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2008 SRJC PRELI M P2 SOLUTIONS

1  (i)
Newton’s Law of Cooling states that the rate at which an object cools is proportional to the difference in temperature between it and its surroundings.  

If y is the temperature of an object (in degree Celsius) at time t (in hours) and θ is the temperature of its surroundings (in degree Celsius) which remains constant, form a differential equation relating y and t.
    
[2]
(ii)
Professor Mandrake was found murdered in the library. The ambient temperature is a constant 
[image: image184.wmf]4

3

Celsius.  The temperature of the body was 
[image: image2.wmf]30

°

Celsius at 7 am and it was 
[image: image3.wmf]28

°

Celsius at 9 am.  Assuming his body temperature was known to be 
[image: image4.wmf]37

°

Celsius at the time of his death.  When was he murdered?  
Give your answer to the nearest minute.



           [7]
Solution:
	(i) y = temperature of object (in degree Celsius) at time t hours.

          θ = temperature of surroundings (in degree Celsius) at time t hours.
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	(ii) θ = 
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y (t = 0) = 30; 


y (t = 2) = 28; 
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y (t = 0) = 30 
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y (t = 2) = 28 
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Thus, 
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He was murdered at 4.05 a.m.





2 A sequence u1, u2, u3, ... is such that u1 = 
[image: image15.wmf]1
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 and 
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, for n ( 1.
(i) Find the exact values of u2, u3, u4 and u5.



            [2]
(ii) Show that the conjecture for un in terms of n is given by 
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(iii) Prove the conjecture using mathematical induction.

            
 [4]
(iv) Hence find 
[image: image18.wmf]1

3

(35)(38)

N

n

nn

=

++

å

 in terms of N and state its value as
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 [3]
Solution

(i) u2 = 
[image: image20.wmf]2
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,   u3 = 
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,   u4 = 
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,   u5 = 
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(ii) Since u1 = 
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,   u2 = 
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,   u3 = 
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,   u4 = 
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We have   un = 
[image: image29.wmf]2

35

n

+









(iii) Let Pn be “un = 
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When n = 1, LHS = u1 = 
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RHS = 
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Hence, P1 is true.








If Pk is true, i.e. uk = 
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LHS: 
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Thus, Pk is true 
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 Pk+1 is true.

By MI, un = 
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(iv)       
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Hence, its value as
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[Note:  Since un = 
[image: image49.wmf]2

35

n

+

 un = 
[image: image50.wmf]1

22

3(1)538

 

u

N

NN

==

+=

+++

?]
3 (i)
Show that 
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 [2]
(ii) Find all the roots of the equation 
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            [5]
(iii) Hence deduce all the roots of  
[image: image56.wmf](

)

8

11

1i

1

2

w

w

-

æö

=-

ç÷

+

èø




             [3]
Solution

(i) 
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OR)
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(ii) Now, 
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Thus,
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(iii) For 
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where 
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4 Show that 
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 [4]
A region is bounded by the following:
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   and   x = 2

(i) Find the exact value of the area of this region.



 [4]
(ii) Find the volume generated by this region when it is rotated
[image: image76.wmf]2
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 radians about the x-axis, giving your answer correct to 3 decimal places.


 [3]
Solution:
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(i)    From graph, intersection point is 
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(ii) Volume = Volume of cone + Volume generated by curve
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Section B: Statistics [60 marks]
5 A group of 7 boys and 5 girls are going to a concert.  Given that the 5 girls want to sit together, find the number of ways to seat the 12 students
(i) in a single row,






             [1]
(ii) in 2 rows of 6 each,







 [3]
(iii) at a round table if they are going for dinner after the concert.
             [2]
Solution

(i) No of ways = 8!5! = 4838400






(ii) No of ways = 
[image: image88.wmf]7
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(iii) No of ways = 7!5! = 604800






6 A particular neighbourhood teleshop, opens six days a week, finds that its sales of new and used hand phones both follow a Poisson distribution independently with means 5.4 and 9 per week respectively.

(i) Find the average number of hand phones sold in a day.


 [1]

(ii) A day with more than the average number of hand phones sold in a day is described as a good day.  Find the probability of having any one day described as good.








 [2]

(iii) In a particular day, it is given that three hand phones were sold.  Find the probability that one more new hand phone was sold than the used hand phone on this particular day.







 [3]
Solution:
	(i)
Average number of phones sold in a day
[image: image89.wmf]5.49
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	(ii)
Let T be the r.v. “no. of handphones sold in a day”
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= 1 – poissoncdf(2.4, 2)


=0.43029 = 0.430 (3 s.f)

	(iii)
Let X and Y  be the r.v. “no. of new and used handphones sold in a day, respectively”
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7 Liquid detergent is sold in bottles of two sizes.  The mass of each small bottle may be regarded as a normal variable with mean 505 g and standard deviation 10 g while the mass of each large bottle may be regarded as another independent normal variable with mean 1005 g and standard deviation 20 g.

(i) Find the probability that the mass of one randomly chosen large bottle is less than 1000 g.








 [1]

(ii) Find the probability that the mass of one randomly chosen large bottle exceeds the total mass of two randomly chosen small bottles.


 [2]

(iii) Three large bottles and two small bottles are chosen at random.  Find the probability that the average mass of all the five bottles chosen lies between 800 g and 815 g.







 [4]
	(i)
Let X and Y be the r.v. “mass of a small and a large bottle of detergent, respectively”

[image: image96.wmf]22

~N(505,10) and ~Po(1005,20)

XY




[image: image97.wmf]99

P(1000)normcdf(10,1000,1005,20)

Y

<=-




=0.40129 = 0.401 (3 s.f)

	(ii)
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	(iii)
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	Ver 2
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=0.65726 = 0.657(3 s.f)


8 (a)  
What is the main difference between the stratified sampling and quota sampling methods?







 [1]
(b)
(i) 
Briefly describe how stratified sampling is being carried out and give 
an advantage of this sampling method.



 [3]
(ii) 
Briefly describe how quota sampling is being carried out and give an advantage of this sampling method.




 [3]
Solution:

(a) In stratified sampling, the numbers to be sampled within the subgroups depends on the population proportion. In quota sampling, the numbers to be sampled within the subgroups are independent on the population proportion.



[1]

(b) (i)
The stratified sampling method involves dividing the population, where the population variance is likely to be large, into mutually exclusive subgroups called strata (E.g. age groups, ethnic groups, genders, occupation groups, income groups, etc) and a random sample is then selected from each stratum with sample size proportional to the relative size of the stratum.    
[2]
Stratified sampling is likely to give a good representative sample of the population.








[1]

(ii) In quota sampling, the population is also divided into mutually exclusive subgroups and a sample with specified number of members from different groups of the population is taken. Hence, the sample is non-random.
[2]

Quota sampling is a good way of making sure all the groups are represented. It is relatively cheaper to administer, and is quick and convenient

[1]
9 Peaches produced by a fruit grower are packed into boxes to be sold every day. It is known that about 1% of these peaches are infected. A check is carried out on a large number, n, of boxes by taking a random sample of 10 peaches from each box and examining them for infection. 
Denoting the number of infected peaches in each sample of 10 peaches by X, and letting T be the sum of the number of infected peaches in the n samples, find the smallest number of n  for 
.

       

 
[6]
State the approximate value of  
 as n becomes very large, justifying your answer.








             [1]
Solution:

10 (a)
An engineer collected data on how the temperature, T °C, generated in the shoulder of a car tyre varies with its speed, V km/h, when the car is driven under specified conditions. 

He found that these 2 variables follow a linear model  t = 0.8667v + 26.5833 with product-moment correlation coefficient, r = 0.9939.

As a backup, the engineer’s assistant was also on site to record the temperature readings when the experiment was being carried out. The assistant submitted his observations as shown in the table below:

	v
	20
	30
	40
	50
	60
	70
	80
	90

	t
	45
	52
	64
	66
	66
	89
	98
	104


It came to the engineer’s attention that his assistant’s temperature readings contained an error. Having misplaced his original records, the engineer decided to work out the correct data. He is quite certain that the wrong t value occurred in one of these three data points: (60, 66), (70, 89) or (80, 98).

(i) Which one of the above 3 data pairs is mostly likely to contain the wrongly entered value of t ? Show clearly how you are able to identify the error.
 [2]
(ii) Find the original value of t recorded by the engineer so that the actual temperature reading can be paired with the value of v identified in part (i), giving your answer to 3 significance figures.



            [3]
(iii) With the use of a suitable regression line, estimate the value of v given that t = 70. Comment on the reliability of your estimation.


            [2]
	Solution

(i) [By plotting the values recorded by the assistant on a scatter diagram, together with the regression line calculated by the engineer,]

[image: image107.emf]  [image: image108.emf]


 Of the 3 points suspected to be wrong, (60, 66) is the data point with the largest vertical distance from the line. Thus, it is most likely the point containing the wrong value of t=66


(ii) t = 0.8667v + 26.5833    (Note that v is the indept var; exact)

Since 
[image: image109.wmf](,)
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satisfies the regression line,
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(iii) Since v is the independent variable (predetermined and controlled), use t on v.

t = 0.8667v + 26.5833

when t= 70,  

70 = 0.8667v + 26.5833

v = 50.09 ≈ 50.1 (3 s.f.)


The answer obtained by interpolation is reliable as the value of r suggest a high positive correlation between the two variables for this given range of data.




11 (a)
A random sample of 100 wooden rods of a certain length is measured and the length 
[image: image114.wmf]x

 in metres is recorded. The results are summarised as follows:
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A test was carried out at the 2% significance level with the following hypotheses:




H0 : the population mean length of the wooden rod is (0



H1 : the population mean length of the wooden rod is 
[image: image116.wmf]¹

 (0

Given that H0 is rejected in favour of H1, find the set of possible values of (0. Assume that the distribution of the length of the wooden rod is normal.
 [5]
Solution:
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[A1]
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Test statistic z = 
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H0 is rejected 
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(b)
In an industrial experiment to study the speed of performing a specific assignment, 10 workmen were chosen at random and the time (minutes) taken by a workmen to perform the assignment were taken as follow.

12.6
12.1
11.0
11.8
12.3
10.3
12.4
12.9
11.6
12.2

Perform an appropriate test at the 5% level of significance to check if the mean time taken to perform the task is no longer than 12 minutes. State one assumption that is used in the test.




             [4]
Solution
Let X be the time taken to perform the assignment.

H0 : ( = 12
H1 : ( < 12

Level of Significance: 5%

Reject H0  if p-value < 0.05

                                                                         

[image: image128.emf]
From GC, calculated p-value = 0.377 > 0.05. We do not reject H0. 
  
There is insufficient evidence, at 5% significance level, that the mean time taken to perform the task is no longer than 12 minutes.




Assumption: Time taken is normally distributed.




12 A bag contains 3 red balls and 3 black balls. Whenever a red ball is drawn it is replaced in the bag and an extra red ball is added to the bag. Whenever a black ball is drawn it is not replaced and no extra balls are added. 3 balls are drawn, one after another. Construct a probability tree showing this information.

             [2] 


Find the probability that

(i) all the balls are red,







 [1]
(ii) at least one of the balls is red,






 [2]
(iii) exactly two of the balls are red.





 [3]


Given that exactly 2 of the 3 balls drawn are red, find 

(iv) the probability that the first ball drawn is red
.



 [3]

Solution
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Let R denote the event “a red ball is drawn” and B denote the event “a black ball is drawn”.

(i)
P(all the red balls are red) = 
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 or 0.179 (to 3 sig fig)

(ii)
P(at least one of the balls is red) 


= 1 – P(all balls are black)


= 1 – 
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 or 0.95

(iii)
 P(exactly two of the balls are red)


= P(RRB) + P(RBR) + P(BRR)


= 
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(iv)
P(the first ball drawn is red | exactly 2 of the 3 balls drawn are red)


=  
[image: image135.wmf]red)

 

are

drawn 

 

balls

 

3

 

 the

of

 

2

P(exactly 

red)

 

are

drawn 

 

balls

 

3

 

 the

of

 

2

exactly 

 

AND

 

red

 

is

drawn 

 

ball

first 

 

P(the




=  
[image: image136.wmf]red)

 

are

drawn 

 

balls

 

3

 

 the

of

 

2

P(exactly 

P(RBR)

P(RRB)

+




= 
[image: image137.wmf]20

9

6

4

7

3

6

3

8

3

7

4

6

3

´

´

+

´

´



= 
[image: image138.wmf]9

5
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[A1]

End of Paper
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