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4 UNIT (ADDITIONAL)

Time allowed—Three hours
(Plus 5 minutes reading time)

DIRECTIONS TO CANDIDATES

Attempt ALL questions.
ALL gquestions are of equal value.

All necessary working should be shown in every question. Marks may be deducted for
careless or badly arranged work.

Standard integrals are printed on page 12.
Board-approved calculators may be used.
Answer each question in a SEPARATE Writing Booklet.

You may ask for extra Writing Booklets if you need them.



QUESTION 1. Use a SEPARATE Writing Booklet. Marks
3 6
(a) Evaluate Sdx . 2
0 9+x
(b) Find#xzmxdx. 2
: sin®x
(c) Find dx . 3
cos® X
2
(d) Using the substitution® = 4 — x, or otherwise, evalua1§] X34 - x? dx 4
0
(e) () Find the remainder wher? + 6 is divided byx® + x — 6. 4

2
(i) Hence, findﬁ[jzx—+6 dx
X +X-6



QUESTION 2. Use a SEPARATE Writing Booklet. Marks

(@) Evaluateil®%® 1
18 + 4i

(b) Letz= 3_i' 5

(i) Simplify (18+4i)(3-1).

(i) Expressz in the forma + ib, wherea andb are real numbers.

(i) Hence, or otherwise, fin|z| anarg(z)

(c) Sketch the region in the complex plane where the inequalities 2

|z-2+i|<2 and Im(2) =0

both hold.
d A 1
(d) 0

P
O >

The pointsP andQ in the complex plane correspond to the complex numbers

zandw respectively. The triangl@PQis isosceles and POQis a right angle.

Show thatZ? + w? = 0.
(e) (i) By solving the equatior® + 1 =0, find the three cube roots of —1. 6

(i) Let A be a cube root of —1, whedeis not real. Show that>=A — 1.

(i) Hence simplify (1- A)®.



QUESTION 3. Use a SEPARATE Writing Booklet. Marks

)

(b)

(€)

Let f(x)= x—g . Provide separate half-page sketches of the graphs of the6

following functions.

i) y=f(x
(i) y=yf(x)
(i) y=ef®

Label each graph with its equation.

e
Let I, :[Jlﬁ (Inx)"dx . 4
1

() Showthatl =e-nl_,forn=1,2,3, ...

(i) Hence evaluate, .
The populatiorP of a town decreases at a rate proportional to the number by 5
which the population exceeds 1000. Thus

@ __

k(P —1000
= = ~K(P-1000)

(i) Show that? = 1000+ AeX! whereA andk are constants, is a solution of
this equation.

(i) Initially the population of the town was 2500. Ten years later, it had
fallen to 1900.

When will the population be 15007?

(i)  What does this mathematical model predict about the population of the
town in the long term?



QUESTION 4. Use a SEPARATE Writing Booklet. Marks

(@)

(b)

(i)

(ii)

(iif)

(iv)

Suppose thakt is a double root of the polynomial equati f(x) =0 .7
Show thai f'(k)=0 .

What feature does the graph of a polynomial have at a root of
multiplicity 27?

The polynomial P(x) =ax” +bx® +1 is divisible by(x-1)* . Find the
coefficientsa andb.

X2 3 4

Let E(x)=1+ X4+t ProveE(x) =0 has no double roots.

A planetP of massm kilograms moves in a circular orbit of radiBsmetres
around a staB Coordinate axes are taken in the plane of the motion, centred
atS The position of the planet at tihgeconds is given by the equations

2t .2t
= A = Rsin—
X = Rcos T and Y T

whereT is a constant.

()

(ii)

Show that the planet is subject to a force of constant magnitude,
F newtons.

It is known that the magnitude of the gravitational force pulling the
planet towards the star is given by
_ GMm

F =2

whereG is a constant anbll is the mass of the st&in kilograms. Find
an expression fof in terms ofR, M andG.

Question 4 continues on page 6



QUESTION 4. (Continued) Marks

(c) Anurn contains 3 red balls amdwhite balls. 3

Sue draws two balls together from the urn. The probability that they have the
same colour ig.

Bill adopts a different procedure. He draws one ball from the urn, notes its
colour and replaces it. He then draws a second ball from the urn and notes its
colour. The probability that both balls have the same colour i%now

Find all possible values ov.

QUESTION 5. Use a SEPARATE Writing Booklet.

(@) ya 6

Q y=mx+b

C D

The diagram shows the circlesC: (x+a)?+y?>=a?+b? and
. (x-a)? +y?> =a? +b? | which meet at the point®(0, b) and S(0, -b).
The straight liney = mx+ b meets the circles &, Q andR, as shown in the
diagram.

-2(a+mb) |

(i) Show that thex coordinate of the poirR is 5

1+m
(i)  Find thex coordinate of the poir®.

(i) Hence find the equation of the locus of the midpoinP&f as the slope
of the straight line througR varies. Describe this locus geometrically.

Question 5 continues on page 7



QUESTION 5. (Continued) Marks

(b)

A—a_—B

The diagram shows a sandstone solid with rectangular AB&# of length
b metres and width metres. The enBQRSis a square, and the other ehC
is an equilateral triangle. Both ends are perpendicular to the base.

Consider the slice of the solid with fatéXYZand thicknes€\x metres, as
shown in the diagram. The slice is parallel to the endshsvid BX = x metres.

() Find the height of the equilateral triangA&C.

(i) Given that the triangle€RSandCY Zare similar, findY Z in terms ofa,
b andx.

(i) Let the perpendicular height of the trapeziitXY Zbe h metres. Show
that

-3l 93]

(iv) Hence show that the cross-sectional ared/ofY Zis given by

a2

o (2—f\ff§)x+b@](b+x)-

(v) Find the volume of the solid.



QUESTION 6. Use a SEPARATE Writing Booklet. Marks

(@) Consider the following statements about a polyno@(a). 2
() If Q(X)is even, therQ(x) is odd.
(i) 1f Q(X)is even, therQ(x) is odd.
Indicate whether each of these statements is true or false. Give reasons for your

answers.

(b) The probability thah accidents occur at a given intersection during a yearis 6

n
Pn:e‘m@, n=0,1,2,....

n!

() Find the probability that no accidents occur at the intersection in a given
year. Give your answer correct to three decimal places.

(i)  What is the probability that, in a given ten-year period, there are at least

2 years in which no accidents occur at the intersection? Give your
answer correct to three decimal places.

F)I'l+l

(i) By considering values oh for which >1, determine the most

n
likely number of accidents in a given one-year period.

Question 6 continues on page 9



QUESTION 6. (Continued) Marks

©) . yA . !

The point S(ae, 0) is a focus of the hyperbaf& x2 - y? = a. The tangent to
the hyperbola at a poif(x,, y;) meets the asymptotes gf in T andU, as
shown in the diagram.

(i) Show that the equation of the tang@éht is
_ -2
X X-yy=a“.

(i) Show that the gradient @Uis

a

e(x1+y1)—a.

(i) Let OUST= 6. Show that tar® =-1.
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QUESTION 7. Use a SEPARATE Writing Booklet. Marks

(@

(b)

(€)

Let P(2) =2 - gz"’ +1 . The complex numberis a root ofP(2) = 0. 6

(i) Show thatiw and% are also roots d?(z) = 0.

(i) Find one of the roots dP(2) = 0 in exact form.

(i) Hence find all the roots dP(z) = 0.

(i) Differentiatesin™(u) - \1-u? . 3
a 1
+ .
(i) Hence show tha% E"i_—ﬁg du=sin?ta+1-+J1-a? for 0@ <1.
0
A bead of masm slides along a wire in the shape of the curve 6
2
y=3x3, where O<x<1.

At timet, the bead is ¢ (x(t), y(t)) , and its velocity(x(t), y(t)) . The motion
of the bead is governed by the equations

1 ., 1 .5
—MmXx< +—= + =E,
> Zmy mgy

whereE andg are constants, and

Whent =0, the bead is released from rest at the F(l %) . It accelerates along
the wire towards the origin, where it arrives at time

39(3-2y)

. . 2 _
() Find E, and show thay 3+2y

(i) Find x(t;) and y(t,) -

(i) Using the result of part (b), or otherwise, find the time it takes for the

bead to travel fron(%, g) to the origin.
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QUESTION 8. Use a SEPARATE Writing Booklet. Marks
(@) The numberg, q and s are fixed and positive. Alsp > 1, g > 1 and 8
_q
p_q—f

() What positive value of minimises the expression

p q
f(t):%+%—st?

(i)  Show that for allt > 0,

(i)  Prove by induction that

(X1X2 DIIB(H ) < n

forallx;, ..., x,>0.

(iv) Deduce that, for al,,y,, ...,y,>0,

ﬁ+£+[ﬂ]]}y”_l+ﬁ >
y2 y3 yn yl

(b) D 7

ABCDEFis a cyclic hexagon.
() Show that]DAB+ [0BCD = (JABC+ [OCDA.

(i) Show thatd FAD + O DEF = EFA + OJADE.
(i) Deduce thatJABC- OBCD + [JCDE - ODEF + OEFA- OOFAB=0.
(iv) State and prove a similar result for a cyclic octagon.

(v) Formulate a similar result for a cyclegon.

End of paper
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STANDARD INTEGRALS

x" dx :niﬂx””, nz-1 x#0,ifn<0

dx =lnx, x>0

&

az0

(0]}
e
o
X
11
|
D

cosax dx =_—gnax, az0

|

. 1
sinaxdx :—acosax, az0

. 1 X
dx =sin 3 a>0, —-a<x<a

;dx :In(x+\x2—a2), x>a>0

1 /
——dx =In x+wx2+a2

NOTE : Inx=log,x, x>0
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