zectr=4 -

Then sect=2

&

: 1
So cosfr=—
2
.t = —
3
a
X = 3—sin—
3 \
. V3
i1e. x=T
3 -—
F —‘——\_\_\_\_\_\__\_\_\_\_
T ——
3 =
Soa=

© Pearson Education Ltd 2C
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E

Pagel of 1

|As point P has v coordinate 4.

MNow solve the resulting
trigonometric equation.

(Give your answer in radians as

Gers,
2

Substitute the value of ¢ into
x =3fsint.

This 15 the x coordinate of P and
ko 15 equal to a.
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Review Exercise
Exercise A, Question 69

Question:

A curve has parametric equations

.2 ) x
x=2cott,y=2sin"¢,0 -H‘SE.

; : dy .
a Find an expression for — 1n terms of the parameter .
’
b Find an equation of the tangent to the curve at the point where
f=—.
4
C Find a Cartesian equation of the curve in the form y=1f{x).

State the domain on which the curve 1s defined.

Solution:

PhysicsAndMathsTutor.com
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a
r = 2cott,y=2sin"t T :
: = i +——— [Use the chain mle to
dr  _ T dy _ T, differentiate 2sin’ 7
dr dr
+— | dy dy dx
dv s Use —=—=—.
. S de dr  dr
dx —2cosec °f
= _2sin’feost +— [S1mplify using
cosecf=——.
sin t
bA T di 5 | 1Y | 1) Find the valus of th Y
tf=—, gradient =—=*| —=| *| —7=| +— [Find the value of the gradient
A28 EI ﬁi z
1 of the curve at 1=— .
= 4
The coordinates of the point where = — are:

IZE__TZEX[F

N
5 &

. The equartion of the tangent 1s

(-1

_1{1-_ 2) 4+——— [The tangent has the same
2 eradient as the curve.

-1
—x+2.
2

o

x
¢ As x=2cotf.cott=—.
2 «+«——— [Rearrange to make cotr and

2 3
cosec ¢ the subjects of the

] -1 :'.'
Alsoas v=2sin f.sin” = and
2 formulae.

T
cosec f=—
=

use 1+cot’ f = cosec 't 4—«——— [Write down the relationship
FoNE between cot” t and cosec °f .

x| 2)
‘henl_l?? ) T/ = _
£ ¥, Eliminate ¢ to give a

(2} 44x Cartesian equation.
¥ : 4 FRE——— Take the reciprocal of each
B 4 side of the equation.
|l ?J - __1__. .".':
8
|.1 : = .l
4+
As O<t<— cotr>=0

As x=2cott.x=0
This 1s the domain of the function.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 70

Question:

A curve has parametric equations
x=7Tcost—cos 7 yv="Tsint—smn 7t

T T

—_— e —

8 3

: ; dv .
a Find an expression for — in terms of 7.
dx
You need not sumplify your answer.

b Find an equation of the normal to the curve at the point where

I s sib T x
t=— . Give your answer in 1ts sumplest exact form. E

Solution:

PhysicsAndMathsTutor.com
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a
x = Teost—cos Tty =Tsint—sin 7t
dx . o dv - -
— = —TJemr+7smn7r—="Tcosr—TcosTr
dt dt
using the chain mle :
dv _ Tcost—TcosTt
dx —TUsinr+ 7sin 7t

b When t ==

o | =

?x%—l—?xﬁ

Hs —T= . T
z
3
—7
- 5
- Gradient of the normal at the point +———
w. 1
where r=—1s —.
6 3

Ll [ ]

I

When =

~. Equation of the normal 1s

1 -
y—4 ﬁ(x—w'.?}
“ 3

© Pearson Education Ltd 2C
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+«— |dy _dy dx

dc  dr dr

m

Substitute = g to find the

eradient of the curve.

Use mm' =—1 the condition
for perpendicular lines to
find the gradient of the

mormal.

Find the co-ordinates of the
point on the curve when

il

r=—.
]

Use y—3, =mix—x) for
the equation of a straight
line.
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 71

Question:

A curve has parametric equations

™
FL!

x=tan" r,y=sinr,0=r=

-
. . dy .
a Find an expression for d_ in terms of 1.
X
You need not simplify yvour answer.
b Find an equation of the tangent to the curve at the point where
x
t=—.
4

Give vour answer in the form v =ax+ 5. where a and b are
constants to be determined.
c Find a Cartesian equation of the curve in the form y" =f(x}). FE

Solution:

PhysicsAndMathsTutor.com
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a
x = tan’ 7,y = sint e
o 5 dy
— = 2tanfsec” r.—=cosf
dt dt
using the chain rule:

dv cost
_:—_' .-—
dx 2tanrsec ¢
b When ==
4
1
S -
v _ V2
dx 2% 1% (\[2)°
_ 1
ING
T 1

. Gradient of the tangent where 1 =— 1s :
4 42

Avr=C v=1y=1—
4

V2

The equation of the tangent 1s:

1

¥ B i Y

1 - —
N A
Lo L 3 2 3
™

: -—
= l—cos ¢
1
= 1— - -
gec” f
1
= 1— -
l+tan“ ¢t +#——-—
»
= 1— or ¥ =
X 1+=x

© Pearson Education Ltd 2C
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Use the chain mule to
differentiate tan” r.

Substitute F= E to find the

wvalue of the gradient of the
curve.

Find the co-ordinates of the
point on the curve where
r=ml4.

The tangent has the same

oradient as the curve at the
)

point l]%J ;

Use y—y, =m(x—x).

= 1 i 3
Use cos  r+sm r=1.

1

cosft

Use sect =

Use l+tan f=sec ¢

Eliminate f by using

tan" f=x.
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Review Exercise
Exercise A, Question 72

Question:

The curve shown in the figure has parametric equations

, f =y = s
r=sinf,}= emt r——] et
. 6/ 2 2
a Find an equation of the tangent to the curve at the point where
a
t=—.
6
b Show that a Cartesian equation of the curve 1s

_1'=ﬂ'§x+%-\ﬂ(1—x:}.—l-=1-x-=111. E

Solution:

PhysicsAndMathsTutor.com
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a
x = sin# '=';iﬂ|:.?—£\Il
- y=siali*g)
dx dy ()
—" = cose‘.;=coslr+—J
dr dt \
using the chain mle:
] I
dv CDSU—I__} dv dr dr’
cb; cost
At the point where 7 = % :
1 - . T i
dv gy 1 Substitute = E to find the
dx 3 \E - oradient of the curve which 1s
also the gradient of the
T It t.
*. Gradient of the tangent at + = E 15 % : anzel

Alsoat t=

=] V=—

2

r 1
P
Equation of the tangent 1s:
B 1)
R o J
5

> BV 2
1 3

1
Ly = \EJ: ﬁ B3

2
. 3 3
1.E. _‘I' =TT

3 3

; T
' = 1 t+—
) sm( )

sin fcos— + cosfsin—.
6 6

= £Slﬂf——CDST
P

As x=sint , using cos’ f=1—sin’ ¢t

means that cost =+/1—x"
V3

| .
.._'I.'=TI+E"I.'(1—.‘L' )]

As —l=sint<l=>-1l=<x<1.

© Pearson Education Ltd 2C
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Find the values of x and ;

when t=—.

+— [Use y—y, =mi(x—x) for

the equation of a straight
line.

— [Expand. using addition formmula.

T 3 . 1
Replace cosg by -y and Eiﬂg by 2

+——— [Eliminate ¢ by using

sinf = x and

cost=YV(1-x").
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 73

Question:

The curve C has parametric equations

I:L_J =L_-1-..‘:r-.:,l_
147 1-¢

The line / 1s a tangent to C at the point where ¢ = 5

a Find an equation for the line /.
b Show that a Cartesian equation for the curve C'is 3= Gt
G
Solution:

PhysicsAndMathsTutor.com
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A <
1 1
x = —. V=
1+t 11—

& _ 1 & 1

dr (1<) "dt (1-0°
Sy _ (1)’
Cdx (1-¢)

At the point where ¢ =

2

dv
dx

|

Differentiate (1+£)" and

(1—)™" using the chain rule.

& _dy_de

Use : ;
de dr dr

. 1
1 Substitute = - to find the
4 eradient of the curve and thus
= =9 the tangent.
. 1 .
. Gradient of tangent, where r= .18 —9.
" 41“— Find the values of x and y
Also x=—= and y=2 where t=—. . 1
3 7 when =~
-. Equation of tangent is —
Y -
‘1'—32—9..1'—5! +—— Use y—3, =m(x—x).
1e. y=-9x+8
1
b As x=—0
1+¢
1
I+ = —
X
1 +—— [Rearrange to make ¢ the
ro= :_1 subject of the formula.
; : 1
Substitute mto y=——
-1
1 — —
Ly = 71 3 +—— [Flininate ¢ and simplify the
i l ——1| fraction multiplying
x numerator and denominator
_ 1 by x.
.
x
_ x
2x—1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Core Maths 4

Solutionbank C4
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Review Exercise
Exercise A, Question 74

Question:

] -\___h
iy

The curve shown has parametric equations

1
x=t+—,y=t—1fort=0.
i

a Find the value of the parameter ¢ at each of the points where
x= 21.
2
b Find the gradient of the curve at each of these points.
c Find the area of the finite region enclosed between the curve and
: 1
the line x= 2?. E
Solution:

PhysicsAndMathsTutor.com
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1
a x=t+—yv=r—l1lfort=0
F

1 1 1
[ — T =
As x _2.} P -
O |
St =2—t+1 = 0
2
1e2t=5%+2 = 0
S(2e-D(r-2) = 0
=}-I=%DI3
b
dr t- dr
dy 1 ¢
S |
1
When r=l., gradienr=i=__1
2 1 3
——1
4
4 4
t=2, gradient=——=—.
gradien T
c
. dl-
Area = — dt
ea .[J dr
9] ( l
= [ie-p|1-|ar
= [r-1-teta
3 | S ¢
= I——.r—lnr—ll
2 ti
use of limits + =2 and t=—to give
area = —}112—1—‘1—1_1111_
2 18 2 2
1 -
= 15—21112:0.4883

© Pearson Education Ltd 2C
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MMultiply both sides of this
equation by ¢ and collect the
terms to give a quadratic

equation.
Find E and d—1 and use the
dr dr
chain rule T O
dr dr dr

4+— [Substitute the values of 1

found in part a.

Substitute v=r—1 and

dr_ 1
dr r

FExpand the brackets.

Pntegrate each term.

Substitute r=2 and £ =

1d | =

then subtract.
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Review Exercise
Exercise A, Question 75

Question:

The curve shown in the figure has parametric equations

x=t—2sint,y=1-2coss,

0=t=<2m

S

’ i3 y
a Show that the curve crosses the x-axis where = E and = T ;

The finite region R 15 enclosed by the curve and the x-axis. as shown

shaded in the figure
b Show that the area R 1s given by the integral

iz

ff[l =32 cosr}:dr.

c Use this integral to find the exact value of the shaded area. E

Solution:

PhysicsAndMathsTutor.com
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a The curve crosses the x-axis when yp=10_
As y=1-2cost, when y=0

cosf=—
2
T W
S — e —.
3 3
b Areaof R is given by J_T1E dr
g dr
As x=r—2sinr,
E=1—2<:'::l;r_
dr
- Area = I.;T(I—Ecosr)(l —2cost) drt——— [ubstitute ¥ =1-2coss and
: 5s ?=l—2cosr mnto the
ediE = t
= I% (1—2cost) dr. integral.
c
s Area = l‘_-T(l —4cost+4cos' t)dr +—— [Expand the bracket.

3
S 5w

[t—4sinf3 +2 [ (cos2e +1) dr

£ El

e - - .. Integrate 1 —4cost directly.
g g
= [r—4sne]? 4[sin 2+ 2|3 \

T [Use double angle formula

) ) . cos2t=2cos’ t—1 to replace
— o Ap o 3
- |3t —4sint 51112:]; 4cos’ t with 2(cos2¢+1).

. low integrate (2cos2r+2).
3

F‘.ollecr the terms. |

Use the limits to find an
exact answer.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 76

Question:

The curve shown in the figure has parametric equations

x=acos3t ) =asinr.—£i~'r5 E.
6 6
The curve meets the axes at points 4, B and C, as shown.
The straight lines shown are tangents to the curve at the points 4 and C
and meet the x-axis at point D). Find, in terms of a
a the equation of the tangent to A,
b the area of the finite region between the curve, the tangent at 4 and
the x-axis, shown shaded in the figure.
Given that the total area of the finite region between the two tangents and
the curve is 10 em®

C find the value of a. E

Solution:
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a Atpoint 4 x=0

.acosit=0=3t= % < Find the co-ordinates of the
a > point 4.
T
6
Bur y=asint
Arr= E,_‘I.' -2
6 2
: i a
". A 15 the pomt (0, ?]
x = acos3it vy =asint
: dy
LA —?rc:rsi113r,diI =acost / U dv _ dr
di d;- se i = E
SO B cu.:ss: ar
dx 3sin 3z
\E +—— [Find the gradient at the point 4.
T dy S u@
when r=— —=——=——.
6 dx 3 6
. Equation of the tangent at 4 15 ¥ e —E(I—D) — [[Jse

5
= o y—y=m(x—x)}.

—3
X+—
6 2
b This tangent meets the x-axis when y =0, at the point D.

. \E Find the point where the
/ tangent meets the x-axis.

"6
. 1 a
Area of triangle 40D i 5 « +3a % =

LYY=

x =

i

Eﬂ|u|:\.

NX =

= %ﬁai ._———————ff Use area of triangle =

# heightie. %OD 04

base

1a | =

At the pont B, =10

; 1 y o dx
Area of region required = —\3a’— J\ = ar
4 Y7 dt

lv'r_a - [ asin t{—3asm 3)ds

\ area = area of triangle —area beneath the curve .

1 = a+— [Use ?sinrsin3r=cos2r—cosds
= -J"_ Ja - +— |_cos2t—cosdrdr This is from the trigonometric
[ 'factor formulae' — see C3.

1 3a’[1 . »
= "r e P m_r——em 4TL & [The E limit corresponds to point

2 |2
s 1 14 and the 0 limit corresponds to
_ 1\;'_: Ll 1) V3 V3 point B ’
— AV IR 8 R s -
| Use the limits and the result

| ;3 3 o Yor 3
= _“ﬁ”'__ 3a 5u1;—51n——£t0 give an

4 16 3

1 L L ast SToTErad
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Solutionbank C4

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 77

Question:

[ 1
A table top. in the shape of a parallelogram. 15 made from two types of
wood. The design 15 shown in the figure. The area inside the ellipse 1is

made from one type of wood, and the surrounding area is made from a
second type of wood.

The ellipse has parametric equations,

x=5cosf.y=4smf 0=8=21

The parallelogram consists of four line segments. which are tangents to the
ellipse at the points where

=w 8=—a. 8=m—0a. =—T+c.

a Find an equation of the tangent to the ellipse at (Scosa. 4smna).
and show that it can be written in the form
Syvsina+4xcosa=20.

b Find by integration the area enclosed by the ellipse.

c Hence show that the area enclosed between the ellipse and the
parallelogram 1s

80
sin 2o

- 20 E

Solution:
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x = SGecosfy=4sinf
dx
dd

—3s1n Hd—1 =4cos
de

From the chain rule

dv _ 4cosd < _dy dy dx
a6 : Use —=—+—
dx —Jsind de 4o 4o
4
= ——cot#
]

The gradient of the tangent <+— [Substitute 8= @ to give
at (Jcosa. dsina) = _—4+:cut a grz_:dient at particular

5 point.
.. Equation of the tangent 1s

. 4 =
y—4sing=——cota(xr—Scosw) +——— ILse vy =mlx—x). |
2
ie Sysina—20sin’a = —4cosaxx : :
s 5 +—— Multiply both sides of the
+20cos” a et
, . equation by sin o .

Siysma+4xcosa = 20(cos” a+sin )

= 20x1 4—— [Collect terms using

= 20 cos’a+sin*a=1.

O dy
Area = [ j.'—lclﬁ'
JIn df

= I..Ei‘rsin B(—5sind)df Substitute v = 4sin & and

X . o
— =—5sinf into mtegral.
dé&

10 [ 2sin*6 d6

o]

10 L_cos 268—14d8 +—— [Use double angle formula

] " cos28=1-2sin" 4.
= 10| —sin28 -8
(2 hs +— [Integrate and use appropriate
limits.
Use limits 0 and 27 to obtain //”'

area = 207

¢ Area of triangle formed by tangent at
(Scosa_4sina) and the coordinate

axes:
. 5 +—— [Find the points where the
Tangent meets x-axis at x =
COos O tangent crosses the x- and -
_ Ax1s.
Tangent meets y-axis at v =—
sin o
; 3 4 «— [J
- Area of tnangle = ey * — Use area Dfl
2 cosa sma - g
triangle = — base x height .
_ 10 2
S0 & COS &
_ 20
sin2a
Parallelogram is made up of four such triangles.
20
. Area of parallelogram = «— P’mm symmetry the area of
= rie Vo i - -
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